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EVERY SERIOUS student of mathematics should early become 
acquainted with the elements of the theory of groups of finite ~ 
order, since the concepts employed in this subject will illus- | 
trate for him many large domains of mathematics and since 
these concepts can be acquired more readily and more satis- 
factorily from a study of group theory than in any other 
- way. What such a student needs for an introduction to this 
subject is an exposition which first of all prepares him for the 
development of the theory and then rapidly introduces him to 
a few fundamental theorems by which the construction of a 
large part of the theory may be effected. The first reason 
for the existence of this book lies in these facts and in the fre- 
quently expressed desire of students for a clear and direct 
presentation of the more important ideas and theorems be- 
longing to this subject in the order and with the type of 
exposition best suited to the needs of the learner. 

The second reason for the existence of the book arises from 
the fact that the author has established important connec- 
tions of the theory of finite groups with other domains of 
mathematics and desires an opportunity of adequately relat- 
ing these matters to the whole theory of finite groups. Since 
the ideas involved are in the main essentially elementary in 
character, they are well adapted to the purposes of a system- 
atic exposition. By including them in the book it is possible 
to take the reader in one direction to the boundary of present 
knowledge and to’give him an outlook on domains yet to 
be explored. It has been found possible to do this without 
introducing such complicated details as would render the 
material unsuited to such an exposition. 
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In preparing the book, and especially the earlier part of it, I 
have drawn freely on the existing expositions of the theory as 
well as on numerous older and newer memoirs in the journals ; 
but references have been supplied only when they seemed 
useful to a learner. The books which have principally served 
me in this way are the following: Burnside’s Theory of Groups, 
Hilton’s Finite Groups, Miller, Blichfeldt, and Dickson’s 
Finite Groups, and Dickson’s Linear Groups. When it has 
been necessary to employ theorems from the theory of num- 
bers, I have assumed familiarity on the part of the reader with 
such very elementary material as is included in my Theory of 
Numbers. The further knowledge, apart from a certain 
requisite intellectual maturity, needed for the reading of this 
exposition of group theory belongs mainly to elementary 
algebra and (for Chapter VIII) the elements of the theory of 
matrices.* | 

The learner can master the theory of groups only by doing 
much practice work in connection with his reading and fre- 
quent re-reading of the text. This will not only familiarize 
him with the theorems and give him a needed facility in ap- 
plying them, but it will also render him an especially important 
service in helping him to understand the relative importance 
of the principal theorems. Accordingly many exercises are 
inserted for his use. Not a few of them are taken from the 
books already mentioned, with the purpose of inducing him 
to consult those books frequently in the course of his study; 
this is particularly true in the case of Chapter V. Problems in 
the miscellaneous exercises may be omitted (if desired) with- 
out destroying continuity as regards problems in the other 
exercises. Of the remaining exercises in Chapter I, and per- 
haps in other chapters, the more difficult may be left at first, 
to be taken up again later. Throughout the book a much 
greater number of problems is given than any one student will 
wish to solve. 


* The student is advised to acquaint himself with Chapters I to VI of Bécher’s 
Higher Algebra and to use other parts of this book for reference as occasion 
may demand. 


Preface vii 


Chapter I is introductory in character. The learner is led 
to some of the principal elementary ideas of group theory and 
is given an opportunity of becoming familiar with them by 
using them in the analysis of several notions which are im- 
portant in the later development. In particular, he is intro- 
duced to operations with permutations, to the definition of 
“group’”’ and to certain permutation groups, to the concept of 
subgroup and of generators of a group, and to the notion 
of simple isomorphism and of abstract groups. The chapter 
is intended to prepare him for a systematic exposition of the 
theory. 

The main novelty in the organization of the earlier ma- 
terial consists in bringing together in Chapter II five funda- 
mental theorems of group theory and in giving the proofs of 
these as rapidly as is possible without sacrificing the comfort 
of the learner. The reason for this ordering of material lies in 
the fact that an important part of the remaining theory may 
then be made to depend on these five fundamental theorems 
and that much of it may be associated directly with them. 
Additional properties of groups in general are then developed 
in Chapter ITT. 

Chapters IV and V contain introductions to the general 
theory of Abelian groups and of prime-power groups. An 
elementary account of permutation groups constitutes Chap- 
ter VI, while Chapter VII contains a few of the known (frag- 
mentary) results pertaining to defining relations for abstract 
groups. 

In Chapter VIII is given a very brief introduction to some 
of the main results belonging to the theory of groups of linear 
transformations, including the theory of group characteristics. 
Some of the more remarkable applications of these theories 
are included; but the celebrated theorem of Burnside con- 
cerning groups of prime degree (first demonstrated by means — 
of group characteristics) is proved in § 60 by the more ele- 
mentary method of Schur. The later chapters may be read 
independently of Chapter VIII. 

A general introduction to the theory of Galois fields follows 
in Chapter IX; and,this is employed in Chapter X in investi- 
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gating the properties of the groups of isomorphisms of Abelian 
groups of prime-power order p” and type (1, 1,..., 1). 

An introduction to the theory of the finite geometries 
PG (k, p”) is to be found in Chapter XI. A representation of 
these geometries is given by means of Abelian groups of 
prime-power order p” and type (1,1,...,1). By means of this 
representation a very significant part of projective geometry 
becomes capable of translation into a corresponding part of 
the theory of these groups (see § 87). Thus by a single act 
of thought a significant extension is given to the theory of 
Abelian groups. 

The principal theorems concerning collineation groups in 
the finite geometries are developed in Chapter XII. 

In Chapter XIII, on algebras of doubly transitive groups 
of degree p” and order p” (p” — 1), 1s given a development of 
the theory of certain algebras introduced by Dickson in 1905, 
together with further results concerning the named doubly 
transitive groups. There are also some applications to the 
theory of finite geometries. 

The final Chapter XIV contains a brief introduction to 
tactical configurations and the groups characterized by them. 

More than 750 exercises are included. Many of these are 
easy and are intended for practice work on the part of the 
reader. Others give important results which might be in- 
cluded in the text of a larger exposition. Interspersed 
throughout the exercises are many particular results which 
have never before been published; they consist in the main 
of special theorems whose demonstration is not difficult. 

In a book containing so many propositions, it can hardly be 
hoped that the author has always escaped error. He will be 
grateful to any of his readers who will give him notice of 
necessary corrections. He wishes now to express his cordial 
appreciation of the valuable assistance rendered him by two 
younger colleagues, Mr. Paul R. Halmos and Mr. Robert M. 
Thrall, who have read all the proofsheets and have made 


numerous helpful suggestions. 
R. Ὁ. CARMICHAEL 
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CHAPTER I 


Introduction 


1. Sets, Systems, and Groups. A mathematical object is an 
object so clearly conceived or defined or so fully characterized 
by relevant properties as to be subject to the precise treatment | 
required in mathematics. The positive integers 1, 2, 3, 4,--- 
are among the mathematical objects which have been longest 
in use. The negative integers, zero, the rational fractions, the 
so-called imaginary number V— 1 and the complex numbers 
of algebra defined by means of it, points, lines, triangles, 
spheres, displacements (rotations, translations, etc.), algebraic 
roots of unity, arrangements, combinations, matrices, determi- 
nants, functions, collineations, transformations in general, un- 
defined elements in systems of postulates — all these furnish 
examples of mathematical objects. We shall employ the word 
element to denote a mathematical object. 

A moment’s consideration will convince one that such ele- 
ments are constantly being presented to our thought in sefs, or 
classes. Such a set, or class, may contain either a finite or an 
infinite number of elements. As examples of sets each of which 
has an infinite number of elements we may mention the fol- 
lowing: (1) all positive integers; (2) all prime numbers; 
(3) all lines in a plane and through a given point in the plane ; 
(4) all lines intersecting each of two given lines; (5) all the 
rotations of a plane about a line perpendicular to it. As ex- 
amples of sets each of which has a finite number of elements 
we may mention the following: (1) all the mth roots of unity 
for a given value of the positive integer ”; (2) all the combina- 
tions of a given finite set of m elements taken 7 at a time when 
r is less than x; (3) the set of non-negative integers less than 
a given positive integer 2; (4) all the possible linear arrange- 
ments of a given finite set of elements. 
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The conception of a set, or class, is of such generality and is 
so often met with that it may be said to afford the logical 
foundation of all mathematics. 

In many cases the sets of elements appearing in mathe- 
matical investigations are of such sort that every two elements 
in a given set are subject to one or more rules of combination 
by means of which a new element is obtained from the two 
elements when they are combined in a given order. The new 
object, in general, may or may not belong to the set. Thus the 
numbers of ordinary algebra are subject to the two fundamen- 
tal rules of addition and multiplication, and in each case the 
resultant number is a number of ordinary algebra. The process 
by which two points determine a line in ordinary geometry 
affords a rule of combination of these objects such as to pro- 
duce a new object of a different sort. The combination of two 
displacements produces a third displacement. The product of 
two nth roots of unity is an πίῃ root of unity. 

A set of objects, with the associated rule or rulesof combination, 
is called a system, or, more explicitly, a mathematical system. More 
generally, any set of mathematical objects which admit either 
(one or more) rules of combination of elements or relations 
among elements may be said to form a mathematical system. 
Systems, as so defined, underlie nearly the whole of mathemati- 
cal science. For instance, the positive integers with the relation 
of greater and less form a system in this extended sense.* 

Certain important and frequently occurring mathematical 
systems are called groups. Before giving the definition by 
which groups are characterized and isolated within the more 
general class of mathematical systems, it will be convenient 
to introduce to the learner and to treat briefly a class of ele- 
ments which are of great importance in the construction and 
study of those groups each of which has only a finite number 
of elements and to afford him an opportunity to become famil- 
iar with the rule of combination to which they are subject. 
These elements are treated in the following section. 


* The reader will find a useful and interesting treatment of the subject of 
this section in a paper by Maxime Béocher in Bull. Amer. Math. Soc. (2) 11 
(1904), 115-135. 
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2. Permutations. Let σι, 42, °--, @, denote m distinct letters 
or other objects, finite in number. Let δι, be, ---, 6, be any 
arrangement of the same objects. The operation of replacing 
αι by bi, ae by be, a3 by b3, - - +, Gn by ὃ, is called a permutation 
performed on the n objects.* It is denoted by the symbol 

Q1d2°--:a Ἂ ; 
eee ᾿ 
A permutation involving 7 distinct letters is said to be of de- 
gree n. It is obvious that in the symbol for a permutation the 
order of letters in either line of the symbol is immaterial if 
only the order in the other line is so taken that the symbol 
represents that replacement of letters which is required by the 
given permutation. 

If the arrangement in the second line of the symbol is the 
same as that in the first, so that each letter is replaced by itself, 
the permutation is called the identical permutation. The iden- 
tical permutation is often denoted by the symbol 1. 

If ci, C2,- +--+, Cn 1S also an arrangement of the same letters, 
the operation of replacing δι by οἱ, De by ¢2,---, On by cn isa 
permutation denoted by the symbol 


[ δος Ἢ 
(10 "5" Cn 
If we call the first of the two given permutations 5 and the 


second T, then the permutation S followed by the permutation 
T is a permutation U whose symbol is 


Pes ὡ: ens 4) 

C1C2 "5" Cn 

We say that U is the product of S and T in the order indicated, 
and we write ST = U, or 


oar wae ἠν ‘oped 2 _ oe see ra 
bbe --- On C1C2°°* Cn CiC2 °° ° Cn 

* It is often called a substitution on the m objects. But we shall always use 
the term ‘‘permutation,’’ since we shall have occasion to employ the term 


“substitution” in another sense. We shall restrict the term ‘ permutation” 
to the case of a finite number of objects. 
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This law, or method, or rule, of combination of permutations is 
called multiplication of permutations. 

It is clear that all the permutations which can be formed 
from a given set of letters, with multiplication as the rule of 
combination, form a system of mathematical objects, in the 
sense in which this term is used in §1. Moreover, the result 
of combining two of these objects, according to this rule, is 
another object in the system. This system and certain sub- 
systems contained in it are of great importance in the theory 
of those groups each of which has only a finite number of 
elements. 

It is obvious that multiplication of permutations, as we have 
defined it, obeys the associative law of algebra; that is, if 
Si, Se, 98 are permutations, then we have (S)S2)S3 = Si(S2S3). 
Accordingly we may write each of these products in the form 
S 1 SoS 3. 

But the multiplication of two permutations is not always 
commutative; that is, we may have two permutations whose 
product in one order is different from their product in the 
other order. Thus we have 


pe (ἢ = (ἢ jovi _ (7) 
bca/ \bac/ ~\bca/ λαοῦ) ~~ \acb)’ 
whereas bead at _ fem ee Ν ee 
| δας] \bcal \bac/ \cba/ ~~ \cba/’ 
If the product of two permutations is the identical permu- 


tation, then each of them is said to be the inverse of the other. 
Thus each of the permutations 


ora τῷ σὴ, es ΠΝ ᾿ 
bibo +--+ b, 402°: -Qn 
is the inverse of the other, since their product is the identical 
permutation 
Q1Q2°--* Gn ; 
aaa! 


It is obvious that there is a unique inverse corresponding to 
any given permutation. Moreover, the product of a permuta- 
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tion and its inverse is independent of the order in which the 
multiplication is performed. 
A permutation such as 


ae a —_ 
G@243+°:+:QAn Qi 


is called a circular permutation or a cyclic permutation. For 
the sake of brevity~it is denoted by the symbol (a:ae--- a@,). 
This represents the operation of replacing each letter in the 
symbol by the one which follows it, it being understood that 
the first letter a, is the letter which follows the last letter a,, 
It is obvious that 


(αι: ὡρῶν Gn) = (a2a3 δ θοὴν 4,61) = (A304 gece QnQ\A2) —... 


A circular permutation on two letters, such as (ab), is called 

a transposition. We denote by (a) the operation of replacing 

a by a. The product of two circular permutations may be 

found directly, as is illustrated by the example (abcde) (bced) 
= (ache) (d). 

We shall now prove the following theorem : 


I. Any given permutation is a product of circu- 
lar permutations no two of which have a letter in 
common. 


Let the given permutation be denoted by the two-line sym- 
bol already employed. Let a be any letter in the first line and 
let b be the letter in the lower line standing under a in the 
upper. Let c be the letter in the lower line under ὃ in the upper, 
and so on. Continuing this process, we must arrive finally at 
a letter / in the upper line under which a stands. Then the 
letters a, b, c,---, 2 are permuted according to the circular 
permutation (abc---1). If there is an additional letter a’ in 
the original permutation, we can proceed from it in a similar 
way and form a cycle which may be denoted by the symbol 
(a’b’c’---l’). It is obvious that we may continue this process 
until we have broken up the given permutation into a product 
of cycles of the form 


(abc eels L)(a’b'c’ τ. [))(α΄ δ΄ ς΄! ee I’) atk od 
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Since no two of these cycles have a letter in common, the truth 
of the theorem is now apparent. 

If a cycle consists of a single letter, that letter is often 
omitted from the symbol for the permutation. 

As examples illustrating the foregoing theorem we may give 
the following : 


{απ = oa. = cH 
Cai) = cz en, 


II. Any given permutation can be expressed as a 
product of transpositions. 
In view of the preceding theorem this theorem may be es- 


tablished by showing that it holds for circular permutations. 
Now we have 


(@102Q3 + + " αι) = (@1d2)(@1a3)(@1a4) - - - (αια!), 
as one may readily verify by forming the product of the trans- 
positions in the second member of this equation. Then Theo- 
rem II follows by aid of Theorem I. 

Since (a,a@;) = (a1a,)(a1a.)(aia,) when 7 and 5 are different 
from each other and from 1, it follows that we have the corollary : 

Cor. Any given permutation on the letters a, ao, 

-, G, can be expressed as a product in terms of the 
transpositions (@:@2), (@1@3), +--+, (@i@n). 

It is easy to see (from the fact that relations of the form 
(ab) = (aa) (ab) (aa) exist) that the number of ways in which 
a given permutation may be represented as a product of trans- 
positions may be unlimited. Concerning these ways we may 
prove the following theorem : 

III. In the various expressions of a given permuta- 
tion as products of transpositions on its letters the 
number of transpositions is always odd or always 
even. 
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Let us consider the determinant. 


1 1 1 
σι a2 an 
D=\ a? Ap? An? 
αι 1 5 1 eget a> 1 


The effect on D of any transposition of two letters is to change 
D into — D. Hence a permutation expressed as a product of 
an odd number of transpositions changes D into — D, whereas 
one expressed as a product of an even number of transpositions 
leaves D unaltered. But a given permutation, however ex- 
pressed, must always have one and the same effect upon D. 
Then, since D is obviously not identically equal to zero, it 
follows that in every expression of a given permutation as a 
- product of transpositions on its letters the number of transpo- 
sitions appearing must be always odd or always even. 

A permutation is said to be odd if it is expressible as a prod- 
uct of an odd number of transpositions; otherwise it is said 
to be even. 


IV. Any even permutation may be expressed as 
a product of circular permutations each involving 
just three symbols. 


From Theorem III and the corollary to Theorem II it fol- 
lows that every even permutation on ὧι, d2,---,@, can be 
expressed as a product of an even number of transpositions 
each of which belongs to the set (σι), (@143),---, (@1@n). This 
product itself may evidently be taken as a product of pairs 
of transpositions, each pair being taken as a product in the 
form (a,a,)(a,a;), where r and s are different from each other 
and from 1. But we have (aa,)(aia;) = (αια,α.), whence it 
follows that the given even permutation can be expressed as 
a product of cyclic permutations of the form (a1a,a,), where 
ry and s are different from each other and from 1. Therefore 
the theorem is established. 
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Now if 1, 2, 7, s are all different, we have 
(@1@24,) (@120,) (4120s) (A1420,) = (a14,@,), 


as One may readily verify by forming the product of the cyclic 
permutations in the first member of the equation. Hence 


Cor. An even permutation on the letters a, ao, 

- +, dn, can be expressed as a product of permutations 

each of which belongs to the set (a:d2a@3), (@id2d4), 
ess (@1a20,,). 


The product formed by taking 7 factors, each of which is a 
given permutation S, is denoted by S’ and is called the 7th power 
of 5. From the associative law it follows that S“S” = S#t”, 

Now consider the set of permutations 


5, 52, 58, δέ, «νος 


Since there is only a finite number of distinct permutations 
on a given set of letters, it follows that there must be repeti- 
tions in this sequence of powers. Then let S? and S* be two 
of these that are equal, p being greater than μ. Then if S_, is 
the inverse of 55, we have 


ρ-- SK) Sp—H SH -- SH ἊΝ = S*S_.: 


whence it follows that S*-“ = I, where I denotes the identical 
permutation. 

.. In the given sequence of powers of S let 55 be the first one 
which is equal to J. Then m is called the order of S. It is obvi- 
ous that S”~! is the inverse of 5. 

If S is of order m (m > 2), then no two of the permutations 
5, S*, S3,---, S™~1 are equal. For, if S‘= 55. and ἃ < μ « m, 
then, if S_, is the inverse of 8λ, we have 


τ 55. = δ, = δέ τλολὶς = St, 


contrary to the hypothesis that S is of order m. 

If k is a positive integer and S* = J, then it may be shown 
that & is a multiple of the order m of S. For if & is not a mul- 
tiple of m it is greater than m (in view of the result in the 
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preceding paragraph), and we have k= am-+- β, where β isa 
positive integer less than m and α is a positive integer. Hence 


I = St = SemtB = (S™)*S8 = 7558 = SB, 


contrary to the hypothesis that S is of order m. 

Now the equation S“t” = S*S” holds when yp and ν are posi- 
tive integers. If it be assumed to hold when the exponents 
μ and v range over all integral values, positive or negative or 
zero, then it is easy to show that 59 is the identical permutation 
and that S~” is the inverse of 5". For 


S°se=S* and S7’S’=S%, 


whence S° = 7 and S~” is the inverse of 5". The conception of 
powers of S will be extended to include the cases of zero and 
negative integral exponents. It is easy to see that the extension 
introduces no contradictions. 

We shall now prove the following theorem : 


V. Ifa given permutation S is written as a prod- 
uct of circular permutations no two of which have ἃ. 
letter in common, then the order of S is the least 
common multiple of the degrees of the circular per- 
mutations which compose it. 


It is obvious that the order of a circular permutation is 
equal to its degree. Then the order of S must be a multiple 
of the degree of any one of its named components, and hence 
it must be at least as great as the least common multiple μ of 
their respective degrees. But it is obvious that 55 = 1. Hence 
wis the order of 5. 

When a given permutation S is written as a product of 
circular permutations no two of which have a letter in com- 
mon, these component circular permutations will be called the 
cycles of S, and we shall say that S itself is written in standard 
form. If all the cycles of S are of the same degree, S is said 
to be regular. If two permutations have the same number 
of cycles and the cycles can be made to correspond uniquely, 
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those of the one permutation to those of the other, so that 
two corresponding cycles always have the same degree, then 
these permutations are said to be similar. Thus (abcde) (fg) (hij) 
and (12)(345)(67890) are similar. The third power of the 
circular permutation (123456789) is the regular permutation | 
(147) (258) (369). | 

From the representation of a circular permutation as a 
product of transpositions, as in the proof of Theorem II, it 
is Obvious that a circular permutation is odd or even accord- 
ing as its degree is even or odd. Hence any permutation is 
even or odd according as the difference between its degree and 
the number of its cycles is even or odd. 

If S and T are two permutations, the permutation 7—!ST 
is called the transform of S by T, or the result of transforming 
S by T; and S is said to be transformed by T when one forms 
T—1ST. Since 


(TU)—1S(TU) = (U~-!T-1)S(TU) = U-!- T-1ST - U, 
it follows that the transform of S by TU is equal to the trans- 
form by U of the transform of S by T. 


VI. The transform of S by T may be found by 
performing the permutation T on the cycles of S. 


Let S and T be denoted by the symbols 
S = (abcd---)(Imno---)-->, 


=(" oes oe 
αβΎ--- λμνρ."" 
Then 


7 ᾿ς (aby Apr 
T ist = (Ὁ 7 ie) {(abed--)(Ummno--)-}( 


baleen τ --» Imno-- 
bcd --» mno--- aBy---Apy p-- 


pb noes 
Bry6--- wv p-- 


abc --- lmno-- ) 
αβ΄γ---λμνρ--- 


I 


) = (aBy---) (Amy )eee. 
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The last member gives the value of Τ 157 in the form stated 
in the theorem. 

It is obvious that the permutation T—'!ST is similar to the 
permutation S. In particular cases it may happen that 
T-1ST = S. When this is so we have ΤΤ 157 = TS, or ST = TS. 

When ST = TS we say that S and T are commutative or 
permutable. It is evident that two circular permutations which 
have no letter in common are commutative. It is easy to see 
that a necessary and sufficient condition that S and T shall 
be commutative is that the transform of S by 7 shall be equal 
to 5. For we have seen that Τ 157 = 5 implies that ST = TS, 
while it is true that the latter relation implies that T~1ST 
= ΤΟ ΤΟ =S. Moreover, if S is permutable with both T and 
U, it is also permutable with their product TU, since (TU)S 
= TUS = TSU = STU = S(TU). 

When S and T are commutative, we have ST = TS, whence 
T-1ST = S and 5:11 157 =I. In general, if S and T are any 
two permutations, then S~!17—1ST is called the commutator of 
Sand Τὶ The commutator of T and S is 115-175. Since the 
product of these two commutators is the identity, it follows 
that each of them is the inverse of the other. A necessary and 
sufficient condition that two permutations shall be commuta- 
tive is that their commutator (in either order) shall be the 
identical permutation. 

If S,; and Sz are two permutations, we have S2S;=S1~1-S1S2-S}. 
Hence 5:3. and S2S; are similar permutations, since one of 
them is a transform of the other. But from Theorem V it fol- 
lows at once that two similar permutations are of the same 
order. Hence (Theorem VI) a permutation and its transform 
are of the same order; in particular, 5152 and 5251 are of the 
same order. 

It is important that the learner shall have a ready facility 
in handling operations involving permutations. To increase 
his mastery of the processes we now give a set of exercises for 
his practice. He is advised to add to this set by constructing 
other exercises for himself. 
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EXERCISES 


1. Show that the total number of permutations on x letters is n!. 
Write down in standard form the 24 permutations on a, b, c, d. How 
many of these are of order 2? of order 3? of order 4? 


2. Find the product of (@@2-- - @)(@i41°°+@,) and (a@@141). 

3. Prove that any power of a circular permutation is either the 
identical permutation or a circular permutation or some other regular 
permutation. 

4. Prove that the order of a permutation of degree m is a factor 
of m!. 

5. Show that the permutations (ab)(cd) and (ac)(bd) are commu- 
tative. Show that the permutations 


I, (ab) (cd), (ac)(bd), (ad) (bc) 


are all the permutations that can be formed from the two given permu- 
tations by multiplication, however many times each of them is used 
as a factor. 

6. Find all the permutations that can be obtained by forming prod- 
ucts from the permutations (ab), (cd), (ac)(bd), these being taken as 
factors. Show that they consist of the following eight permutations: 
I, (ab), (cd), (ab) (cd), (ac) (bd), (ad) (bc), (adbc), (acbd). 


7%. Show that the function ab + cd is unaltered when its letters are 
interchanged in accordance with any one of the permutations in Ex. 6. 
[Thus the permutation (ac) (bd) replaces ab + cd by cd + ab, and this is 
equal to ab + cd.] 

8. If S and 7 are two similar permutations, show that there exists 
a permutation U such that U-'SU= T. 

9. If A and B are similar permutations, find two permutations 
whose commutator is 4 18. . 

10. Find the commutator of (“162 " + - @) and (@)@141-++ + Gn). 

11. Show that the commutator of two permutations is an even 
permutation. 

12. If S= (aide ---a,), show that 


Qi a2 eee a 
οἱ ΞΞ ( id ) 
G14+14t42°°* Gtin 
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where each subscript in the second line is to be replaced by the least 
positive remainder obtained when that subscript is divided by n. 

13. The only permutations on a, @e, -- +, @, which are permutable 
with the circular permutation (“165 - - - a,) are the powers of the latter. 


14. Find all the permutations on the ten symbols a, ὃ, c, d, e, 1, 2, 3, 
4, 5 which are permutable with the permutation (abcde) (12345), 
Show that their number is 50. 


15. In the proof of Theorem II of § 2 we saw that a circular permu- 
tation of degree m can be expressed as a product of x — 1 transpositions. 
Show that it cannot be expressed as a product of any smaller number 
of transpositions. 


16. Show that 


(@1Q2 " + * dan) = (@142n—1)(A2dan—2) " + * (€n—14n+1) 
᾿ (41@2n) (@2@2n-1) ΟΣ (α,6,. 1), 
(“1 " " " ὥ25..1) = (€1@2n) (G2den-1) " + * (α,6,. 1) 
: (στάση... 1)(Ge@en) °°: (An@n+2)3 


and thence show that every permutation can be expressed as a product 
of two permutations of order 2 on the same letters. 


17. Show that every permutation on the letters a, do, - - -, ὧῃ can be 

expressed as a product in terms of the permutations 
(@1@2), (απ - " - Gn). 

18. Show that every even permutation on the letters ai, a2, - - +, Gn 

can be expressed as a product in terms of the permutations 
| (@1@203), (864 " - - Gn). 

19. Show that every even permutation on the letters αι, a2, " " ", 

42,41 Can be expressed as a product in terms of the permutations 
(41203), (αια465), 7 ty (41d2n@2n41). 

20. Show that every even permutation on the letters a1, (2, «+ +, Gan 

can be expressed as a product in terms of the permutations 


(214203), (@144@5), -- -, (€1d2n—-2Q2n—1), (αι 2624). 


3. Definition of Group. Mathematical systems of a certain 
very important type are known as groups. A group may be 
defined in the following manner. 

Let G be a system consisting of a set of distinct elements 
and one rule R of combination for uniting any pair of them in 
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a given order, this rule being such that the result is always 
uniquely determined. If @ and ὃ are two elements of G, we 
shall denote by ab the element resulting from the operation 
of combining @ with ὃ in the order written and in accordance 
with the rule R. By such a symbol as (ab)c we shall mean the. 
result of combining with c the result obtained when a is com- 
bined with δ, both combinations being in accordance with the 
rule R. A similar interpretation will be given to the symbol 
a(bc). If two symbols or combinations of symbols denote the 
same element, we shall express this fact by writing one of them 
equal to the other, using for this purpose the usual sign of 
equality. The elements in the system G are said to form a 
group, and the system itself is said to be a group, if the follow- 
ing conditions * are satisfied : 


I. If aand bare elements of G, whether the same 
or different, ab is also an element of G. 
II. Ifa, ὃ, c are elements of G, then (ab)c = a(bc). 
III. The set G contains a single element 2, called 
the identical element or the identity, such that for 
every element a of G we have ai = 1a = ἃ. 
IV. If @ is an element of G, there is a unique 
element a’ of G, called the inverse of a, such that 
aa’ = a’'a=1. 


A system satisfying Postulate I alone is sometimes said to 
have the group property. This postulate was the only one usu- 
ally mentioned explicitly by the older writers on the subject, 
but they generally tacitly assumed the remaining postulates. 

It is convenient to use the name multiplication for the rule 
R of combination and to say that ab is the product of a and b 
in the given order and to use for products the customary sym- 
bols of algebra. Then Postulate II asserts that the associative 
law holds for the multiplication of the elements of a group G. 


* See § 100 for the removal of certain redundancies. 
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Since the identity plays the role of unity in multiplication, 
it is often denoted by the symbol 1. It is evidently always its 
own inverse. | 

A group G is said to be finite or infinite according as the num- 
ber of elements in it is finite or infinite. If the number of 
elements in G is the finite number n, then n is said to be the 
order of the finite group G. An infinite group is sometimes said 
to be a group of infinite order. 

The following afford examples of groups (as one may read- 
ily verify) : 


1. The set of integers, positive and negative and zero, the rule of 
combination being ordinary addition. (The identity is zero; the in- 
verse of an element is its negative.) 

2. The set of all real numbers, the rule of combination being addi- 
tion. 

3. The set of all real numbers except zero, the rule of combination 
being ordinary multiplication. (Here unity is the identical element, 
and the inverse of an element is its reciprocal.) 

4. The set of numbers + 1, —1 , +V— 1, —V— 1, the rule of com- 
bination being ordinary multiplication. 

Ὁ. The set of all mth roots of unity, with ordinary multiplication as 
the rule of combination, ” being a fixed positive integer. 

6. The set of permutations in Ex. 5 on page 14. 

7. The set of permutations in Ex. 6 on page 14. (It may be shown 
that this group contains within itself five groups of order 2 and three 
groups of order 4.) | 

8. The set of all distinct powers of any given permutation. 


As another example let us consider certain rotations of a 
plane about a fixed line / perpendicular to the plane. Let w be 
an angle such that mw = 360°, where v is a given integer greater 
than unity. Then let the elements of G consist of the rotations 
about / of angular measures w, 2 w, 3 ὦ, - "-, mw. We shall call 
(n+ k)w the same rotation as kw, since it leaves the plane in 
the same final position. Let the rule of combination be that 
of addition of rotations. The identity is the rotation nw. The 
inverse of the rotation kw, where 0 < k <n, is the rotation 
(n—k)w. It is now easy to see that this set of rotations forms 
a group of order n. 
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The set of transformations 


χ' = χ, ἡ πεῖ; χ' --ἰ -- χ, x= 1 : eee Sa y= x 
x 1—*x x x—1 


forms a group of order 6, the rule of combination being that of 
multiplication of transformations. Thus, the product of the 
sixth and the third may be obtained in the following manner: 


From 
x 


x—l1 


χ'᾽ -ε] -- χ', χ' Ξ 


᾽ 


i 
or x”= : 
1— x’ 


τ 3 
χ-- 1 


we have x"'=1-— 


and this is the fourth transformation of the set. It is easy to 
complete the verification of the fact that the set forms a group. 
It may be observed that all six of these transformations may be 
obtained by taking products with the second and the third as 
the factors. 

A group of order 6 is formed by the transformations 


χ'Ξεχ, X= K41 χίξεχ-Ἔ 2, χ' = 2x, x = 2χ-Ἐ ͵, χ' = 2x42, 


the rule of combination being that of multiplication of trans- 
formations followed by a reduction of coefficients modulo 3 to 
their least non-negative values. As a part of the verification 
we note that from χ'' =2x', x’ =x+2 we have x” =2x+4, 
or x’ =2x-+1 when reduced modulo 3. It may readily be 
shown that all six of these transformations may be obtained by 
taking products with the second and the fourth as the factors. 
Consider the transformations 5 and Τὶ, namely, 


S441 ae = 2, 


respectively, and those which may be obtained from them by 
multiplication of transformations followed by reduction of co- 
efficients modulo 5 to their least non-negative values. When 
so treated S is of order 5 and T is of order 4. The products 
5478 (a=0, 1, 2, 3, 4; 6 =0, 1, 2, 3) are twenty in number 
and are all distinct, as the reader may readily verify. It may 
also be shown that these twenty transformations are all that 
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can be obtained by means of products formed from S and 7, 
all transformations being taken modulo 5. These transforma- 
tions form a group of order 20, as the reader may verify. 

Since we are concerned (in this book) only with finite groups, 
we shall hereafter often use the word ‘“‘group”’ to denote a finite 
group when there is no danger of confusion. 

4. Certain Permutation Groups. A group whose elements are 
permutations on a given (finite) set of symbols is called a per- 
mutation group on those symbols, the rule of combination being 
multiplication, as defined in ὃ 2. If the given symbols are n in 
number, the group is said to be of degree n. 

It is easy to see that a set of permutations involving only a 
finite number of symbols and satisfying condition I in the defi- 
nition of “‘group”’ in ὃ 8 also satisfies the remaining conditions. 
For multiplication of permutations is associative; an appro- 
priate power of any permutation is the identical permutation ; 
and the next lower power is the inverse of the given permu- 
tation. This observation will sometimes shorten the labor 
of determining whether a given set of permutations forms 
a group. 

The total set of permutations on 7 letters αι, ae, - - -, @, con- 
tains m! permutations. In view of the properties of permuta- 
tions it 15 easy to see that this set of permutations constitutes 
a group. It is called the symmetric group on the n given letters. 
It is of degree m and order n!. 

Consider the even permutations on a, d2,---,@, (n> 1). 
The product of any one of them by the transposition (a1a2) is 
an odd permutation, and no two such products are equal, 
whence it follows readily that the number of odd permutations 
ON αι, Q2,---,Q@, 1s at least as great as the number of even 
permutations. Similarly, from the facts that the product of an 
odd permutation by (a,a2) is an even permutation and that no 
two such products are equal, it follows that the number of 
even permutations on ὧι, G@z,-+-, @, is at least as great as the 
number of odd permutations on the same letters. Hence the 
number of even permutations on Qi, 2, " ++, An 15 equal to the num- 
ber of odd permutations on the same letters. 

Now the inverse of an even permutation is even, and the 
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product of two even permutations is even. Therefore it fol- 
lows readily that the even permutations on αι, de, - --, dn form 
a group. It is called the aliernating group on these letters. It 
is of degree m and order 4-n!. When n= 2 the alternating 
group consists of the identical element alone. 

The method of proof used in the preceding paragraph may 
be employed to show that all the permutations of any given per- 
mutation group G are even, or else exactly half of them are even 
and the even permutations form a group. In such proof the 
transposition (a;a2), of the former argument, is to be replaced 
by a fixed odd permutation belonging to the group G, in case G 
contains odd permutations. 

In the case of four letters the symmetric group is of order 24 
and the alternating group is of order 12. The permutations in 
Ex. 6 on page 14 constitute a group of degree 4 and order 8 
known as the octic group; those in Ex. 5 on page 14 constitute 
a group of degree 4 and order 4. There are also other groups 
of degree 4. An important problem in the theory of finite 
groups is that of constructing all the permutation groups of 
given degree. This problem has been completely solved only 
for the lower degrees. | 

It is easy to verify (see Ex. 7 on page 14) that the function 
ab +- cd is unaltered when its letters are interchanged in accord- 
ance with any one of the following permutations: 


I, (ab), (cd), (ab)(cd), (ac)(bd), (ad)(bc), (adbc), (acd). 


Thus the fourth permutation in the set leaves the terms of 
ab +- cd unaltered, while the fifth interchanges its terms. In all 
cases the function itself is left unaltered. The permutation (ac) 
changes this function into δὲ - ad; the same is true of the 
product obtained from each of the given eight permutations on 
multiplying on the right by (ac). Thus (adbc) - (ac) = (adb)(c), 
and the last permutation changes ab+ cd into ad+ bc. Like- 
wise each of the eight permutations obtained by multiplying 
the eight given permutations on the right by (ad) changes 
ab + cd into bd-+ ac. It is easy to verify that the eight original 
permutations and the two sets of eight each obtained in the 
way just indicated exhaust the total set of 24 permutations on 
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the letters a, ὃ, c, d. Hence the original eight permutations are 
all the permutations on a, 8, c, d each of which leaves unaltered 
the function ab + cd. 

Consider the total set of permutations on a, do, - - -, @, each 
of which leaves unaltered a given polynomial P in the argu- 
ments αι, @2,---, @,. This set contains the identical permuta- 
tion. It also contains the inverse of every permutation in the 
set. Moreover, the product of any two permutations in the set 
is itself in the set. Hence such a set of permutations constitutes 
a permutation group. It is said to be the group under which 
P is invariant, or the group to which P belongs. 

The group so associated with a symmetric polynomial in 
σι, G2,---, @, 1S Obviously the symmetric group. It is easy to 
prove that it is the alternating group which is so associated 
with the function D employed in the proof of Theorem III of 
§ 2, since an odd permutation changes D into — D, whereas D is 
left unaltered by an even permutation. 

Let us consider the seven sets of three letters each contained 
in the seven columns of the following array: 


A BC D E F G 
BC DE F GA 
DEF G ABC 


These sets are permuted among themselves by each of the per- 
mutations P = (ABCDEFG) and Q=(BD)(EF). The total set 
of permutations on A, B, C, D, E, F, G, each of which permutes 
among themselves these seven sets of three letters each, con- 
stitutes a group I’, as one sees from the obvious fact that the 
product of any two permutations in the set is also in the set. 
Let us determine the order of this group I. 

Let S be a permutation in Γ that leaves each of the triples 
ABD and BCE fixed as a triple. Then S must replace B by B; 
it must interchange A and D or replace each of them by itself; 
it must interchange C and E or replace each of them by itself; 
and it must interchange F and G or replace each of them by 
itself. Hence S must be one of the following eight permuta- 
tions: I, (AD), (CE), (AD)(CE), (FG), (AD)(FG), (CE)(FG), 
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(AD)(CE)(FG). Upon testing these it is found that only four 
of them afford suitable values of S, namely, the following: 


I, (AD)(CE), (AD)(FG), (CE) (FG). 


Hence there are in I only these four permutations each of 
which leaves each of the first two triples fixed. We denote 
them in order by Sj, Sz, Ss, Sa. 

If 7 is a permutation in I’ which replaces ABD and BCE in 
order by any other ordered pair a and β of triples in the given | 
set, then each of the elements S,;T (2 = 1, 2, 3, 4) replaces ABD 
and BCE by a and β respectively. If U is any permutation in 
Γ which replaces ABD and BCE by a and β respectively, then 
UT~! leaves ABD and BCE both fixed, so that UT~! = S; for 
some 7, and hence U=S;T. From this it follows that there 
are just four elements in I’ each of which replaces ABD and 
BCE by a and B respectively. But the totality of ordered pairs 
a and 8 from the given set of seven triples is 7-6 in number. 
Hence Γ has at most 7-6-4 (= 168) elements. 

We shall now prove that I’ has at least 168 elements, by 
showing that there are 168 permutations which can be ex- 
pressed as products in terms of the permutations P and Q 
already introduced. We have 


P~?QP? = (BCDG) (EF), 
P~2QP?QP = (BEG)(CDF). 


Now the powers of the first of these yield four distinct permu- 
tations. On multiplying each of them by Q, we have four more, 
making eight in all. On multiplying each of these eight by each 
of the three distinct powers of (BEG)(CDF), we obtain all to- 
gether 24 distinct permutations. On multiplying each of these 
24 by each of the seven distinct powers of P, we have 168 
(= 7 - 24) distinct permutations expressed as products in terms 
of P and Q. 

Therefore I has just 168 elements, and all these elements 
may be expressed as products in terms of P and Q. This group 
I of order 168 is one of the most interesting groups of degree 7. 

Two permutation groups are usually said to be identical if 
there is a permutation T which transforms all the permutations 
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of one of the groups into the permutations of the other group. 
Thus the group 
I, (ab), (cd), (ab) (cd) 


is identical with the group 
| I, (ac), (bd), (ac) (bd), 


into which it is transformed by the permutation (bc); it is also 
identical with the group 


1, (@B), (v5), (@B) (79), 
into which it is transformed by the permutation 
(aa) (6B) (cy) (d6). 


But if two notationally distinct groups are contained in a 
given permutation group G, they are reckoned as different 
groups in regard to their relation to G, even though they may 
be the same in the sense of the preceding paragraph. Thus the 
first two groups of that paragraph are considered as different 
groups contained in the symmetric group on a, ὅ, c, d. 


EXERCISES 


1. Show that the permutations mentioned in Ex. 14 on page 15 
form a group of order 50. | 


2. Find all the permutations on 1, 2, 3, 4, 5, 6, 7, 8 each of which is 
commutative with each of the permutations (12345) and (678), and 
show that they form a group of order 15. 


3. Find all the permutations on a, 8, c, d, 6, f, 1, 2, 3, 4, 5, 6 each of 
which is commutative with (abcdef) (123456), and show that they form 
a group of order 72. 


4. Find all the permutations on 1, 2, 3, 4, 5, 6, 7, 8, 9 each of which 
is commutative with (123) (456) (789), and show that they form a group 
of order 162. 


5. Ifwisa primitive mth root of unity, show that the transforma- 
tions 
w* 
χ' = w*x, ees (ζ Ξε 1, 2, ..., n) 
form a group of order 2 x. 
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6. Construct all the transformations which can be formed by 
taking products of the transformations 
χ' Ξξ ν-- 1 χ, gta, gra tl 
x χ-- 1 
and show that they form a group of order 24. 

7. Show that the largest permutation group on %1, %2, X3, x4 which 
leaves invariant the function (x1 + x2 — x3 — x4)? 1s the octic group. 

8. Determine the largest permutation group on %1, %2, x3, x4 under 
which the function (x; + x2) (x3 + x4) is invariant. 

9. Show that the symmetric group of degree m contains the sym- 
metric group of any lower degree. State and prove the corresponding 
theorem for the alternating group of degree m. 

10. Show that the largest permutation group on A, B, C, D, E, F, G, 
each element of which leaves invariant the function 
ABD + BCE + CDF + DEG + EFA + FGB + GAC, 
is a group of order 168. (Compare with the array on page 21.) 
11. Consider the 42 transformations 
χ' τε αχ - ὃ (a= 1.2.3; 4,5, 6: b= 0; 1,-2,.3,4,.5,'6) 
and a rule of combination which consists of ordinary multiplication 
of transformations followed by a reduction of coefficients modulo 7 to 
their least non-negative values. Show that these transformations so 
considered form a group G of order 42, and prove that each of the 
transformations of G can be expressed as a product in terms of the 
transformations x’=x +1 and x’=3x. 
12. Similarly, show that the transformations 
χ'Ξε αχ - ὃ (α ΞΕ], 2, 4; 5=0,1,2,---, 6) 
give rise to a group of order 21. Show also that the transformations 
x’=ax+b (a=1,6; b=0, 1, 2, ---, 6) 
similarly give rise to a group of order 14. 


13. Show that the eleven sets of five letters each contained in the 
eleven columns of the array 


ABCDEFGHIJ«K 
BCDEFGHIYJKA 
C DEFGHIJKAB 
EF GHtI J] KABCOD 
HI J KABCODEFG 
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are permuted among themselves by a permutation group of order 660 
on the letters A, B, C,---, Καὶ and by no larger group on these letters. 
[SUGGESTION. Observe that the array is invariant for the permuta- 
tions (ABCDEFGHIJK) and (CEH)(DKG)(FIJ); prove that it is left 
invariant by only six permutations each of which leaves two columns 
unaltered; and thence proceed as on pages 21 and 22.] 


14. Find a function of A, B, C, -- -, Καὶ which is left invariant by the 
permutations of the group in Ex. 13 and by no other permutation of 
its arguments. 


15. Arrange seven letters in seven sets of four each so that every 
two of these sets shall have just two letters in common while every two 
letters shall occur together in just two sets. Show that these sets must 
be (apart from change in notation) the seven sets afforded by the 
columns of the array 


SA w& pp» 
Ry ὦ ἢ» 
ma 
31 0 -& 
“ Ὁ "» 
ao bw 
ae o 4 


hey 
>) 
>) 
°p) 
ip) 


[SUGGESTION. Choose the notation so that three of the sets are 
those in the first three columns, and show that the remaining sets 
are then determined successively by means of the first two letters 
in them. ] 


16. Show that the seven sets of four letters each afforded by the 
array in Ex. 15 are interchanged among themselves as sets by each of 
the permutations (ABCGFDE) and (BG)(FD), and prove that the 
group obtained by forming all the distinct products with these permu- 
tations as factors is of order 168 and that it contains all the permuta- 
tions on A, B, C, D, E, F, G, each of which merely interchanges the 
given sets among themselves. 


17. Arrange eleven letters in eleven sets of five each so that every 
two of these sets shall have just two letters in common while every two 
letters shall occur together in just two sets, and show that these sets 
must be (apart from change in notation) the eleven sets afforded by 
the columns of the array in the foregoing Ex. 13. 


18. Demonstrate that the distinct powers of the permutation 
(ABCDEFGHIJK) constitute the largest permutation group on these 
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letters the elements of which merely permute among themselves the 
eleven sets of five letters each afforded by the columns of the array 


A BC DE F G AI ) Κα 


BC DEF GH#I ) KA 
C DE F G AI J ΚΑ B 
DE F G HI J K ABC 


J K A B C DE F GEHiI 


19. Consider the 14 quadruples defined by the columns of the 
following array : 


H H H H H H HG AB C DE F 
A B C D E F G C D E F GA B 
BC D E F G A E F G A BC D 
DE F GA B C F G ABC ODE 


Show that these quadruples are permuted among themselves by a 
permutation group of order ὃ - 7 - 6 - 4 on these eight letters and by no 
larger group on these letters. 

20. Arrange the eight letters A, B, C, D, E, F, G, H into 14 sets of 
four each so that each triple of these letters shall occur in one and in 
just one of the 14 quadruples, and show that (except for a permutation 
of the letters) these 14 quadruples are those afforded by the columns 
of the array in Ex. 19. 


5. Properties of the Elements of a Group.* If A, B, C are ele- 
ments of a group and AB = AC, we have A’AB = A’AC, where 
A’ is the inverse of A, whence it follows that B= C. Similarly, 
if BA = CA, we have B=C. 

If S is an element of a group, then the product of Rk factors 
each equal to 5 is denoted by S* and is called the kth power of 5. 
The infinite sequence of symbols 

5, 52, S3,--- 
obviously represents a finite number of distinct elements if 5 
is an element of a finite group. If 55" Ξξ 5" and uw > p, and if S_, 
is the inverse of 5", we have, using 1 for the identity, 
Ὁ ΞΞ 5,0 o-oo OO Se 
* Many of these properties are given in ὃ 2 for the special case of elements 


which are permutations. They are now treated for the more general abstract 
situation. 
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Hence there is some power of S which is equal to the identity. 
If S™= 1 and m > 1, while 55 ¥ 1 for x =1, 2,---, m—1, then 
m is said to be the order of S. (The identity is said to be of order 
unity.) It is easy to prove that no two of the elements 1, S, S?, 
---, S™-1 are equal. For, if S’=S“ (0 «ν «μ « m), then as 
before we have 1 = 56"; and this is contrary to the hypoth- 
esis that 5 is of order m. If S'=1(l>m), and we write 
l=mq+rO<rz=m), then 


1 = Sh Smtr = (S")2. δ᾽ = Sy, 


whence it follows that r=m. Therefore / is divisible by m. 
Hence, if S'=1, then 1 ts a multiple of the order m of S. 

The relation 9.5" = S*+” obviously holds if μ and ν are 
positive integers. If we assume (as we may consistently) that 
this relation holds when μ and ν are any integers, then it is 
easy to show that S° = 1 and that S~* is the inverse of S*; for 


Sos# = S* and S~*S* = 59, 


If 51, Se, -- +, S, are elements of a group, then the inverse of 
SiS2- ++ S,is S,~1S,17!- + - Se71S,—}, since the product of one 
of these elements by the other is evidently the identity. 

We have seen that the elements of a group obey the associa- 
tive law of multiplication. But multiplication is not always 
commutative, as we saw in connection with the study of per- 
mutations in § 2. That is, if A and B are elements of a group, 
the product AB may be different from the product BA. In the 
case when AB = BA we say that A and B are commutative or 
that they are permutable. If A is permutable with both Band C, 
then A is permutable with BC, since 


(BC)A = BCA = BAC = ABC = A(BC). 


The element 7 157 is said to be the transform of S by T, or 
the result of transforming S by 7. In the special case when 
T-1ST = S we have ST=TS. Conversely, from the relation 
ST = TS we have T-!1ST = S. Moreover, if T~!1ST = U, then 
T-1S*T = U*, since 


Ut = (Τ 157) = T-1ST- TST. ..- - TOST = TST. 
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The element 5.171 157 is called the commutator of S and T. 
Its inverse is the commutator T—1S~!TS of T and S. A neces- 
sary and sufficient condition that S and T shall be commutative 
is that their commutator shall be the identity, as the reader will 
easily verify. 

Since 
U-!.S-1T-1ST - U=U718—1U - U“!1T—“1U- U-18SU- U-!TU 

= (U~!SU)7!(U—!TU)—1(U—!SU)(U~!TU), 
it follows that the transform of a commutator by any element is 
itself a commutator. 

Since 

(TU)—'!S(TU) = (U-!T~1)S(TU) = U-1- T~1ST- U, 
it follows that the transform of S by TU is equal to the trans- 
form by U of the transform of S by T. 

6. Subgroups. If a group G contains within itself a set of 
elements H which forms a group with the same law of combina- 
tion of elements as G itself, then H is said to be a subgroup of G. 
Every group contains a subgroup of order 1 consisting of the 
identity alone. It is usually convenient to include the group G 
itself among the subgroups of G. A subgroup of G which is not 
identical with G is called a proper subgroup of G. 

In §10 we shall prove that the order of a subgroup of a finite 
group G 15 a factor of the order of 6. 

If S is an element of order m in a group G, then the elements 
1, S, S*,---+, S"~! form a group of order m which.is a subgroup 
of G. It is a proper subgroup when the order of G is greater 
than m. 

The eight permutations in Ex. 6 on page 14 form a subgroup 
of the symmetric group on a, b, c, d; and this subgroup does not 
consist of the powers of one of its elements. The permutations 
in Ex. 5 on page 14 form a subgroup of order 4 of this group of 
order 8. 

Every group G of order greater than unity contains a set of 
elements each of which is permutable with each of the others; 
for the set of all the distinct powers of a given element (not the 
identity) has this property. Let 

1, So, S3, anon | Sk 
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be a set of elements of G having this property that each of them 
is permutable with each of the others and having moreover the 
property that no other element of G is permutable with each 
element of the set. This set evidently contains the inverse of 
every element in it, and the product of every two elements in it. 
The set therefore constitutes a subgroup of 6. 

If G is a group of order g (g >1), then commutators in G (that 
is, commutators each of which is formed from two elements in G, 
the same or different) may be formed in g? ways, since each of 
the two elements used to form a commutator may be chosen in 
g ways. Since G has only g elements, these g* commutators can- 
not all be distinct elements. Consider the set of all distinct 
elements of G each of which is equal to a commutator in G. 
This set contains the identity, since the commutator of 1 and 5 
is the identity. The set contains the inverse of every element 
in it, since the commutator of T and S is the inverse of the com- 
mutator of Sand T. But it does not always contain the product 
of every two commutators, since (as is shown by Ex. 30 on 
page 39) the product of two commutators in G is not necessarily 
a commutator in G. Then form from these commutators all the 
elements which may be obtained by taking products each factor 
of which is a commutator. This new set of elements constitutes 
a subgroup of G. It is called the commutator subgroup of G or the 
first derived group of G. If the commutator subgroup of G coin- 
cides with G, then G is called a perfect group. 

7. Some Classes of Groups. If all the elements in a group G 
may be obtained by taking the powers of some appropriately 
chosen element in G, then G is said to be a cyclic group. A 
group which is not cyclic is said to be noncyclic. Every group 
G contains one or more cyclic subgroups, since the distinct 
powers of any element in G form a cyclic subgroup of G. Ifa 
group G is noncyclic the distinct powers of any element in it 
constitute a proper subgroup. If G is a cyclic group of com- 
posite order m and if S is an element whose distinct powers 
constitute the elements of G, then, if ὦ is any proper divisor 
of m different from unity, the distinct powers of 54 constitute 
a proper cyclic subgroup of G. Hence every group whose order 
is a composite number contains a proper subgroup other than 
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that consisting of the identity alone. We shall see later (§ 10) 
that a group whose order is a prime number contains no 
proper subgroup other than that consisting of the identical 
element alone. | 

If each element of a group G is permutable with every other 
element in G, then G is said to be an Abelian group or a com- 
mutative group; otherwise it is said to be non-Abelian or non- 
commutative. Since the powers of any element are permutable 
with each other, it follows that every cyclic group is an Abelian 
group. The permutations 

I, (ab), (cd), (ab) (cd) 
or the permutations 
I, (ab) (cd), (ac)(bd), (ad) (bc), 


constitute a noncyclic Abelian group. The octic group, con- 
sisting of the eight permutations in Ex. 6 on page 14, is a non- 
Abelian group. 

A group whose order is a prime number or a power of a 
prime number is called a prime-power group. The three per- 
mutation groups mentioned in the preceding paragraph are 
prime-power groups. We shall see later (§ 18) that a finite 
group which is not a prime-power group always contains cer- 
tain important subgroups which are prime-power groups. For 
this reason the theory of prime-power groups is of great im- 
portance in constructing a general theory of finite groups. 

8. Generators of Groups. Ifa set of elements contained in a 
finite group G has the property that all the elements of G may 
be obtained by forming products whose factors all occur in the 
given set, then this set of elements is said to constitute a set 
of generating elemenis of G or a set of generators of G, and G is 
said to be generated by this set of elements. The set of gen- 
erators is said to be independent if no one of them is in the 
group generated by the remaining ones. (An element which 
generates a cyclic group is said to be an independent generator 
of that group.) In the case of independent generators no proper 
subset of the set of generators will generate the entire group G. 

The group consisting of the permutations | 


I, (abc), (acb), (de), (abc) (de), (acb) (de) 
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is generated by the permutation (abc)(de) and also by the per- 
mutation (acb)(de). Moreover, it is also generated by the two 
permutations (abc) and (de); and these form a set of inde- 
pendent generators of the group. 

It is evident that every cyclic group contains at least one 
single element that generates it, and that every noncyclic. 
group requires at least two generators to generate it. The 
example in the preceding paragraph shows that even a cyclic 
group may have a set of independent generators consisting of 
more than one element. In fact, it is not difficult to show that 
a cyclic group may be constructed of such sort as to possess ἡ 
independent generators, where v is any given positive integer ; 
for, if P is a permutation which in standard form is composed 
of m cyclic factors of distinct prime orders, then the cyclic group 
generated by P can also be generated by the n independent 
generators each of which is represented by a single cycle of P. 

If σι, g2,°--, g, constitute a set of generators of a group G the 
group itself is often represented by the symbol {g1, go, - + +, gx} 3 
that is, this symbol denotes the group generated by δι, go, - ++, gx 

From the corollary to Theorem II in § 2 it follows readily 
that the transpositions (@:@2), (@1@3),---, (@i@,) form a set of 
independent generators of the symmetric group on 4), 2, " - +, Gn. 
Similarly, from the corollary to Theorem IV in § 2 it follows 
that (@1d2a3), (a:@204),---, (@:d2@,) constitute a set of inde- 
pendent generators of the alternating group on @j, Qo, - ++, Gn. 
From a result in ὃ 4 it follows that (ABCDEFG) and (BD) (EF) 
generate a group of degree 7 and order 168. The octic group is 
generated by (ab) and (adbc). 

9. Simple Isomorphism. Abstract Groups. If G; is a group of 
order m and if Ge is a group of order m, and if each element of 
G, can be made to correspond uniquely to an element of G2 in 
such a way that each element of Ge is the correspondent of an 
element of G, while the product of any two elements in 6! cor- 
responds to the product of the corresponding two elements in 
Go, then G, and Ge are said to be semply tsomorphic and the re- 
lation so established between σι and Ge 15 said to be a simple 
tsomorphism of σι and G2; each of the groups is said to be 
simply isomorphic with the other. In such a correspondence 
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the identity in G, must correspond to the identity in Ge; for 
if S corresponds to the identity, then every power of S corre- 
sponds to the identity, whence it follows that S itself must be 
the identity, since the correspondence of elements is unique. 

If G; and Ge are the same group, this correspondence is said 
to exhibit an isomorphism of the group with itself. 

The two permutation groups 1, (ab), (cd), (ab)(cd) and I, 
(ab)(cd), (ac)(bd), (ad)(bc) are exhibited as simply isomorphic 
by the correspondences 


I ~ I, (ab) ~ (ab) (cd), (cd) ~ (ac) (bd), (ab) (cd) ~ (ad) (bc). 


If two groups have the same number of elements of order 2, 
the same number of order 3, the same number of order 4, and 
so on, they are said to be conformal. 

Two simply isomorphic groups are conformal. For if S in 
one of them corresponds to T in the other, then S* corresponds 
to T*, whence it follows that S and T have the same order, 
since the identity always corresponds to itself. But groups may 
be conformal without being simply isomorphic; an example 
illustrating this fact is given in Ex. 28 on page 38. 

If two groups are each simply isomorphic with a third group, 
then they are simply isomorphic with each other, and the 
isomorphism may be established as follows: if A in the first 
group corresponds to C in the third while B in the second cor- 
responds to C in the third, then take A and B as corresponding 
elements in the isomorphism of the first two groups. 

It is evident that two simply isomorphic groups have cer- 
tain of their more abstract properties in common. Let us 
render more precise the conception of the common character- 
istics of two simply isomorphic groups. 

For this purpose consider the multiplication table of a given 
group G, that is, a table exhibiting the product (in each order) 
of every pair of elements in G. As an example of such a table, 
we have for the group 


81 = I, 82 = (abc), 53 = (acb), 84 = (ab), Ss = (bc), Se = (ca) 


the multiplication table given below, where the element oppo- 
site 5; in the first column and under 5; in the first row-is the 
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product S;S;. If from the elements of a group all properties 
are abstracted except those implied by its multiplication table, 
then the new abstract elements so formed constitute a group 
which is known as an abstract group. It is simply isomorphic 
with the given group, the correspondence being established by 
making each element of the original group correspond to the 
abstract element formed from it in constructing the abstract 
group. We may call this abstract group the abstract form of 
the given group or the abstract group corresponding to the 
given group. 


If two groups are simply isomorphic, it is evident that. they 
have the same abstract group corresponding to them. We may 
say, then, that the two groups are abstractly identical. It is evi- 
dent that the abstract properties of a group constitute, in one 
respect at least, its essential properties as a group. 

It is possible to define the multiplication table of a group 
completely by means of certain relations governing a set of 
generators of the group. We shall illustrate this matter by 
considering the group {S, T} where S and 7 are subject only to 


the conditions 
S¢=1, T?=1, (ST)? =1, 


and such conditions as may be implied by these. The group 
contains the following elements: 


σι =], 02= ST, 03> (ST)?, σά = T, 05 =S, 066= STS. 
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In order to make sure that no two of these elements are equal, 
we observe that if we put o= (bc) and 7 = (ab) we have 
o?=1, r?=1, (o7)? =1, while 1, στ, (or)?, τ, o, oro are Six 
distinct permutations on the letters a, b,c. But σ and 7 satisfy 
all the relations assigned to S and 7; hence those relations 
are consistent and the corresponding six elements formed from 
S and T must be all distinct, since otherwise S and T would 
satisfy at least one relation not implied by the given relations. 

It may now be shown that the given relations on S and T 
imply that the elements a; have a multiplication table identi- 
cal with the foregoing multiplication table except that 5; is 
replaced by o; for 7=1, 2, 3, 4, 5, 6. We verify a few of the 
36 products: thus σο = (ST)? =03, o203 = (ST)? = σι, 204 
Ξ 57. 7 τὸς ὅτε, σξ, 0205 Ξ 57. 5Ξ-ξ σρ, 0206 = ST - STS = (ST)?S 
τὸ (Τὴ) ἸΘ τ Τϑ - 5 - τ σᾳ. Since the product σ;σ; is some 
σχ, it is evident that the elements σι, σο," - -, σε constitute a 
group of order 6. From this it follows that the group {S, 7} is 
completely determined by the sole relations 52 = T? = (ST)3 = 1. 
Since we know nothing about the elements of {S, 7} other than 
what is implied by its multiplication table, it follows that 
{S, T} is an abstract group. Such a set of conditions as those 
used in defining {S, ΤΊ, namely, the sole conditions 


52 = T? = (ST)3 = 1, 


is called a set of defining relations for the abstract group deter- 
mined by them. 

It is evident (from the existence of the multiplication table) 
‘that every abstract finite group may be defined by means of a 
certain finite number of independent generators and a finite 
number of independent defining relations connecting them. 
The conception of an abstract group, to which this fact gives 
rise, is of such importance that we shall at once illustrate it 
by another example. In Chapter VII we shall take up a more 
systematic consideration of the matter. 

Let us now determine a set of defining relations for the ab- 
stract group which is simply isomorphic with the alternating 
group of degree 4. As generators of the permutation group 


we may take σ = (abe), τ = (abd). 
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Then σϑ = 73 = (or)? = 1. 


Since the permutations o and 7 satisfy these relations and gen- 
erate a group of order 12, it follows that any abstract generators 
S and T which are subject solely to the conditions implied by 
the (necessarily consistent) relations 


S3 = T? = (ST)?=1 


must generate a group whose order is at least as great as 12. 
We shall next show that the order of this abstract group 
{S, T} cannot be greater than 12. For this purpose we con- 
sider the following twelve elements of {S, 7}, namely, 


1 τ S? 

ST STS STS? 
ΤΟ <S?77S.. 2720: 
7571 -T7ST7S  -T?ST7S* 


The corresponding elements in {σ, r} are distinct, the corre- 
spondence being established by making o and 7 correspond to 
S and T respectively. Hence these are twelve distinct elements 
of {S, T}. If each of these is multiplied on the right by S, then, 
since S3 = 1, we obtain merely the same elements in another 
order. If each of them is multiplied on the right by 7, then, by 
a repeated use of the relations 58 = 78 = (ST)? = 1, 1t may be 
shown that the same set of elements is again obtained (in a 
new order). Thus we have 


1- T= TS. S?=S"1T-1§? = $?T?S?, 
ST - T = 5. S?T?S? - §?T?S? = T?ST?S?, 


S?T?. T = 53, 
T?ST? . T = T-1S—1!$2 = STS?, 
S.T=ST, 


STS - T = (ST)? =1, 

S°T?S.T=S-ST-TS-T=S-T7-18-!. §-1T-1. T=ST- TS 
= T-1§-1. S-1T-1 = T2ST?, 

T?ST?S »T=T-TS-T?-ST=T-S-1T-1. 72. T-1S-1 = TS 
= S-1T-1 = 5272, 


36 Groups of Finite Order 


52. T= 5272. T? = T?ST?ST - T? = T2ST?S, 

STS? . T= ST - 521 = ST - T?ST?S = 5272ς, 

S?T2S?. T = 52. T-1§-1. T= 52. 57. T= T? = (ST)2T?2 
= STSTT? = STS, 

T?ST?S?. T= T?S- T-1§-1. T= 79S -ST- T= ΤΏ. S717} 
=TTS=S, 


From these results it follows that the twelve elements in the 
foregoing table are replaced by themselves (in some order) on 
multiplication on the right by either 5 or Τὶ, and hence on such 
multiplication by any element of {S, ΤῊ. Hence {S, ΤῈ isa 
group of order 12. The correspondence S ~ σ, Τ ~ 7 exhibits 
it as simply isomorphic with the alternating group {σ, 7}, as the 
reader may easily verify. Hence {S, T} is the abstract form of 
the alternating group on four letters. Therefore 


The abstract alternating group of degree four is 
generated by the abstract elements S and T when 
they are subject to the sole defining relations 


S3 = T3 = (ST)? -- 1, 


EXERCISES 


1. Show that the group generated by the permutations (12345), 
(abcd), (aBy) is acyclic group of order 60, and find an element in it 
by which it may be generated. 

2. Show that there exists a cyclic group of every finite order m. 

3. Prove that every subgroup of a cyclic group is cyclic. 

4. Show that the two permutations (1234) (5678) and (1638) (5274) 
are commutative and that they generate a group of order 8. 

5. Construct the multiplication table for the octic group. 

6. Find the commutator subgroup (1) of the octic group, (2) of the 
alternating group of degree 4. 


7. Show that the commutator subgroup of an Abelian group con- 
sists of the identity alone, and that the commutator subgroup of every 
non-Abelian group is of order greater than unity. 
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8. Show that an Abelian group cannot be simply isomorphic with 
a non-Abelian group. 

9. If each generator in a set of generating elements of a group is 
permutable with every other generator in the set, then the group is 
Abelian. 

10. A group each of whose elements other than the identity is of 
order 2 is an Abelian group. 


11. Prove that the product of two commutators is a commutator 
whenever the last factor of the first is the inverse of the first factor of 
the second; that is, prove that (S~!T—!ST)(T—1U—!TU) 1s a com- 
mutator. 

12. If H is a subgroup of G show that the commutator subgroup of 
H is a subgroup of the commutator subgroup of G. 

18. If a and ὃ are elements of a group G, there exist elements g and 
h in G such that ag = ὃ and ha = ὃ. 

14. If S and Τ are two elements subject to the sole conditions that 

S38 = T2 = (ST)? = 1, 
show that they generate a group {S, T} abstractly identical with the 
group whose multiplication table is given in § 9. 


15. If a, b, care elements of orders 4, 2, 2 respectively, and are sub- 
ject to the sole remaining conditions that ab = ba?, ac = ca, be = cb, 
then the group {a, ὃ, εἰ is of order 16, and a, ὃ, c forma set of independ- 
ent generators of this group. 


16. Construct a set of defining relations for the abstract octic group. 


17. Construct a set of defining relations for the abstract group which 
is simply isomorphic with the group generated by (ab), (cd), (ef). 


18. Construct a set of defining relations for the abstract group which 
is simply isomorphic with the group generated by (1234)(5678) and 
(1638) (5274). : 


19. If Sand T are subject to the sole defining relations 
St=Tt=1, SUTS=T"!, S= Τὔ, 
show that {S, 7} is a group of order 8. 


20. Construct five groups of order 8 no two of which are simply iso- 
morphic. (Compare Exs. 2, 16, 17, 18, 19.) Show that a group of 
order 8 is necessarily simply isomorphic with one of these five. 
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21. Construct a permutation group of order and degree 8 which has 
six elements of order 4. Show that no group of order 8 can have more 
than six elements of order 4. 


22. If a and ὃ are elements which generate a finite group G and if 
ab = ba*, show that every element in the subgroup generated by a is 
transformed by ὃ into an element in that subgroup. 


23. Show that the commutator subgroup of the symmetric group 
of degree n is the alternating group of degree n. (Use the corollaries to 
Theorems II and IV in § 2.) 


24, Show that the alternating group of degree n is a perfect group 
if n> 4. (Use the corollary to Theorem IV in § 2.) 

25. If a cyclic group G is of order p”, where p is a prime number, 
and if 0 < r = m, then G contains just ῥ᾽ elements such that the order 
of each is a factor of 2"; it contains just p*~!(b — 1) elements of order 
p’. 

26. Show that the permutations 
(€1€10€19) (C2€11C20) (€3€12€21) (C4€13C22) (C5C14C23) (CeC15C24) (C7C16C25) (C8C17C26) 

(CoC 18C27), | 
(€1C4€7) (C2CsCg) (CgC6C9) (C10€15C17) (C11€13C18) (C12€14C16) (1 9023027) (CooC24Cos) 

(Co1C22C26) 
generate a non-Abelian group of order 27 containing as a subgroup an 
Abelian group of order 9 generated by the first of the given permuta- 
tions and the following: 


(€1C2C3) (Ο 4504) (Οτ 8609) (C10€11€12) (€C13€14C15) (C16€17C18) (C19C20C21) (C22C23C24) 
(C25C26C27). 


27. Show that the commutator of the first two permutations in 
Ex. 26 is of order 3 and is permutable with each of them. 


28. Show that the group of order 27 defined in Ex. 26 is conformal 
(but not simply isomorphic) with the Abelian group generated by 
(123), (456), and (789). 


29. Let Q and R be two abstract elements and write Q-!R-!QR = Ρ. 
If Q and R are subject to the sole defining relations 


P? = Q? = R? = P-1R-'PR= P-'!Q7-'!PQ=1, 


show that they generate a group of order 27 simply isomorphic with 
the group of order 27 defined in Ex. 26. 
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$0. Show that the group generated by the elements 


(ac) (bd), (eg) (fh), (tk) (jl), (mo) (mp), (ac) (eg) (tk), (ab) (cd) (mo), 
(ef)(gh) (mn) (op), (17) (Rl) 
is of order 256, that its commutator subgroup is of order 16 and is 
generated by the first four of the given permutations, and that the 
commutator subgroup contains just one element which is not a com- 
mutator, namely, (2k) (#1) (mo) (np). 


MISCELLANEOUS EXERCISES 


1. Show that a regular permutation is always a power of a circular 
permutation. 


2. Show that the commutator of two permutations having just two 
letters in common is of order 1 or 2 or 3 or 5. 


3. Let S be a permutation having at least one cycle of even order 
or at least two cycles of equal odd order. Show that S is commutative 
with some odd permutation on the letters involved in S. 


4. Determine what permutations can be expressed in terms of the 
two permutations 


(στῶ +++ Gn—2@n_-1), (αι °° * Gn—2Qn). 


5. Consider the following permutations on mn + 1 letters, where m 
is an integer greater than unity: 


(στῶ; °** Gn41), (@1@ny2° " Gongi)s ""» (€18(m—1)n42 °° * Omn41)- 


Show that every permutation on this set of mn + 1 letters can be ex- 
pressed in terms of the given permutations when n is odd, and that 
every even permutation on these letters can be expressed in terms of 
the given permutations when 7 is even. 


6. For what values of & from the set 1, 2, -- -, m — 1 is it possible 
to express every permutation on the letters a1, @e, " --, @, in terms of 
the permutations (@,@,41) and (@:@2---+d@,)? 


7. If S and T are commutative regular permutations on the same 
mn letters, m and n being relatively prime integers greater than unity, 
and if S is of order m and T is of order n, show that ST is a circular 
permutation on the mn letters. [SUGGESTION. Show that the m cycles 
of S are permuted cyclically among themselves when S is transformed 
by 7.] 
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8. Consider the 13 sets of four letters each afforded by the columns 
in the array 


ABCDEFGHI JKLM 
BCODEFGHIJKLMA 
DEF GHI<JKLMABC 
J KLMABCDEFGHI 


Show that these sets are permuted among themselves as sets by the 
permutations (ABC ---M) and (ABCDKLHGM EFI), that the prod- 
ucts formed from these permutations lead to a group of order 
13.12.9. 4, and that this group contains all the permutations on the 
given letters each of which merely permutes among themselves the 
given thirteen sets of four letters each. 


9. By omitting the letters A, B, D, J from the array in Ex. 8 form 
a new array defining 12 sets of three letters each and show that the 
sets thus defined are permuted among themselves by a group of order 
9-8-6 on the nine letters involved and by no larger group on these 
letters. 

10. Form a function left invariant by the group in Ex. 8 and by no 
permutations of its arguments except those in this group. 

11. Let p be an odd prime number. Show that the totality of dis- 
tinct congruences 

x’ =ax+bmod p, (a ΞΟ mod p) 

with multiplication of.transformations modulo p as the rule of combi- 
nation, constitutes a group of order p(p — 1). (Compare the special 
case in Ex. 11 on page 24.) 

Similarly show that the totality of distinct congruences 


x’ = ax + bmod p, (a = 0 mod }) 
constitutes a group of order 4 p(p — 1). 


12. If α and ὃ are elements which generate a finite group G and if 
ab = ba*, show that every element of G may be written in the form b¥a*. 


13. The permutations 
σ = (στα """ G25), T = (G26@27028020430) 
generate an Abelian group H of order 125. The permutations 
S = (€1€2C3 - + + 025)» 
T = (C2C7C12€17C22) (C3C13C23CgC1is) (C4C19CoCa4c 14) (C5C25C20C18C10)» 
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generate a non-Abelian group G of order 125. Prove these statements 
and show that G and H are conformal but are not simply isomorphic. 
[SUGGESTION. Observe that ST = TS®, apply Ex. 12, and show that 
T*S¥ and τῆσν are of the same order. ] 


14. If the commutator c = a~1b—1ab of a and ὃ is permutable with 

both a and ὃ, show that 
a~*b-8a2b8 = c#, (b¥a")t = bvigztchzvt(t— 1) 
(atbv)* = bvigrtchevt(t+ 1), 

15. If aga~1 = ρα and bgb-1 = g®, then the commutator of α and ὃ 
is permutable with g. | 

16. If 7S = 5272, show that 

TS? = S2"(TS?)T2", (TS)? = (S*T)"(TS)?(ST*)". 
17. If S and T are elements of orders m and n respectively and if 


TS = 5272, show that 52 and 7? are of the same order and hence that 
m=4n,n, or 2n. Show also that 55:7 and ST‘ are of the same order. 


18. Let S be an element of order mn contained in a finite group G, 
m and n being relatively prime. Show that integers a and f exist such 
that S = S* - S? while S* is of order m and 58 is of order n. Show 
furthermore that if S= P - Q, where P and Q are permutable elements 
in G of orders m and n respectively, then P = S* and Q= 58. 

19. If S-!'TS = T~1 and 7 157 = 5:1, show that S* = T* = 1. 


20. If p is any prime number and &£ is any primitive root modulo p, 
show that cyclic permutations 5 and 7 exist of orders p and p — 1 re- 
spectively such that ST = 7S*. 


21. Show by aid of Ex. 20 that a permutation group exists (1) of 
degree p and order p(p — 1), (2) of degree p and order 3 p(p — 1), for 
every odd prime number ῥ. 


22. Show that the abstract group whose generators o and 7 are sub- 
ject to the sole defining relations 


oF =pP=g'rigr=l1 
is simply isomorphic with the permutation group {o, 7} of Ex. 13. 


23. Show that the abstract group whose generators S and 7 are sub- 
ject to the sole defining relations 


| 525 = 75 = T-1§TS-§ = 1 
is simply isomorphic with the permutation group {S, T} of Ex. 13. 
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24. If p is any prime number and & is any primitive root modulo p, 
show that the abstract group whose generators S and T are subject to 
the sole defining relations 

S? = T?-1= T-1STS-*§ = 
is simply isomorphic with the permutation group of order p(p — 1) in 
Exs. 20 and 21. 

25. If the elements a and ὃ are of finite order and each of them is 
permutable with their commutator c = α΄ δ. ταῦ, then show (by aid 
of Ex. 14) that each of the elements in the group {a, δὲ is representable 
in the form a*b¥c?. Show that the order of c is a common factor of the 
orders of a and ὃ, and thence that {a, δὲ is a finite group. 

26. If @ and ὃ are two noncommutative elements of odd prime 
order p and if each of them is permutable with their commutator, show 
that {a, δ) is a group of order p*. (Use Ex. 25.) 

27. Show that the abstract group whose generators S and 7 are sub- 
ject to the sole defining relations 

S=T=1, TS=S*T2 
is of order 12 and that its distinct elements are 
1, 5, T, 52, ST, TS, T?, S?T, 572, TS?, T?S, ST2S. 

28. Show that the group {S, 7} of Ex. 27 is simply isomorphic with 
the alternating group of degree 4. 

29. Show that the abstract groups {S, 7} and {P, Q} whose sole 
defining relations are 

S¢=T*=1, TS=S?T? and P>=Qt=1, PQ= QP?, 
respectively, are identical as abstract groups and that their order is 20, 


30. By means of the adjoining scheme form 16 sets A B C ἢ 
of 6 letters each by taking foreach letterinthescheme καὶ κα GH 
the 6 which are aligned with it (excluding that letter 
itself). Thus we have the 16 sets afforded by the ἌΝ ee? 
columns in the following array : MNO P 

B A A A F E E E J It I I N M M M 
C C B BGG F F K K J J OO NWN 
DD D C H A HG LLL K P ΡΟ 
EF G H ABC DAB C DAB C D 
I J K LI J K L E F G HE FF GEzH 
MNO PM NO P MNO PI JjJ«KL 
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Determine the largest permutation group on the 16 given letters each 
element of which merely permutes among themselves these 16 sets of 
6 letters each, and show that its order is 16. 15. 12. 4. Show that 
the largest subgroup which leaves the first column fixed permutes its 
letters according to the symmetric group of degree 6 and that it per- 
mutes the remaining 10 letters according to a simply isomorphic group 
of degree 10 and order 10 -9- 8. 

31. By omitting P from each sextuple in Ex. 30 in which P appears, 
form the 6 quintuples in the columns of the following array: 


A EIN MM 
BFJOON 
CG Κα ΒΟ 
H DDE F G 
L LHI Jj K 


Determine the largest permutation group on these 15 given letters each 
element of which merely permutes among themselves these 6 quin- 
tuples, and determine the permutation group according to which the 
quintuples are thus interchanged. What is the relation between the 


two named permutation groups? 


CHAPTER II 


Five Fundamental Theorems 


10. Orders of Subgroups. The following may be regarded as 
the most fundamental theorem in the theory of finite groups: 


I. FirST FUNDAMENTAL THEOREM.* The order of 
a subgroup of a finite group G 1s a factor of the order 
of G. 


Let G be of order m and let H be a proper subgroup of G of 
order 7. We have to show that 7 is a factor of m. Let ς, Ξε], 
So, $3,° °°, S- be the elements of H. Form the following array 
containing all the elements of G: 


51» 52) 53». Sry 

toS1, [2Se, ἴ253»ν" 5» loSr, 

381, {¢3S2, ¢353,°°-, 35+, 

ἰλδ1» tSo, 1,S3, ΠΥ ἔχϑι» 
where fe is any element not in the first row and in general /; is 
any element not in the first 7 — 1 rows. It 1s evident that the 
elements of G may be exhausted in a scheme of this sort; it is 
next to be shown that no element of G occurs twice in this array. 
Let ¢, be another symbol for the identity. Now /,s; and i,s: are 
elements in the 7th row. If t,s,=t,s), then δ. = s, and hence 
k=1. Hence each row of the array consists of 7 distinct ele- 
ments. If 7> 2 and if tjs, =t:s1, we have t; Ξξ ἐς διδηι 1 = Us,, 
where s, is an element of H. Hence ἐ; is in the 7th row, contrary 
to hypothesis. Therefore no element in one row is equal to any 


* This has sometimes been called the theorem of Lagrange. 
44 


Five Fundamental Theorems 45 


element in another row. Therefore the elements in the array 
are all distinct. Hence the array contains all the elements of G 
and no element of G occurs twice in the array. Now the num- 
ber of elements in the array is \7, since there are ἃ rows of ele- 
ments with 7 elements in each row. Hence Ar = n, whence it 
follows that 7 is a divisor of n. 

The quotient ”/r is called the zndex of H in 6. 

The learner will find it an excellent exercise to construct a 
similar proof by means of an array of the form 


51» 32) 52» 7 8%, Sr, 
S1T2, 5272, 5272, "55, SrT2, 


$173, 5273,ςᾳ, S3T3,°°°*, 5:73, 


ΒΙΤμ, δ827μ, 53Τμν᾽ ", δὅτ:τμ, 


where Τὸ is any element not in the first row and in general 7; is 
any element not in the first 7 — 1 rows. It is convenient to use Τὶ 
as an additional symbol for the identity ; and this we do. 

These two arrangements of the elements of G in rectangular 
arrays are often useful in developing the theory of finite groups. 
It is convenient to denote the elements in the 7th row of the first 
array by t,H and those in the 7th row of the second array by τ... 

An element of G of order m generates a subgroup of G of order 
m. Hence, 


Cor. I. The order of an element of G is a factor 
of the order of G. 


If G is a group of prime order p, then every element of G 
except the identity is of order p. Hence, 


Cor. II. A group whose order is a prime 1s a cyclic 
group. It contains no proper subgroup except that 
consisting of the identity alone. 


11. Miscellaneous Theorems. Conjugate Elements and Sub- 
groups. We shall now give some definitions and theorems which 
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are important in themselves and are essential in the proofs of 
the remaining four fundamental theorems. 


II. The elements * common to two finite groups 
G, and G2 form a finite group H known as the com- 
mon subgroup of G; and Go. 


Any two groups have the identity in common. If S and T 
are elements common to G; and Ge, then ST is in each group and 
the inverse of each of them is in each group. Therefore these 
common elements form a group, and this group is necessarily of 
finite order. 

The elements of G,; and Ge generate a group which may be 
either finite or infinite. It is denoted by the symbol {Gi, Go}. 
If σι and Ge are permutation groups, then it is obvious that 
{G1, G2} 1s a finite group. | 

More generally the elements 51, So, ---, S, (of finite order) 
and the elements of the finite groups Gi, Go, ---, Gm generate a 
group (finite or infinite) which is denoted by the symbol 

{Si, So, wt ty ni Gi, Go, noe oy Gm}. 

In case all the elements involved are permutations this group 
is necessarily a finite group. 
If S and T are elements of a group G, then S and 7T~'!ST are 
said to be conjugate elements of G and T~'ST is said to be a con- 
jugate of S or to be conjugate to 5. Every element S is conjugate 
to itself, since S~'SS = 5. If every conjugate of S in G is equal 


to S, then S 1s said to be a self-conjugate, or normal, or invariant, 
element of G. 


III. Two elements which are conjugate in a given 
finite group G have the same order. 


For if S is of order m and T is any other element of G, then 
(T-'ST)™ = T-1ST- T-1ST~ ... + TOST = T-18"T = 1: 


* In such matters as this, where the relations of two or more groups or the 
relations of an element to a group are considered, it is to be understood that 
all the elements involved are subject to the same law of combination. 
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and if 7 157 is of order m we have 
S™=T.T-18"T . T-1 = T(T-ST)"T-1=1. 

Let H be a group and let S be an element which combines 
with the elements of H. Then we denote by S—'HS the set of 
elements obtained on transforming the separate elements of H 
by 5. If 4, and he are two elements of H, we have 


S71yS + S~ eS = S71 + Iyhe- 5. 
Hence, 


IV. If H is a finite group and S 15 an element 
which combines with the elements of H, then H and 
5. 115 are simply isomorphic groups. 


The isomorphism is established by making each element in 
H correspond to that element in S~!HS into which it is trans- 
formed by S. If S belongs to H, then this process exhibits H 
as simply isomorphic with itself. 

If the groups H and S~!HS are identical, then S is said to 
be permutable with H. In this case the two sets of elements 
HS and SH are identical, as may be readily proved; for, if 
5-:1}.5 = h;, then h,;S = Sh;. 

_If H is a subgroup of G and S is an element of G, then H 
and S~!HS are called conjugate subgroups of G and S~!HS is 
said to be a conjugate of H or to be conjugate to H. Further- 
more, H is said to be transformed by S into S~!HS. Every 
subgroup H of G is conjugate to itself, since it is transformed 
into itself by each of its own elements. If H and S—!HS are 
identical for every element S of G, then H is called a self- 
conjugate, or normal, or invariant, subgroup of G. 

It 1s evident that the total set of self-conjugate elements in 
a finite group G forms a self-conjugate subgroup of G. This 
subgroup is called the central of G. 

If S, 15 a given element of G and if all the conjugates of 51 in 
G are 51, So,- +--+, S;, then 81, So, - ++, S; are said to form ἃ com- 
plete conjugate set of elements of G. 

If ΗΙ is a given subgroup of G and if all the conjugates of 
H, in G are the subgroups Hj, Ho, ---, Η,, then Hi, He, ---, Ηκ 
are said to form a complete conjugate set of subgroups of G. 
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If a group G has no self-conjugate proper subgroup other 
than that consisting of the identity alone, then G is said to 
be a semple group; otherwise it is said to be a composite group. 

Let Si, So,---, S; be the complete set of conjugates of 
the element S, of the group G. Then any S; of the set obvi- 
ously has the same complete set of conjugates, since the re- 
lations S;=7;~'!S;T; and 5; ξξ 7, 15: Τ; imply the relation 
S; = (T;—!T;)—'!S;(T;—!T;). Hence no two complete sets of con- 
jugate elements have an eiement in common. Therefore the ele- 
ments of G may be distributed into a certain number of complete 
sets of conjugate elements in such a way as to exhaust the 
elements of G without repetition. Let 7 be the number of these 
complete sets of conjugates and let ἦι = 1, he, hz, -- -, h, be the 
numbers of elements in the different sets, h; being the number 
of elements conjugate to the identity. Then if 2 is the order 


of G,wehave y—J4ft+hg+---+h,. 


Let Hi, Ho, ---, H;, be the complete set of conjugates of the 
subgroup H; of the group G. Then it is easy to show (compare 
the previous paragraph) that any H; of the set has the same 
complete set of conjugates. Hence no two complete sets of con- 
jugate subgroups contain one and the same subgroup. Again, if 
Si is an element occurring in a subgroup H of G, it is obvious 
that all of its conjugates occur in the complete set of conju- 
gates of H. 


V. The elements common to the subgroups of a 
complete set of conjugate subgroups of a finite group 
G form a self-conjugate subgroup H of G. 

That these elements form a group H follows readily from 
Theorem II. The named complete set of conjugate subgroups 
of G is transformed into itself by any element whatever in G. 
In this process an element of the group H is necessarily trans- 
formed into an element of H. Hence the theorem. 

This group H often consists of the identical element alone. 

VI. The elements of a finite group G which are 
permutable with a given element S of G form a sub- 
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group H of G. The number of elements conjugate 
to S in G 15 equal to the index of H in 6. 


This group H is called the normalizer of S in G. 

If Τί and Τὰ are permutable with 5, then 7,72S = ΤΊ 57. 
= ST,;T2, whence it follows that ΤΊ Τὸ is permutable with 5. 
Thence it is easily shown that the elements of G which are 
permutable with S form a subgroup H of G. 

Let 7 be the order of H and let U; = 1, Ue, U3, - - -, U, be the 
elements of H, and let V be any element of G. Then we have 


(U;V)—!S(U,V) = V~!U;-!SU,V = V~'SV, 


whence it follows that each of the elements U;V (¢= 1, 2, - - -, r) 
transforms S into the same element V~'SV. Again if W isan ele- 
ment of G which transforms S into the element V~!SV, we have 
W-3SW = V-1SV, whence VW-3SWV-!= VV-1SVV-!= S; 
whence it follows that WV-! belongs to H so that WV is 
equal to some U;. Then W= U,V, so that W belongs to the 
set U;V (t=1, 2,---,7). Therefore this set contains all the 
elements of G which transform 5 into V~!SV. Hence the num- 
ber of elements of G each of which transforms S into a given one 
of tts conjugates is r. If ἢ is the order of 6, it follows then that 
the number of elements conjugate to S in G (including S itself) 
is n/r, and this number is the index of H in G. 


VII. The elements of a finite group G which are 
permutable with a given subgroup H of G form a 
subgroup K of G which is either the same as A or 
contains H as a self-conjugate subgroup. The num- 
ber of subgroups conjugate to H in G is equal to the 
index of K in G. 


This group K is called the normalizer of H in G. 

If 7, and 72 are elements of G which are permutable with 
H so that 7;-!1HT;=H (¢=1, 2), then (71,T2)—!H(7,T2) 
= T,~'!T,—!HT,T2 = Τὸ ἸΗ͂ΤΩ = H; therefore Τ Τὰ is permut- 
able with H. Thence it follows readily that the elements of 
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G which are permutable with H form a subgroup K of G. 
This group obviously contains H, since H is permutable with 
each of its own elements. If S 1s any element of K, we have 
S-1HS = H, so that H, when not identical with K, is contained 
in K as a self-conjugate subgroup. 

If Uis an element of G not contained in K, then the elements 
KU, and no other elements of G, transform H into U~1HU, as 
may be shown by the method employed in the proof of the 
corresponding part of the preceding theorem. From this it fol- 
lows readily that the number of subgroups conjugate to H in 
G is equal to the index of Καὶ in 6. 


VIII. Let Si, So, ---, S, be a complete set of con- 
jugate elements of a finite group G, and let H denote 
the group {S,, Se, ---, S,}. Then Hisaself-conjugate 
(proper or improper) subgroup of G; and no self- 
conjugate subgroup of G of lower order contains the 
element 51. 


The named generators of H are transformed, by any given 
element of G, into the same set of elements,.either in the same 
order or in some other order. Hence this given element of G 
transforms H into itself. Therefore H is contained in G 
self-conjugately. 

If K is any self-conjugate subgroup of G containing the ele- 
ment S,, then K must contain every element into which 81 may 
be transformed by elements of G. Hence K must contain all 
the elements Si, So, - - -, S;, and hence it must contain H itself. 

An exactly similar argument may be used to prove the fol- 
lowing theorem : 


IX. If Hi, He, ---, H, is a complete set of conju- 
gate subgroups of a finite group G and H is the group 
{H;, Ho,---, Hy}, then H 15 a self-conjugate (proper 
or improper) subgroup of G; and it is the smallest 
self-conjugate subgroup of G that contains Hj. 
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X. Let S be an element of order which is per- 
mutable with a finite group G of order g and let 55 
be the lowest positive power of S in G. Then m is 
a factor of nm and the order of {S, G} is gm. 


Since S is permutable with G, it follows that every prod- 
uct ST;, where 7; is an element of G, can be put in the form 
T;S where T; is an element of G. Hence all the elements of 
{S, G} can be obtained by multiplying the elements of G on the 
right by 1, 5, S?,---,S™~1, so that the elements of {S, 6} are 
all contained in the sets 


G, GS, GS?,---, GS™—}, 


No element of {S, G} occurs twice in these sets ; for if T;S* = T,S! 
where Τὶ and T; are in G and k and / are non-negative integers 
less than m, k being greater than J, we have S*-! = T;—!T,, so 
that δ 1 is in Ὁ, contrary to hypothesis. Hence {S, G} is of 
order gm. 

If m is not a factor of n, let uw be the greatest common divisor 
of mand n. Then integers x and y exist such that xm + yn = μ. 
But 55 and 55 are in G. Hence (55) (55)", or S*™+w, or S#, 
is in Ὁ, a result which contradicts the hypothesis that μ is less 
than m. Hence m is a divisor of n. 


ΧΙ. If G and H are two finite groups such that 
every element of G transforms H into itself and every 
element of H transforms G into itself, and if G and 
H have no common element except the identity, then 
every element of G is permutable with every element 
of H. 


Let S be any element of G and let T be any element of ἢ. 
Then T—!ST is an element of G, since T transforms G into itself; 
likewise S~!7—15 belongs to H. Therefore S-17-1ST belongs 
to both Gand H, since it is the product of S~! and T-1S7, both 
belonging to G, and is also the product of S~!T—1S and T, both 
belonging to H. But G and H have only the identity in common. 
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Therefore S~!7—-1ST = 1, or ST = TS. Hence every element of 
G is permutable with every element of H. 

If Gand H are two groups having no common element except 
the identity and if every element of G is permutable with every 
element of H, then {G, H} is called the dzrect product of G and H. 
Similarly, we may speak of the direct product of several groups, 
the direct product of m groups being the direct product of one 
of them and the direct product of the other ἢ — 1. 

The reader will easily prove that the order of the direct product 
of two finite groups G and H (when this direct product exists) 15 
equal to the product of the orders of G and H. 


EXERCISES 


1. If Gis a cyclic group of order m and if dis any factor of n, show 
that G has one and just one subgroup of order d. 


2. In the group {a, δὲ the elements ab and ba are conjugates. 

3. Every element of an Abelian group is self-conjugate. 

4, Every subgroup of an Abelian group is self-conjugate. 

5. If Si, Se, -- -, Sn generate a finite group G, show that the ele- 
ments S,S2---S, and S,S,41 °° -° Sy7S1S2-- S;1 are conjugate in G. 


6. If the order of an Abelian group G is a multiple of a prime num- 
ber ~, then G contains an element of order p. (This theorem will later 
be extended to non-Abelian groups. See Cor. III in §15.) 

7. An Abelian group whose order is a product of & different prime 
factors is a cyclic group. 

8. The elements of a finite group G which are permutable with 
each subgroup of a complete set of conjugate subgroups of G form a 
self-conjugate subgroup of G. 

9. If H is a subgroup of G and S is an element combining with the 
elements of G, then S~!1HS 15 a subgroup of 5- 165. 

10. Let H be ἃ self-conjugate subgroup of a finite group G. If Hcon- 
tains a subgroup K of G, then it contains every conjugate of K in G. 

11. If a finite group Gcontains a subgroup of index 2, that subgroup 
is self-conjugate in G. 

12. The elements which are common to two or more self-conjugate 
subgroups of a finite group G form a self-conjugate subgroup of G. 
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13. If S and 7 are conjugate elements of a finite group G, then 
T = SC, where C is a commutator of two elements of G. 


14. The commutator subgroup of a finite group G is self-conjugate 
in G. | 

15. If a finite group contains only one subgroup of a given order, 
that subgroup is self-conjugate. 


16. If two self-conjugate subgroups of a finite group G have only 
the identity in common, then every element of one of these subgroups 
is permutable with every element of the other. 


17. If G and H are two finite groups such that every element of G 
transforms H into itself and every element of H transforms G into it- 
self, then a commutator formed with an element of G and an element 
of H is in the common subgroup of G and H. 

18. If σι and Gz are two groups of order p”, where p is a prime 
number, and if neither of them contains an element of order p?, then 
the two groups are conformal. 

19. Construct a group of order 12 which has no subgroup of order 6. 

20. Denote in order by a, ὃ, c, d, 6, f, g the seven triples of three 
letters each defined by the array in §4. Show that the permutations 
(ABCDEFG) and (BD)(EF) permute these triples according to the 
permutations (abcdefg) and (bc)(df), and prove that the two groups 
{(ABCDEFG), (BD)(EF)} and {(abcdefg), (bc)(df)} are identical as 
permutation groups. 

21. Solve the similar problem for the array in Ex. 13 on page 24. 

22. Show that the group {(ABCDEFG), (BD)(EF)} has a subgroup 
of order 24 each element of which leaves A fixed, and find the complete 
set of conjugates of this subgroup. 

23. Show that the group {(ABCDEFG), (BD)(EF)} has a subgroup 
of order 4 each element of which leaves both A and B fixed, and find 
the complete set of conjugates of this subgroup. 

24. For the group defined in Ex. 13 on page 24 solve the problems 
similar to those in Exs. 22 and 23. 


12. Representation of an Abstract Finite Group as a Regular 
Permutation Group. Let G be a permutation group of degree n 
on the letters ai, de, +--+, @n. If G contains permutations 51,32, 
---+, S, replacing @ by σι, G2, ---, G respectively, then G con- 
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tains the permutation 5,15; which replaces a; by a;. A per- 
mutation group which has this property of containing a permu- 
tation which replaces any given one of its letters by any other 
given one is called a transitive group. A permutation group 
which does not have this property is said to be intransitive. 

The group {(a:ad2---a@,)}, generated by (d@:d2---@n), 1S 
transitive. As another example of a transitive group we have 
the group consisting of the permutations 


1, (ab) (cd), (ac)(bd), (ad) (bc). 


These elements in order replace a by a, ὦ, c, d. The octic group 
affords another example of a transitive group. 

A transitive group whose order is equal to its degree is called 
a regular permutation group. 

If the letters involved in a regular permutation group G are 
G1, dz, °° °, Qn, then there are m distinct permutations Sj, Sj, 

- +, Sin in G which replace a; respectively by a, dz, +--+, Qn. 
Since there are only m permutations in G, the named permuta- 
tions uniquely exhaust the elements of G. Hence the permuta- 
tion S,; is the only element of G which replaces a; by a;. If T is 
an element of G which leaves any given a; fixed, then TS;; το -᾿ 
places a; by a;, whence it follows that TS,; = S,;, so that T is 
the identity. Therefore the identity 15 the only element of a | 
regular permutation group which leaves fixed a letter involved in 
the group. From this it follows that all the permutations of a — 
regular permutation group are regular permutations. 

The cyclic group {(abc)(def)} is an example of a group which 
is not regular though every permutation in it is regular. It is 
intransitive. 

Regular groups are of great importance on account of their 
applications. In fact, as we shall see in the next theorem, every 
finite group can be represented as simply isomorphic with a 
regular permutation group. From this it follows that many of 
the general properties of finite groups may be developed by aid 
of their representations as permutation groups. In practice this 
is often found to be more effective than an investigation of the 
properties of groups by means of any purely abstract mode of 
representing them. 
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We shall now prove the following theorem : 


XII. SECOND FUNDAMENTAL THEOREM. Every 
group G of finite order ” can be represented as a 
regular permutation group on ” symbols, the latter 
being simply isomorphic with G. In fact, such a 
representation can be set up in two ways (as in the 
following proof) and the two representations are dis- 
tinct when G is not an Abelian group. Moreover, 
every permutation in one of these permutation 
groups 1s permutable with every permutation in the 
other, and the 7 permutations of one of these permu- 
tation groups are the only permutations on its letters 
permutable with every permutation of the other. 
Furthermore, these two simply isomorphic regular 
permutation groups are conjugate under the sym- 
metric group on the letters involved in them. 


Let S; = 1, Se, S3, ---, Sn be the ” elements of the given 
group G. Then the elements S,S;, S2S;, ---, S»S; are all dis- 
tinct and all belong to G, whence it follows that they are the 
elements of G in some order. Then 


( 51» So, τ, Sn ) 
Si8S;, SeSi +++, ϑηϑὲ 


is ἃ permutation s; performed on the n symbols representing the 
elements of G. For brevity we denote 5; by the symbol 


fs 
i= (5) 


The permutation s;—!s; replaces S; by S;. Hence the permu- 
tation group P, consisting of the permutations 51, Se, " - -, Sn, iS 
transitive. Since its order is equal to its degree, it is regular. If 
S; 1s made to correspond with s;, for every 7, then G and P are 
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exhibited as simply isomorphic, since S;S; corresponds with s;s,, 
as may be seen from the relations 


#8 =(s5,)(ss,) = (ssi)(ss.s,) = (ss 
7 \s5,]\ss;) 155,,}155,5,),), 155,5,}ἢ 


The process by which this representation of G has been ob- 
tained may be called post-multiplication, since in forming 5; we 
multiplied the elements of G on the right by S;. If we use pre- 
multiplication and write 


s = Si, Sa, aaa Τῷ Sn — ( 5 
' 5. δὲ; θὲ, -:-, δ θ), 9, 57 


then we have a permutation group P’, consisting of the permu- 
tations s’1, 5.2, ---, S/n. Since S;—! is replaced by S;—! by the 
permutation (s’;)—!s’;, it follows that this group P’ is transitive 
and thence that it is regular. Moreover, we have 


rém(aSalass)-(a2alatet 
ie S;718 S;—1S S;—1S S;~18S;718 


= (s,-15,-15) ~ ((s,s;)-15) 


and this is the permutation corresponding to 5,5). Hence by 
making 5; and s’; correspond for every 1 the groups G and P’ are 
exhibited as simply isomorphic. 

Now if s; = s’;, we have 


(seu " (5-15) 


whence SS; = S;~!S for each element 5 of G. Taking 51 for 5, 
we have S;=S;—1!. Hence SS; = S,S, so that S; is permutable 
with every element of the group. From this it follows that the 
two representations of G are distinct except in the case when 
Gis an Abelian group. That is, when G is not Abelian the per- 
mutation groups P and P’ are distinct as permutation groups 
in the sense that the set of permutations in one is not the same 
as the set of permutations in the other. But they are simply 
isomorphic, since each is simply isomorphic with G. 
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From the relations 


ΚΝ 
“ἢ  \SSi/\Sj74S SSi] \S7*SS; S; SS 7 


we see that every permutation in one of the groups P and P’ is 
permutable with every permutation in the other. 

Let 5 be any permutation on 31, So, - - -, S, which is permut- 
able with every permutation in P’ and let S; be the letter by 
which S, is replaced by 5. Then s—!s, leaves 5.5 unchanged 
and it is permutable with every permutation in P’. By aid of 
Theorem VI in § 2 it follows readily that such a permutation 
leaves fixed each of the letters Si, So, -- -, S,, since P’ 1s transi- 
tive on these letters. Hence s~!s; is the identity, and therefore 
$= s,. Hence P contains every permutation (on its letters) 
which is permutable with every permutation in P’. Ina similar 
way it may be proved that P’ contains every permutation (on 
its letters) which is permutable with every permutation in P. 

Let ¢ denote the permutation 


=(." S2, aes | Sn Ξ(ς 
S71, 5.2 1, κῶς SU ς-ἰ}" 


Then from the relations 


(5) (ss)(s-1)=Cs YssJ(esso-)-(s-1s-)-(s- s) 


it follows that ¢—1s;t = s,’.. Hence the group P’ is conjugate to 
the group P under the symmetric group on Sj, So, -- -, Sp. 

This completes the proof of the theorem. 

The groups P and P’, occurring in the foregoing proof, are 
called conjoint groups. If P is Abelian, it coincides with its 
conjoint ; otherwise the conjoints (though conjugate) are dis- 
tinct in the sense that the set of permutations in one of them 
is not the same as the set in the other. 


We shall now prove the following corollary : 

Cor. Two simply isomorphic regular permutation 
groups K and K’ on the same set of 5 letters are 
conjugate subgroups of the symmetric group on those 
letters. 
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Let αι, de,:-+, ας be the » letters involved, and for each 7 
of the set 1, 2, ---, m let S; be that permutation of K which 
replaces a; by a; Let S’; denote the permutation in K’ which 
corresponds to S; in K in the isomorphism of Καὶ and K’, and 
let S’; replace a: by a;,. Let o; be the transform of S’; by the 


permutation 
(* κω» me's a) 


αι, Q2, 5.5, Qn 


Then σ;, as well as S;, replaces a; by a;. To establish the corol- 
lary it is sufficient to show for each 7 that 5; and ao; denote the 
same permutation. 

The group composed of the permutations σι, o2,---, 0d, i8 
simply isomorphic with K, o; corresponding to 5; for each 2. 
Then S,* corresponds to σύ; hence they both replace a by 
the same letter. Therefore the cycle in S; which contains @ is 
the same as the cycle in 0; which contains σι, this result holding 
for each 7 of the set 1, 2,---, 7. 

Let (αιδϑιϑα - - - 0m) be acycle of S, not containing a, (in case 
such a cycle exists) and let (a;c,c2--+Cm) be a cycle of o, not 
containing αι. Then S,~°S;~! replaces ὃ, by a, while o,~°a,~! 
replaces c, by αι. Hence ὅ, and c, denote the same letter, since 
S,7°S;-1 and σχλ "σι ἢ have the same cycle containing αι. 
Therefore S, and σὰ denote the same permutation. Since this 
holds for \ = 1, 2, - - -, m, the proof of the corollary is complete. 

13. Sylow’s Theorem. We shall now prove the following theo- 
rem, which is known as Sylow’s theorem : 


XIII. THIRD FUNDAMENTAL THEOREM. Let G be 
a group of order m and let p* be the highest power 
of a prime p contained in 7 as a factor, a being a 
positive integer. Then G contains at least one sub- 
group of order p*. All its subgroups of order p* 
form a single complete conjugate set, and their num- 
ber is 1 + kp, where & is an integer (positive or zero). 


Such a subgroup of order p* is called a Sylow subgroup. 
Write m = p*m. Then m is prime to p. Ifm=1 so that Gis 
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of order p*, then G itself is the only subgroup of G of order p*; 
whence it follows that the theorem is true in this case. Hence- 
forth suppose that m > 1. 

In order to prove the existence of at least one subgroup of 
order p* we represent G as a regular permutation group P on 
Si, S2,: ++, Sn, aS in the proof of the preceding theorem. Let 
p® be the highest power of p which is less than p*m. Let T 
denote any permutation of order » and degree p* on part of 
the letters Si, Se,---,S,. Then T cannot be transformed into 
itself by every permutation of P (since P 15 a transitive group), 
as one sees by aid of Theorem VI in ὃ 2. Let Τὶ = T, To, ---, Τ,, 
where r> 1, be the total set of distinct permutations into 
which T is transformed by the permutations of P. The totality 
of permutations in P each of which transforms 7 into itself 
evidently forms a group τ; let h denote the order of this 
group. Let V; be a permutation in P which transforms T into 
T,;. Then if U is any permutation in P; the permutation UV; 
transforms T into T,, since 


(UV;)—!T(UV,) = V;7!- U-!TU- V; = V;-!TV; = Τ᾿. 


Conversely, if W is any permutation in P which transforms T 
into 7,, then W has the form UV,, where U belongs to P7, since 
from the relation W-!1TW = T; = V;—!TV; we have 


V;iW'TWV;-1=T or (WV;7!)7'!T(WV;"}) = T, 


so that WV;7! is a permutation U which transforms T into 
itself, whence W = UV;. Hence the number of permutations in 
P each of which transforms T into Τὶ is h, h being the order of 
Pr. Then, writing 7; for 7 and h, for h, we have 


p°m = nh. (ry > 1) 


Now consider the totality M of permutations of order p and 
degree p* on the letters Si, Se, ---, 5.. Let their number be s. 
If s> 7, let Τί ει denote one of these permutations not in the set 
Ti, T2,---+, T;. Let the number of conjugates into which it 18 
transformed by the permutations in P be 72, and let he be the 
order of the subgroup of P each permutation of which transforms 
T,41 into itself. Then, as in the preceding case, we have 
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p°’m = Tehe and 72> 1. If the totality M is not exhausted, con- 
tinue the process. Since it must finally be exhausted, we shall 
have sequences of numbers 7; and ἢ; with 7 varying from 1 to μ 
(say) such that 


δ ΞΞ 71 - 72 5 + 7μ. 
p*m = 7;hy. ("> 715 = 1, 2 ee μ) 


We shall next show that 5 is prime to p. For this purpose we 
observe first that the totality M forms the complete set of con- 
jugates of T under the symmetric group on 51, S2, - --, Sz, since 
each permutation in M can be transformed into any other by a 
permutation in this symmetric group, as one sees readily by aid 
of Theorem VI in § 2. Now consider the following permutation 
inthe set M: 


D = (SiS2 ++ + Sp)(Sp41 τ" Sop) +++ (Sp8—p41 + + 5,8). 
It is transformed into itself by each element of the group 
{(SiS2 +++ Sp), (Sp4i ++ Sap) + +s (Spt@—p4 > + + Sp8)}, 


a group whose order is per” It is also transformed into itself 
by any permutation on its letters which permutes the cycles of 
D and retains the letters in each cycle in their given order; 
and the totality of such permutations obviously forms a group 
of order (p*~')!, this being the number of permutations of p*~! 
objects, here taken as the cycles of D. Thus we have two groups 
such that D is transformed into itself by each element in either 
of them. These two groups have no element 1n common except 
the identity. If ἃ is an element of the first group and β is an 
element of the second group, then it is easy to show that 
B-1aB is an element a’ of the first group. From the relation 
β΄ 1αβ = a’ we have αβ = Ba’. From this it follows that every 
permutation in the group K generated by the elements of these 
two groups can be written as a product AB, where A belongs to 
the first group and B to the second. Hence the order of K is 
equal to the product of the orders of these two groups and 


hence is 
(pP-1)1 pe. 
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Moreover, D is also transformed into itself by the symmetric 
group On Sp641, °°, Sp%m. The direct product of Καὶ and this 
symmetric group is a group L of order 
(ptm — pry! (pe-1)t. pr’. 
Since this group L is contained in the largest subgroup of the 
symmetric group on Sj, Se, - - -, S, under which D is transformed 
into itself, it follows from Theorem VI of §11 and Theorem I 
of § 10 that the number s of conjugates of D under this symmet- 
ric group is a factor of the quotient 
(ptm)! + [(p'm — p®)!- Ρ Ὁ}: per, 

which quotient is prime to p, as may be shown * from the fact 
that 298 is the largest power of p which 15 less than p*m. Hence 
s is prime to p, as was to be proved. 

‘Since s is prime to p and we have shown that s=7+---+7%, 
it follows that at least one of the numbers 7; is prime to p. 
Let 7, be such a number. Then, from the relation p:m = 7,h, 
(7, > 1), we see that h, is divisible by ρα and is less than p-m. 

But ἢ, is the order of a proper subgroup of P; whence it 
follows that G has a proper subgroup of order h,. If h, > p*, we 
may apply to this subgroup of G of order h, the same process as 
that just applied to G itself, and with the conclusion that it con- 
tains a proper subgroup whose order is divisible by p. It is 
clear that this process may be continued until we arrive at a 
subgroup of G of order p*. This proves the existence of at least 
one subgroup of order p* in 6. 

Let H be a subgroup of G of order p* and let S be an element 
of G of order py (γ = 0) which is permutable with H. Let ρὲ be. 
the order of the greatest subgroup which is common to {S} and 
H. Then from Theorem X in § 11 it follows that the group {S, H} 
is of order p*+’—8. But G does not contain a subgroup of order 
bp’, where p > a. Hence y = 6. Therefore the element S is in H. 


* To prove this observe first that the named quotient may be written in the 
form 
1:2-3 +--+ + pB — (p8 + 198. 2)098 +3) - - - (»β +[p*m — pF) 
Pp 2p:3p---: + pP ip 1.2.3 - +++ + (pb%™ — pB) 
and then that the denominator in the first fraction contains every multiple of p | 
_ appearing in its numerator. 
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If G contains only one subgroup of order p«, then our theorem 
is true for G. For the remainder of the proof we may then sup- 
pose that G contains more than one subgroup of order p-. 

We shall now prove that the number of conjugates of H in 
G is equal to a multiple of p increased by unity. If H is self- 
‘conjugate, the fact is granted. If H is not self-conjugate, let 
Η’ be any subgroup which is conjugate to H in G and is differ- 
ent from H. Let p" be the order of the greatest subgroup ἢ 
which is common to H and H’. When H’ is transformed by all 
the elements of H, the only elements which transform H’ into 
itself are those of ἢ, and these are p" in number. Hence H’ is 
transformed by the elements of H into p+-” distinct conjugate 
groups. If these do not exhaust the conjugates of H in G, let 
ΗΠ be anew conjugate of Hin G. If p”’ is the order of the great- 
est subgroup common to H and H”, then the elements of H 
transform ΗΠ into p*—7’ distinct conjugates of H different from 
H. No subgroup of this set is identical with a subgroup of the 
previous set; for, if 


P,—-1H"P,; = Po !H'P2 


and P; and P2 belong to H, then we have 
(PoP\-1)~1H"(PoP,-!) = H” 


so that ΗΠ is in the first set, contrary to hypothesis. If the set 
of subgroups conjugate to H is not yet exhausted, the process 
may be continued. Finally, we must exhaust the set of conju- 
gates of Hin G. Then their number has the form 


1+ p+ pr-v+--., 


where each of the exponents a — 7, a—7’,--- is greater than 
zero. Therefore the set of groups conjugate to H in G is in 
number 1 + kp, where & is an integer. 

We shall now show that there is no subgroup of G of order 
p* which is not conjugate to H. For, if H; is such a subgroup, 
the number of its conjugates is 1+ kip, where k; is an integer, 
as one sees from the result in the previous paragraph. But if 
we transform H, by the elements of H, then a set of p*-* (a> a) 
conjugates of H, is obtained, p* being the order of the greatest 
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subgroup common to H and Hi. If these are not all the con- 
jugates of Hi in G, an additional conjugate of H, can be trans- 
formed similarly into p*-°’ conjugates, where a—o’>0. By 
continuing this process we must finally exhaust the conjugates 
of Hf, and thus show that the number of them is a multiple of 
p. This contradicts the conclusion that their number is 1 + hip. 
Hence all the subgroups of G of order p* are contained in the 
conjugate set treated in the preceding paragraph. 
This completes the proof of the theorem. 
Cor. 1. The only elements of G which are per- 
mutable with a Sylow subgroup of G of order p* and 
whose orders are powers of p are the elements of that 


Sylow subgroup. . 
This was proved in the course of the argument. 


Cor. II. The number 1 + kp of Sylow subgroups 
of G of order p* is a factor of the order of G. 

This follows from the latter part of Theorem VII of ὃ 11 
and the fact that the Sylow subgroups of order ρα constitute a 
complete set of conjugate subgroups of G. 

Cor. III. The number 1 + &p in the theorem may 
be written in the form 
ltkp=l1l+hkhipt+kep?+---+k.p* 
where k,p’ is the number of Sylow subgroups of order 
p* each of which has with a given one of these sub- 
groups a greatest common subgroup of order p*~’. 

This follows readily from the arrangement of the Sylow sub- 
groups of G into the sets given in the proof of the theorem. 

Cor. IV. If Καὶ is asubgroup of G of order p’, 
where \ < a, then Καὶ is contained in a subgroup of 
G of order p*. 
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It is sufficient to prove that K is contained in a subgroup 
of order p**!, for then the process can be continued until it is 
shown that K is contained in a subgroup of order ρα. If K is 
not contained in a subgroup of order p*+1, then the only ele- 
ments whose orders are powers of p, such that each of them 
transforms K into itself, are elements of K, a fact which may 
be established in the same way as a similar result was derived 
in the proof of Sylow’s theorem. Then the methods used in 
the proof of the theorem may be employed to show that the 
number of conjugates of K in G must be 1+ kop, where ke is an 
integer, and also that this number must be divisible by p. Since 
this contradiction arises under the hypotheses employed, we 
see that K must be contained in a subgroup of order p*!, 

The three fundamental theorems already given have been 
called by G. A. Miller * the three most important theorems 
about finite groups. 


EXERCISES 


1, Show that the symmetric group of degree 4 has just three Sylow 
subgroups of order 8 and just four Sylow subgroups of order 3. 


2. The greatest common subgroup of the Sylow subgroups of order 
p* of a finite group G is a self-conjugate subgroup of G. 

8. Find the self-conjugate subgroup of the symmetric group of 
degree 4 which is common to its Sylow subgroups of order 8. 

4. If two Sylow subgroups of G of the same order are in a subgroup 
K of G, then they are conjugate in K. 

5. Show that a group of order 200 contains a Sylow subgroup 
which is self-conjugate, and hence show that no group of order 200 
can be simple. 

6. Show that there is no simple group having its order equal to one 
of the following numbers: 204, 260, 2540, 9075. 

7. Show that there is no simple group of order 12 or 30 or 56 or 520. 

8. Find the Sylow subgroups of the alternating group of degree 4. 

9. A group of order pq, where p and 4 are primes and p > 4, con- 
tains only one subgroup of order p and is therefore a composite group. 


Se ee ρ' τις 
* Miller, Blichfeldt, and Dickson, Finite Groups, pp. 23, 30, 64. 
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10. Show that every group of order 15 is cyclic. 


11. Show that the number of cyclic permutations of order p that can 
be formed from p letters is (p ~ 1)!. If p is a prime number, show that 
the number of Sylow subgroups of order Ὁ in the symmetric group of de- 
gree p is (Ὁ — 2)!, and thence prove that (p — 1)! + 1 is divisible by p. 

12. If a prime number p is a factor of the order of a finite group G, 
then G contains an element of order p. 


13. Show that a group of order p?, where p is a prime number, is 
either a cyclic group or an Abelian group generated by two elements 
each of order p. Represent the latter as a regular permutation group. 

14. Represent the alternating and the symmetric group of degree 4 
each as a regular group. 

15. Determine the Sylow subgroups of order 7 in the group I, 
ΓΤ = {(ABCDEFG), (BD)(EF)}, of order 168, first showing that their 
number is 8. 


16. Show that the group of order 660 in Ex. 13 on page 24 has just 
twelve Sylow subgroups of order 11, and find them. 


17. Denote by ai, dz, - - -, @g (in some convenient order) the eight 
Sylow subgroups of order 7 in the group IT of Ex. 15, and construct 
the permutations on 4, dz, - - -, @g according to which these Sylow sub- 


groups are permuted when they are transformed by (ABCDEFG) and 
(BD)(EF), and show that these permutations generate a transitive 
group of degree 8 which is simply isomorphic with I’. 


18. Construct a transitive group of degree 12 which 15 simply 150- 
morphic with the group of degree 11 mentioned in Ex. 16. (Compare 
Ex. 17.) 


19. If p8 (8 > 0) is the highest power of a prime p which does not 
exceed an integer , show that the number of permutations of degree 
p® and order p in the symmetric group of degree m is prime to p. 


20. Show that the number of permutations on nk letters each of 
which is permutable with a given regular permutation of order n and 
of degree nk on these letters is n* - R!. 


21. If a group G has only one Sylow subgroup of order p+, then G 
contains just p* elements whose orders are factors of p+. 


22. If m is an integer greater than 3 and p is a prime not greater 
than n, then the symmetric group of degree m contains more than one 
Sylow subgroup of order ρ΄. 


66 Groups of Finite Order 


29. Let H be a self-conjugate subgroup of order p? contained in a 
group G. Then H is contained in every Sylow subgroup of G of order 
p*. 

24. The greatest common subgroup of the groups P and P’ intro- 
duced in the proof of Theorem XII of § 12 is simply isomorphic with 
the central of the group G of that theorem. 


14. Generators of Abelian Groups. Since all the Sylow sub- 
groups of a given order in a finite group G form a single com- 
plete conjugate set, it follows that a given Abelian group can 
have only one Sylow subgroup of a given order. Hence, since 
two of these subgroups have no element in common except 
the identity, we have the following theorem: 


XIV. An Abelian group whose order is not a 
power of a prime number is the direct product of 
all its Sylow subgroups. 


From this it follows that two Abelian groups which have 
their Sylow subgroups simply isomorphic are themselves simply 
isomorphic. Therefore the problem of determining all possible 
abstract Abelian groups is reduced to the case of prime-power 
Abelian groups. 

We shall now prove the following theorem, called by G. A. 
Miller * the most important theorem relating to Abelian groups: 


XV. FouRTH FUNDAMENTAL THEOREM. A non- 
cyclic Abelian group G whose order is a prime-power 
p™ is the direct product of cyclic groups no two of 
which have any element in common except the 
identity. 
Let Si be an element of G whose order p” is not less than 
that of any other element in G. We take {51} to be one of the 


cyclic groups named in the theorem. If any element of G is 
raised to the power whose exponent is p”, the result is the iden- 


* Miller, Blichfeldt, and Dickson, Finite Groups, p. 89. 
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tity and hence is in {51}. Let mez be such that the (p”?)th power 
of every element of G is in {51}, while G contains an element Τὰ 
whose (p”2~1)th power is not in {Si}. Since {51} is cyclic and 
since G contains no element of order greater than p”, it follows 
that every element which is 1n {51} and is the (p”-)th power of 
an element of G is a (b™)th power of an element of {S,}. Let 
Το be an element in {Si} whose (p”)th power is the inverse of 
the (p”)th power of Tz. Then the (p™)th power of 72’T¢2 is the 
identity. Moreover, no lower power of ΤΩ" Τὰ is in {Si}, since 
such a power is the product of two factors one of which is in 
{Si} while the other is not. Put 7 Τῷ Ξξξ. Se. Then {52} is the 
second one of the cyclic groups named in the theorem. 

If {S;, Se} is not identical with G, let m3 be such that the 
(p™)th power of every element of G is in {S,, Se}, while G con- 
tains an element 73 whose (p™—1)th power is not in {Si, So}. 
Then there is an element 73’ in {51, 52} whose (p”)th power is 
the inverse of the (p”*)th power of T3. Then, if we put T3’T3=Ss, 
the element S3 is of order p”™, while no power of Ss lower 
than the (p™)th is in {51, So}. We take {S3} to be the third 
one of the cyclic groups named in the theorem. If {Si, Se, S3} 
is not the same as G, we may continue the process. Finally we 
have G expressed as a direct product {51, 52, - + -, 51} of cyclic 
groups, as demanded in the theorem. 

If the orders of Si, So, ---, S, are p™, p™, ---, p™ respec- 
tively, then we say that G is of type (m1, mo, - - -, m,). Obviously 
we have m= 711 - m2+---+ my. 

That an Abelian group of order p” and type (#1, mo, " " -, mz) 
exists for every possible separation of m into the sum 
m= mM, + m2+----+ m,, where m, me2,---, m, are positive 
integers, is readily seen. For, if the α;; form a set of distinct 
letters, such a group is generated by the permutations 


Si = (i102 ++ * Ain;)- (μ; =p™; 1=1, 2,---, ἢ 


By means of Theorems XIV and XV and the examples of 
permutation groups just indicated, all possible abstract Abelian 
groups may be determined (see ὃ 28). 

15. Prime-Power Groups. From Sylow’s theorem it follows 
that every group whose order is not a power of a prime contains 
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two or more prime-power subgroups. Moreover, from the first 
fundamental theorem it follows that a given group may be 
generated by the elements in a set of Sylow subgroups if this 
set contains one Sylow subgroup of each possible order; for 
these subgroups generate a group whose order is at least as 
great as that of the given group, and hence the group so gen- 
erated coincides with the given group. This fact shows the 
great importance of prime-power groups in the development of 
the general theory of finite groups. 

We shall now prove the following theorem, called by G. A. 
Miller * the most important theorem relating to prime-power 


groups: 


XVI. FIFTH FUNDAMENTAL THEOREM. A prime- 
power group G of order p” contains a self-conjugate 
element of order p. 


When G is an Abelian group the theorem is obvious. Then 
suppose that G is non-Abelian. Let S be an element of G which 
is not self-conjugate, and consider the complete set of conju- 
gates to which S belongs. From Theorem VI of § 11 it follows 
that the number of conjugates of S is a factor of p”, and hence 
the number is p*, where a is some positive integer. Therefore 
the elements of G which are not self-conjugate fall into sets, each 
set containing a number of elements which is divisible by p. 
Since no two of these sets have an element in common (§ 11), it 
follows that the number of elements in G each of which is non- 
self-conjugate is a multiple of p, say that it is /p. But the num- 
ber of elements 1n G besides the identity is pb” — 1. Let & be the 
number of self-conjugate elements in G besides the identity. 
Then k+ lp = p™ — 1, whence it follows that ἃ - 1 is divisible 
by p. This conclusion is not valid if & is zero. Hence G has a 
self-conjugate element besides the identity; and the order of 
such an element is necessarily a power of p. An appropriate 
power of such an element is of order p and is self-conjugate in G. 
Hence the theorem follows... 


* Miller, Blichfeldt, and Dickson, Fintie Groups, p. 119. 


Five Fundamental Theorems 69 


Cor. I. The number of self-conjugate elements in 
G is a power of p. 


For the self-conjugate elements in G obviously form a group 
(which is Abelian), and this is a subgroup of G. 


Cor. II. A group H of order p? is Abelian. 


If H contains an element of order p?, it is cyclic and hence 
Abelian. If H is not cyclic, let S be a self-conjugate element of 
order p and let T be an element of H which is not in {S}. Then 
ΤΟ 157 = 5, so that 5 and T are permutable. It is obvious that 
they generate the group H. 


Cor. III. Every group whose order is a multiple 
of a prime p contains an element of order p. 


This is an immediate consequence of Sylow’s theorem and 
Theorem XVI. 


EXERCISES 


1. A prime-power group of order p” is composite if m> 1. 


2. If a group G of order p* contains more than one self-conjugate 
subgroup of order p, then G is Abelian and noncyclic. 


3. If every Sylow subgroup of G is self-conjugate, then G is the 
direct product of its Sylow subgroups. (Use Theorem XI of § 11.) 


4. If Gis a cyclic group of prime-power order p”, then every ele- 
ment of G of order p*, where 0 < a < m, is the pth power of just p dis- 
tinct elements of order p*t?. 

5. If G is a cyclic group of prime-power order p”, then a single 
generating element of G may be chosen in just p — p”—? ways. 

6. If G is an Abelian group of order p? and type (1, 1), then two 
elements to generate G may be chosen in just $(p? — 1)(p? — p) differ- 
ent ways. 

7. Determine all abstract groups of order less than 16 and thus 
verify that the number of each order is that given in the following 
scheme: 

23 45 67 8 9 10 11 12 13 14 15 
lt i21.2 1.52 2 1 5 1 2 1 
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8. If G is an Abelian group, the totality of elements of G whose 
orders are factors of a given integer k form a subgroup of G. 


9. If G is an Abelian group, the totality of elements of G which are 
kth powers of elements of G form a subgroup of G. 


10. An Abelian group of prime-power order p” contains a subgroup 
of order p”—' and hence of every order k where & is a factor of p”. 


11. An Abelian group of order m contains a subgroup of order k 
where & is any factor of n. } 


12. Let ” be a number such that a group G of order m and a factor ὦ 
of m exist of such sort that G has no subgroup of order d. Prove that n 
is the product of three or more (equal or distinct) prime factors. 
Thence show that 12 is the least possible value of n. 

13. How many elements of each order are there in each of the four 
Abelian groups of order 36? 

14. Let G be a group of order p2q, where p and 4 are primes such 
that 4 is less than p and 1s nota factor of p? — 1. Show that G is an 
Abelian group. 


15. Show that the elements of highest order in a prime-power 
Abelian group G generate G. 

16. If a group G of order 56 contains eight subgroups of order 7, 
then every proper subgroup of G is an Abelian group. 


17. If a group G is the direct product of its Sylow subgroups, so is 
every subgroup of G the direct product of its Sylow subgroups. 


18. If the commutator of every pair of elements in a finite group G 
is permutable with each element in the pair, then G is the direct 
product of its Sylow subgroups. 


19. Two conformal Abelian groups are simply isomorphic. 


20. Let G be a finite group half of whose elements are of order 2 
while the remaining elements form a subgroup H of order n. Show 
that H is Abelian and that: is odd, first proving that an element of 
order 2 transforms an element not of order 2 into its inverse and hence 
that H is self-conjugate in G. 


21. Construct a group G of order 2 having the properties assigned 
to G in the preceding exercise. 
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MISCELLANEOUS EXERCISES 


1. If each element of a finite group H transforms a finite group G 
into itself, then {G, H} is a finite group whose order is the order of 
G multiplied by the index in H of the greatest common subgroup of G 
and H. 


2. Show by an example that when G and H are given, H being a 
subgroup of the finite group G, it is not always possible to choose 
ti, te, ---, ἐλ in the first rectangular array in ὃ 10 so that they form 
a group. Give an example in which they do form a group. 


8. If H is a proper subgroup of G, then the complete set of conju- 
gates of H cannot contain all the elements of G. 


4. If His a proper subgroup of G, then H cannot contain elements 
from every complete set of conjugate elements in G. 


5. If p is an odd prime, show that a non-Abelian group of order p? 
exists which is conformal with the Abelian group of order p? and type 
(1,1, 1). (Use Ex. 18 on page 53 and Ex. 26 on page 42.) 


6. Show that a necessary and sufficient condition that the two sets 
iH, i2H,---,t,H and τι, H72,---, Ητλ of elements of G, employed in 
§ 10, shall be identical as sets (except possibly for order) is that H shall 
be a self-conjugate subgroup of G. 


7. The elements which are permutable with each element in a 
complete set of conjugate subgroups of a finite group G themselves 
form a self-conjugate subgroup of G. 


8. If for every complete set Si, Se, - - -, 8. of conjugate elements of 
a finite group G, other than that consisting of the identity alone, the 
group {Si, Se, ---, Sx} coincides with G, then G is simple; otherwise 
G is composite. 


9. For a given group G of order n, define numbers hy, ho, - - -, h, 
as in the second paragraph preceding Theorem V in ὃ 11. If no sum 
s=h, +h, +.--- formed with a proper subset of two or more of these 
h’s, which set includes M1, is a factor of n, show that G is simple. 

10. Let S be an element of the finite group G and let H be a sub- 
group of G. Then the group generated by the complete set of conju- 
gates of S and the complete set of conjugates of H is self-conjugate in G. 


11. The th powers of the elements of a finite group G generate a 
self-conjugate (proper or improper) subgroup of G. 
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12. Let G and H be two groups of orders m and n respectively, and 
suppose that every element of G transforms H into itself and that every 
element of H transforms G into itself. Let ἃ be the order of {G, H}, 
and let 6 be the order of the greatest common subgroup D of G and H. 
Then prove that mn = λδ. 


13. Determine the permutation group according to which the 13 
quadruples defined by the array in Ex. 8 on page 40 are permuted by 
the permutation group defined in that exercise, and investigate the 
relation between this new group and that defined in the named 
exercise. (Compare Ex. 20 on page 53.) 


14. Show that the group defined in Ex. 8 on page 40 contains a sub- 
group of order 12 - 9 - 4 each element of which leaves A fixed, and find 
the complete set of conjugates of this subgroup. 


15. Show that the group defined in Ex. 8 on page 40 contains a sub- 
group of order 9 - 4 each element of which leaves both A and B fixed, 
and find the complete set of conjugates of this subgroup. 


16. By means of the preceding Ex. 13 and Ex. 9 on page 40, con- 
struct two simply isomorphic groups of degrees 12 and 9 respectively, 
the order of each being 9-8 - 6. 


17. Show that the group of order 13 -12 -9 - 4, defined in Ex. 8 on 
page 40, has 144 Sylow subgroups of order 13, and show how to find 
these subgroups. 


18. If a group of order 60 has no self-conjugate subgroup of order 5, 
then it must have just 6 subgroups of order 5. Show that there is one 
and only one abstract group of order 60 which has 6 subgroups of order 
5, and prove that it is simply isomorphic with the alternating group of 
degree 5. 


19. Show that there exists a single abstract group of order 84 con- 
taining just 28 subgroups of order 3. 


20. If p is a prime of the form 6 k + 1, show that there are just 6 
abstract groups of order 6 p. 


21. If p is a prime of the form 6 αὶ + 5, show that there are just 4 ab- 
stract groups of order 6 p. 


22. Show that there are just 15 abstract groups of order 24. 


23. Determine all the abstract groups whose orders do not exceed 
26. (Compare Ex. 7 on page 69 and Ex. 22 on this page.) Show that 
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the number of each order from 16 to 26 is that given in the following 
scheme : 


ORDER 16 17 18 19 20 21 22 23 24 25 26 
NUMBER 14 1 5 1 5 2 2 1 15 2 2 


24. If G is a prime-power group of order p” in which no conjugate 
set contains more than p* elements, show that the (p*)th power of every 
element is self-conjugate. 


25. Let G be a prime-power group of order p” in which any (what- 
ever) element is either self-conjugate or belongs to a complete set of p 
conjugates. Show that an element of G is either self-conjugate in G or 
self-conjugate in a subgroup of G of index p. 


26. Show that every commutator in the group G of Ex. 25 is a self- 
conjugate element. 


27. Show that an Abelian group of order 33 and type (1, 1, 1) has 13 
subgroups of order 3 and also 13 subgroups of order 9 and that the sub- 
groups of order 3 are distributed into 13 sets of four each, the four in 
each set belonging to a subgroup of order 9. By means of this result 
construct an array like that in Ex. 8 on page 40. 


28. Show that a prime-power Abelian group of order p? and type 
(1, 1, 1) has p? + p + 1 subgroups of order p and the same number of 
order p? and that a subgroup of order p? contains just p + 1 of these 
subgroups of order p. 


29. By aid of the result in Ex. 28 arrange 31 (= 52+5-+ 1) letters 
into 31 sets of six each so that any given pair of the letters occurs in one 
and just one set of six and so that any two sets of six have one and just 
one letter in common. (Compare Ex. 27.) 


30. Determine the number of subgroups of each of the orders 
D, p?, p® ina prime-power Abelian group of order p4 and type (1, 1,1, 1). 

31. Show that a prime-power Abelian group of order p” and type 
(1,1,---, 1) has just p*~1 + p™-2+4+.---+)+ 1 subgroups of order p 
and the same number of subgroups of index p. 

32. Let G be an Abelian group of order 16 and type (1, 1,1, 1). Show 
that its 15 elements of order 2 may be separated into five sets of three 
each so that each set of three with the identity forms a group of order 


4, and prove that this separation into sets may be carried out in just 
56 distinct ways. 


CHAPTER III 


Additional Properties of Groups in General 


16. Isomorphism. Let G and I" be two groups among whose 
elements a correspondence of the following sort may be es- 
tablished: To each element y of I’ there corresponds one or 
more elements g, g’, g’’,--- of G; to each element g of G there 
corresponds one or more elements vy, γ΄, y”,---ofI'; if g; and 
g; are any elements of G, and y; and y; are any elements of I 
corresponding, respectively, to g; and g;, then the element g,g; of 
G corresponds to the element y,7; of 1. Two groups G and [ 
so related are said to be zsomorphic, and the named relation is 
said to constitute an isomorphism, or a general isomorphism, be- 
tween G and I’. 

In order to have an example of the general isomorphism of 
two groups, consider the groups G and I’, namely, 


1 (abc) (αοϑ) 
_ (ab)(cd) (acd) (δε) ΑΤ. 1 (BY) (αγβ) 
᾿ (ac)(bd) (bdc) (abd) ᾿ (ab) (a@By)(ab) (ay) (ab) 
(ad)(bc) (adb) (adc) 


The required isomorphism is established by making each ele- 

ment in the zth column of elements of G correspond to each 

element in the 7th column of elements of Γ for 7=1, 2,3. That 

this exhibits an isomorphism the reader may readily verify. 
We shall now prove the following theorem : 

I. Let G and Τ' be isomorphic groups. Then the 
elements of G which correspond to the identity in T 
constitute a self-conjugate subgroup H of G. If h 
is the order of H, then h elements of G correspond 
to each element of I. 


G 
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If both g,; and ge in G correspond to 1 in I’, then g:ge corre- 
sponds to 1-1, or 1, in I’. Hence the elements named in the 
second sentence of the theorem constitute a subgroup H of G. 
If g is any element of G and γ is one of its correspondents in I, 
and if σι is any element in G which corresponds to 1 in I’, then 
g-1.g,-g corresponds to y~!-1--¥, or 1. Hence H is self- 
conjugate in G. 

If σι and g; in G correspond to γ in I, then g;~!g; corresponds 
to y~1y, or 1, in I’. Hence g;~1g; is in H. From this it follows 
readily that each element g; in G which corresponds to y in Γ 
belongs to the set g;H, where g; is a particular one of them. But 
if ἔκ is in H, then g,h;, corresponds to y- 1, or y. Hence the ele- 
ments g;H, and these alone, are elements in G which correspond 
to y. Since their number is h, the last part of the theorem is 
established. 

From the foregoing theorem we see that if G and I are iso- 
morphic groups, and if the largest group in G whose elements 
correspond to 1 in Γ is of order h, while the largest group in Γ 
whose elements correspond to 1 in G is of order η, then to each 
element in I there correspond ἃ elements in G while to each 
element in G there correspond 7 elements in I’. The group G is 
then said to have an (h, ἡ) isomorphism with the group I. 
When ἡ = ἢ = 1 the two groups are said to be simply tsomorphic. 
The notion of simple isomorphism we have already met in §9 
and have used it on several occasions. The case which is next 
in importance is that in which h>1 and »=1 (or h=1 and 
» 1). When h>1 and 1=1, then G is said to be multiply 
isomorphic with T. In this case only one element in I corre- 
sponds to each element in G, while to each element in I there 
correspond h elements in G. 7 


II. When G has an (h, 1) isomorphism with Γ, 
the order of each element in Γ is a factor of the order 
of each corresponding element in G. 
For if 5 in G corresponds to T in Γ and T is of order 7, then 


St corresponds to 7’ and hence to 1. Then 57 is the lowest posi- 
tive power of S in the subgroup of G consisting of those elements 
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of G each of which corresponds to 1 in I". Hence the order of 5 
is a multiple of r. 


11. If G and I, of orders ” and ν respectively, 
have an (ἢ, 7) isomorphism, then 27 = vh. 


Suppose that all correspondences of elements of G with ele- 
ments of I’ are written down, each correspondence appearing 
just once. Then each element of G occurs just 7 times and each 
element of I occurs just # times. Hence the number of corre- 
spondences is my. It is also vk. Hence nn = vh, as was to be 
proved. 

17. Isomorphisms of a Group with Itself. If g is an element 
of a group G and if each element of G is made to correspond to 
its transform by g, then G is exhibited as simply isomorphic 
with itself, since the product g:g2 corresponds to g—!g)g0g 
= g-1g.g- g-1gog. In this isomorphism not every element will 
correspond to itself unless g is permutable with every element 
of G. In the case of an Abelian group the only correspondence 
which can be established in this way is that in which each ele- 
ment corresponds to itself. But if Gis Abelian and uw is prime 
to the order of G, then an isomorphism of G with itself can be 
established by making each element correspond to its own pth 
power. For then g;ge will correspond to (g;g2)" = gi"go". Thus 
we have two special ways of establishing an isomorphism of a 
group with itself. 

In general, if a correspondence is established among the ele- 
ments of a group G such that to every element there corresponds 
a unique element and such that when S and 7 are any two ele- 
ments of G and their correspondents are the elements S’ and T’ 
of G it is true that S’7’ is the correspondent of 57, then the 
group G is said to be exhibited as semply tsomorphic with itself. 
If each element corresponds to itself, the isomorphism is called 
the identical isomorphism. 


IV. In every isomorphism of a group with itself 
two corresponding elements have the same order ; in 
particular, the identity always corresponds to itself. 
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If 1 corresponds to S and S is of order (n> 1), then 1* cor- 
responds to 55, or 1, so that the identity has two correspond- 
ents; and this is impossible. Hence the identity always cor- 
responds to itself. If 5 corresponds to o, then S* corresponds to 
o*. Hence, unless S and o have the same order, we should have 
the identity corresponding to another element if we take k to be 
the order of 5 and S is of lower order than σ. 

Let the elements of a finite group G be denoted by S, = 1, 
Se, S3,° °°, Sn» In an isomorphism of G with itself let S; corre- 
spond to S’;. This isomorphism we may use to define a permuta- 
tion on the elements of G, namely, the permutation 


52, 5" ἐδ δὲ (2) 
δὴ», Slo 0+, Sal’ 577 
We shall say that this is the permutation corresponding to the 
given isomorphism. It is obvious that the permutations thus 
corresponding to two distinct isomorphisms are themselves 
distinct. 

To the totality of isomorphisms of G with itself there corre- 
sponds in this way a certain totality of permutations. This 
totality of permutations constitutes a group, as we shall now 


show. If two isomorphisms of G with itself lead to the two 
permutations | 


(9) and (s,) 


then we have to show that the product permutation 


(5 )(5) 2 (} 


corresponds to an isomorphism of G with itself. From the first 
isomorphism it follows that if S,S, = S,, then SS’, = S’,; and 
then, from the second, that 5,5). = S’”,. Hence if S,S, = S,, 
we have S”’,S’”", = S”,. Therefore the named product permuta- 
tion corresponds to an isomorphism of G with itself. 

Hence the totality of permutations corresponding to the 
totality of isomorphisms constitutes a permutation group P. 

The abstract group which is simply isomorphic with this 
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permutation group P is called the group of tsomorphisms of the 
given group G. 

An isomorphism which can be obtained by making each ele- 
ment of Ο correspond to the transform of that element by a 
single appropriately chosen element of G (the same for every 
correspondence in a given isomorphism) is called an inner iso- 
morphism; an outer isomorphism is one which does not have 
this property. | 


V. The inner isomorphisms of a finite group G 
constitute a group to which G itself is isomorphic of 
type (k, 1), where k is the number of self-conjugate 
elements in G. This group of inner isomorphisms 18 
a self-conjugate subgroup of the group of isomor- 
phisms of G. 

Represent the group of isomorphisms as a permutation group 


as in the preceding treatment. Forming the product of two 
inner isomorphisms, we have 


ER σιν 
σι 1Sgi/ \go~1Sge σι 1Sgi/ \go7! - gi 4Sgi - ge 


=(,,-15¢4) 
~ \g371Sgs ; 


where g3 = £182. Hence the product of two inner isomorphisms 
is an inner isomorphism. Therefore the inner isomorphisms 
form a group. 

Let us take the inner isomorphism 


(μου 


(that is, the inner isomorphism corresponding to the given 
permutation) formed by means of any given element g of G as 
corresponding to g itself. Then to every element of G there cor- 
responds a definite and unique inner isomorphism of G. More- 
over, to the product of two elements corresponds the product 
of the two corresponding isomorphisms. Hence G and its group 
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of inner isomorphisms are isomorphic. It is evident that the 
isomorphism is of the general type (R, 1). If G contains no self- 
conjugate element besides the identity, then the isomorphism 
is necessarily (1, 1); that is, the two groups are simply 150 
morphic. If G contains just k self-conjugate elements, then k 
elements in G correspond to the identity in the group of inner 
isomorphisms; and the isomorphism of the two groups is (ὦ, 1). 

Let us now transfofm an inner isomorphism of G by any 1iso- 
morphism of G with itself. Thus we have 


ρα (5) = (GS Me-tse) (en ste) = (cay ~isre) 
5) \g-tsg/\s']  \s/\g~4sg/ \(g)-15’g'} λ(,γ 154) 
Hence an isomorphism of G with itself transforms every inner 
isomorphism of G into an inner isomorphism of G. The group 
of inner isomorphisms is therefore self-conjugate in the entire 
group of isomorphisms. 

18. The Holomorph of a Group. Let si = 1, So, 53, ---, Sn be 
the elements of a group G of order u, and let L of order m be the 
group of isomorphisms of G. Represent G as a regular permu- 
tation group by the first method of ὃ 12, and let G’ be this per- 
mutation group. Corresponding to S; in G we have in G’ the 
permutation ς 

(: ᾿ 


Represent Z as a permutation group L’ in accordance with the 
method of § 17. The two permutation groups G’ and L’ have 
no permutation in common except the identity, since every ele- 
ment in L’ replaces S; by itself while an element in G’ other than 
the identity replaces 81 by another symbol. Now on transform- 
ing an element of G’ by an element of L’, we have 


(5) ad oy " 4 aad fed " . 


Hence every element of L’ transforms each element οἱ G’ into 

an element of G’, so that every element of L’ is permutable with 
σ΄. Therefore every element of {G’, L’} may be written in the 
form /’g’, where Il’ and g’ belong, respectively, to LZ’ and G’. 
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Hence the group {G’, L’} is of order mn. We shall denote it by 
kK’. It is clear that G’ is a self-conjugate subgroup of K’. 

The abstract group which is simply isomorphic with the per- 
mutation group K’ is called the holomorph of G. 


Now the transform of ( ss) by ( 3") is ( ey and these two 


permutations of G’ correspond to S; and S’,, respectively, in 6. 
Hence, if the permutations in G’ are transformed by any permu- 
tation ( = 
sented by the permutation ( 5") : 


of L’, an isomorphism of G is set up which is repre- 


Now we have 


RR be Pent Let 
S;SS;71 SS; S;SS;7! S;SS;71S;, S;S ; 


The first factor is in Z’ and the second is in G’; hence the 
product is in K’. Hence K’ contains the set of permutations 


But these (see ὃ 19) form a permutation group G” which is 
simply isomorphic with G. Moreover, G’’ contains the totality 
of permutations (on the symbols involved) each of which is 
permutable with every permutation in G’, while G’ has the same 
property with relation to σ΄". 

That G” is a self-conjugate subgroup of K’ may now be 
proved in a way similar to that by which the corresponding 
property was established for G’. 

It will now be shown that K’ contains those permutations on 
the symbols 51, Se, - - -, 85 each of which is permutable with (΄. 
For this purpose let o be any permutation on the named sym- 
bols which is permutable with G’. On transforming G’ by o and 
making each element correspond to its transform we set up 
some isomorphism of G with itself. This may be represented by 

-1 
some permutation, say (5) of L’. Theng (:) is a permuta- 
tion on 51, Se, " - -, S, which is permutable with every permuta- 
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tion in G’; therefore it belongs to G’’, and hence isin K’. There- 
fore o is in K’, as was to be proved. 
In a similar way it may be shown that K’ contains those per- 
mutations on S;, Sz, - - :, S, each of which 1s permutable with G”’. 
Now G’ and G” are both contained self-conjugately in K’, 
while G’ is transformed into G” and G” is transformed into G’ by 


the permutation 7, ς 
ὧς (<1) 


as we saw in §12.. Hence 7 transforms the permutations that 
are permutable with G’ into those that are permutable with σ΄: 
it also transforms those that are permutable with σ΄ into those 
that are permutable with G’. But K’ is composed of all the per- 
mutations each of which is permutable with both G’ and G”’. 
Hence 7 transforms K’ into itself. When G is not Abelian, in 
which case (see §12) the groups G’ and G” are distinct, the 
permutation 7 does not belong to Κ΄. Hence when G is not 
Abelian the order of the group {K’, 7} is twice the order of K’: 
moreover {K’, rT} contains K’ self-conjugately. 

When G is not an Abelian group, the abstract group which is 
simply isomorphic with {K’, 7} is called the double holomorph 
of G. 

If a group G admits no outer isomorphism and if it contains 
no self-conjugate element besides the identity, it is said to be a 
complete group. If G is a complete group, then (Theorem V of 
§ 17) it is simply isomorphic with its group of isomorphisms. 
Therefore if the order of the complete group G is n, its holo- 
morph 1s of order n?. 

19. On Certain Subgroups of a Group G. A subgroup of 6& all 
of whose elements correspond to elements in that subgroup in 
every isomorphism of G with itself is called a characteristic sub- 
group of G. It is necessarily a self-conjugate subgroup of G since 
it is transformed into itself by every element of G; but G may 
contain self-conjugate subgroups which are not characteristic. 
It is obvious that a characteristic subgroup of G is a self- 
conjugate subgroup of the holomorph K of G, and, conversely, 
that every self-conjugate subgroup of K which is contained in G 
is a characteristic subgroup of G. 
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That the commutator subgroup of a given finite group G 
(when it does not coincide with G) 1s a characteristic (proper) 
subgroup is readily proved. For, if Sand T correspond to σ and τ, 
respectively, in an isomorphism of G with itself, then S-!7-!1ST 
corresponds to o—!7~1e7, so that every commutator in G cor- 
responds to a commutator ; whence the theorem follows at once. 

Another important characteristic subgroup of G may be 
defined as follows. We have seen (§ 8) that a set of independent 
generators of G is any set of generators such that no one of them 
is contained in the group generated by the remaining ones. Now 
the elements of G may be separated into two mutually exclusive 
classes, the one class containing all those elements of G each of 
which occurs in at least one set of independent generators of G 
while the other contains the remaining elements of G. The ele- 
ments of the second class generate a proper subgroup of G known 
as the ¢-subgroup of G. It isevidently a characteristic subgroup, 
since in any isomorphism of G with itself the elements of the 
first class must correspond only to elements of the first class, 
leaving the elements of the second class to correspond among 
themselves only. 

If H is a proper subgroup of G such that {H, S} coincides with 
G for every S in G and not in ἢ, then H 15 called a maximum or a 
maximal subgroup of G. A given subgroup may have several 
maximal subgroups of the same or of different orders. 

If G, 1s a self-conjugate subgroup of a finite group G not con- 
tained in any other self-conjugate subgroup of G except G itself, 
then G,; is called a maximum or a maximal self-conjugate sub- 
group of G. A given group may have several maximal self- 
conjugate subgroups, and these may be of different orders. 

Let H be any maximal subgroup of G. Then there 15 at least 
one set of independent generators of G that includes any given 
one Of the elements in G and not in H, the remaining elements 
in the set being taken from H. Furthermore, if S is any element 
in a particular set of independent generators of G, there is at 
least one maximal subgroup of G which does not contain S. 
Hence the -subgroup of G is the largest common subgroup of the 
maximal subgroups of G — a property of the ¢-subgroup which 
might be taken as its defining property. From these considera- 
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tions it follows also that the g-subgroup contains no element 
which can appear in a set of independent generators of G, so that 
it consists of the elements of the second class of elements in the 
classification made earlier in this section. 


EXERCISES 
1. If two simple groups are isomorphic, they are simply isomorphic. 


2. An isomorphism of an Abelian group with itself may be set up 
by making each element correspond to its inverse. In what case is 
this isomorphism the identical isomorphism ? 


3. The totality of elements of a finite group G each of which cor- 
responds to itself in a given isomorphism of G with itself constitutes a 
subgroup of G. 


4. If p is an odd prime, the group of isomorphisms of a cyclic group 
of order p* is a cyclic group of order p*-! (p — 1). 

5. The group of isomorphisms of a cyclic group of order 25 (a@ > 2) 
is an Abelian group of order 27~! and type (α — 2, 1). 


6. A simple group cannot have a characteristic proper subgroup 
besides the identity. 


7. The central of a group is a characteristic subgroup. 
8. Any subgroup of a cyclic group is a characteristic subgroup. 


9. The Sylow subgroups of an Abelian group are characteristic 
subgroups. | 


10. The kth powers of the elements of an Abelian group constitute a 
characteristic subgroup. 


11. Let G be the noncyclic group of order 4. Show that the group 
of isomorphisms of G is simply isomorphic with the symmetric group 
of degree 3, and that its holomorph is simply isomorphic with the sym- 
metric group of degree 4. 


12. Show that the symmetric groups of degrees 3 and 4 are complete 
groups. Construct their holomorphs. 


13. Let G be a cyclic group of order x. Prove that a necessary and 
sufficient condition that the ¢-subgroup of G is of order 1 is that ” shall 
be divisible by no square greater than unity. 
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14, Let G be a group containing elements of order greater than 2. 
Then the elements of order greater than 2 in G are even in number, and 
they generate a characteristic (proper or improper) subgroup of G. 


15. Let G be a group of order m and let m be a number prime to n. 
Show that every element in G is the mth power of one and just one 
element in 6. 


16. Find the holomorph of the group {(a@oa@1@2 - - " @p_1)}, where p is 
an odd prime number, showing that the order of this holomorph is 
p(p — 1). | 

17. Let H be the subgroup of a group G which is generated by all 
the elements of G whose orders are factors of a given number 7. Prove 
that H is a characteristic subgroup of G. 


18. Prove that a characteristic proper subgroup of an Abelian group 
G cannot contain an element of maximum order in G. 


19. Find the group of isomorphisms of a cyclic group of order and 
show that its order is ¢(n), where ¢(n) denotes Euler’s @-function of 7. 


20. Show that 7@(n) is the order of the holomorph of a cyclic group 
of order ἡ. 


21. Let U be a noninvariant element or a noninvariant subgroup 
of a group G, and suppose that it is in the ¢-subgroup of G. Show that 
the number of conjugates of U under G is greater than the number of 
its conjugates under the ¢-subgroup of 6. 


22. Show that the group of degree 7 and order 168 which leaves in- 
variant the configuration on seven letters in § 4 is simply isomorphic 
with the group of isomorphisms of the Abelian group of order 23 and 
type (1, 1, 1). 

23. Show that the group of isomorphisms of the Abelian group of 
order 33 and type (1, 1, 1) is of order 26 - 24 - 18. 


24. Show that the group of isomorphisms of the Abelian group of 
order 53 and type (1, 1, 1) is of order 124 - 120 - 100. 


20. Factor-Groups. Let H be a self-conjugate subgroup of 
order 7 in a finite group G of order n = \r. By means of multi- 
pliers 4; = 1, te, tz, -- +, 4, write G as ἃ sets of 7 elements each 
as in the first rectangular array in §10, denoting these com- 
ponents, or partitions of G as to H, by the usual symbols 4H, 
toH, ---, ΔΗ. Let the elements of H, as in ὃ 10, be denoted by 
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51, S2,° °°, S,. Then i;s, - t;s, is an element of the same partition 
as t,t;, say the partition ¢,H; for, since H is self-conjugate in Ὁ, 
the element ¢;—'s,t; is an element s, (say) of H, whence it follows 
that f;s,- tjSy = Ul; - t;—'s.t; -S, = 1,t;$2S,, an element which is in 
(i;t;)H, and hence in ¢,H. Hence if i,t; 1s in ¢,H, so is every 
element of the form #;s, - t;s,; that 15, every product of an ele- 
ment /;s, in t;H by an element ¢,s, in i;H is an element in t,H. 

Now write γι for .H (l/=1, 2,---, A). Then the symbols 
V1, Y2°°*, Ya Obey a unique law of combination defined for 
each 2 and j by the relation y;7; = yx. The symbols therefore 
satisfy Condition I in the definition of a group in § 8. 

That they obey the associative law, in accordance with Con- 
dition 11 in this definition of a group, may be shown as follows: 
If every element of the set ¢;H - i;H (that is, the set of elements 
formed by taking the product of each element in t;H by each 
element in 7;H) is in ¢,H and every element of t;H - t;H is in 
1,H, the elements ¢,H - t;H and t;H - t,H are in the same parti- 
tion of G, since the elements of G obey the associative law. Hence 
(Ύ,Ύ;)Ύ: = γὙ:(Ύ;Ύ;), AS Was to be shown. 

If 4; = 1, as we have supposed, then ‘y; has the property of 
the identity, since yiy:= Y:¥1= γ: as is obvious from the dis- 
cussion in the first paragraph of this section. 

Again, each element γι is of finite order, whence it follows 
that its inverse is in the set γι, γ2, " " "» Ya 

From these considerations it follows that the elements γι, 
Y2.° °°, Y,, with the named rule of combination, form a group 
σι of order \. It is completely determined by the given group G 
and its given self-conjugate subgroup H. It is called the 
quotient of G by H; it is also called a factor-group of G or a 
quotient group of G. It is denoted by the symbol G/H. 75 order 
is equal to the index of H in G. 

From the way in which G/H is formed it is evident that G is 
multiply tsomorphic with G/H, the subgroup H in G corresponding 
- to the identity in G/H. The elements t;H correspond to γ:. 

Factor-groups afford a means of illuminating the concept of 
the general isomorphism of two groups. Let H be a self- 
conjugate subgroup of G of order h, and let H’ be a self-conjugate 
subgroup of G’ of order h’; and suppose that these several 
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groups are so related that G/H is simply isomorphic with G’/H’. 
Separate G as to H into the partitions ἢ ἢ, tH,---, tH in the 
usual way; similarly, separate G’ as to H’ into the partitions 
t'", HH’, t'oH’,---,’,H’: let the notation be so chosen that in 
the simple isomorphism of G/H with G’/H’ the partitions ἢ 
and ?’;H’ are corresponding partitions for each 7 of the set 
1, 2,---, A. Then take the set ¢’;H’ of elements in G’ as the 
elements corresponding to each element 1n ?;H, and take the 
set 1} of elements in G as the elements corresponding to each 
element in ?’;H’. This correspondence exhibits G and G’ as 
having a general (h, h’) isomorphism, as we shall now show. 
Denote the elements of H by the symbols h, and those of H’ by 
the symbols h’,. Let t;4, and t;h, in G correspond, respectively, 
to t’;h’, and t’;h’, in σ΄. Then if t,h,-t;h, is in the partition 
ΚΗ, the element ?’;h’; - t’;h’, is in the partition ?’,H’, so that 
the product i,h, - t;h, corresponds to the product ?’;h’; - t';h’,. 
Hence the groups G and G’ have the named isomorphism. 
We shall now prove the following theorem: 


VI. If H is a self-conjugate subgroup of a finite 
group Ὁ, and if G, denotes the factor-group G/H, 
then to each subgroup Li of Gi corresponds a sub- 
group L of G, containing H, such that 1: is simply 
isomorphic with L/H. If 1. is self-conjugate in Gi, 
then L is self-conjugate in G and G/L is simply iso- 
morphic with Gi/Lh. 


We retain the earlier notation of the section. In the isomor- 
phism already established between G and Οἱ every element y, 
in L; corresponds to the elements ¢,H in G. If for γα is taken 
in turn every element in L;, then the corresponding elements 
t.H form a set of elements L of G. Since to ὙαΎμρ, where γα 
and yz are in G1, corresponds every product of an element in 
iH by an element in é,H, it follows that the set LZ constitutes 
a group containing H and that L; is simply isomorphic with L/H. 

If L; is self-conjugate in G,, then for every element vy, of 
I; and every element y of G, we have in y~1y.7y an element 
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which is in Z;. Then if g is any element of G, we have in 
g-1.tH-ga set of elements of 1, whence it follows that L 
is self-conjugate in G. If we separate G, as to LZ; into the par- 
titions 6,11, deL1, 63L1,---, and if every element formed by 
taking the product of an element in 6;L; by an element in 
6,L; is in the set 6,Li, then every element formed by taking the 
product of an element in δ, by an element in 6,Z is in 6,L. 
Hence G/L and G,/L; are simply isomorphic. 


VII. If C is the central of a finite group G, then 
G/C is simply isomorphic with the group A of inner 
isomorphisms of G. 


Let οἱ = 1, co, ---, Ὁ, be the elements of C, and arrange the 
elements of G into the partitions y;=?;C(t=1, 2,---, A). Then, 
since (t;C,)~1G(t.c,) = ¢,~ 't;—!Gt,c, = t;-!Gt;, 1t follows that the 
group of inner isomorphisms of G, when represented as a per- 
mutation group by the method of §17, consists of the following 


permutations: ς 
faa (2 = l, 2, ee d) 


Letting these permutations correspond in order to the elements 
V1, Y2,°**, Ya, we have the isomorphism whose existence is 
asserted in the theorem. For if t,t; is in the partition ἐκ, we have 


bile) i a) 
t;—1St; t;-1St; a t;—1St, ts ἘἩ, Ἰδέ; Ὡ te "St, 


and also γ4,γ; = Y:, the latter in accordance with the first para- 
graph of the section. 


VIII. When G is non-Abelian, the group A of in- 
ner isomorphisms is noncyclic. 


If A is cyclic, let @ be an element which generates 4; and 
let g be an element of G which corresponds to a in the usual 
multiple isomorphism of G with A. Then the elements of G fall 
into the sets C, gC, g°C,---, g7-1C. Now gic, - gic, = gigic.c, 
= gig'c,c, = gic,- g'cz, so that any two elements of G are per- 
mutable, contrary to the hypothesis. 
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IX. Let A be the commutator subgroup of a 
given finite group G, and let H be any self-conjugate 
subgroup of G. Then {H, A}/H 18 simply isomorphic 
with the commutator subgroup of G/H. 


Let a, ὃ be any two elements of G, and let a, 6 be the corre- 
sponding elements of G/H in the usual isomorphism of G with 
G/H. Then the elements a~'!b—1abH of G correspond to the ele- 
ment a~!8-!a8 of G/H. Hence any commutator in G corre- 
sponds to a commutator in G/H. Toa product of commutators 
of G/H correspond products of commutators of G by elements 
of H, and conversely. Hence the commutator subgroup of G/H 
corresponds to the subgroup {H, A} of G, and therefore this 
commutator subgroup is abstractly the same as the group 

{H, 4} /H, in accordance with Theorem VI of this section. 


Cor. I. If the self-conjugate subgroup H of Ὁ 
contains the commutator subgroup A of G, then 
G/H is Abelian. 

For in this case {H, A}/H consists of the identity alone. 


Hence the commutator subgroup of G/H consists of the identity 
alone. Hence G/H is Abelian. 


Cor. II. Conversely, if G/H is Abelian, then H 
contains A. 


For the commutator subgroup of G/H then consists of the 
identity alone, so that {H, A}/H consists of the identity alone. 
These two corollaries imply the following : 

Cor. III. The commutator subgroup of G is the 
smallest self-conjugate subgroup of G such that the 
quotient group of G with respect to it is Abelian. 

21. The Composition-Series of a Group. Let σι be a maximal 


self-conjugate proper subgroup of a given finite group Go, let Ge 
be a maximal self-conjugate proper subgroup of G1, G3 of Ge, Gs 
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of G3, and so on, till the series terminates with the identity, 
Then the series Go, Gi, Ge, :- - is called a composition-series of Go. 
A given group may have more than one composition-series. 
Every composition-series of Go terminates with the group which 
consists of the identity alone. Although G; is self-conjugate in 
G,_1, it is not necessarily true that G; is self-conjugate in G;_2. 

The groups Go/G1, G:/Ge, Ge/G3, - - - are known as composition- 
factor-groups of Go, and their orders are known as composiiton- 
factors of Go. From Theorem VI of §20 it follows that these 
composition-factor-groups are simple. From the same theorem 
the converse also readily follows; it may be stated thus: if Gi 
is self-conjugate in Go, Ge in Gi, G3 in Ge, and so on, and if 
Go/Gi, Gi/Ge, - - - are all simple, then Go, Gi, Gz, - - - constitute a 
composition-series of G. 

Concerning the composition-series of a group Go we shall now 
prove the following theorem : 


X. Two composition-series of a finite group Go 
lead to two sets of composition-factor-groups of Go 
which are abstractly identical except for the sequence 
in which they occur. 


Let any two composition-series of Go be denoted by the 
symbols 


(1) Go, Gi, Go, +++, Giy Gini, Giza, °°, 
(2) Go, Gi, Go, m8 ty Gi, Fists F542, ar) 


where i = 0 and where 6; ει is different from F.+1. 

Let D be the greatest common subgroup of G:41 and Fi41. 
Then D is self-conjugate in G;, since both G:,1 and Εν ει are self- 
conjugate in G;. Hence D is a self-conjugate subgroup of both 
Gi+1 and F yi. 

Let K denote the group {Giii1, πηι}. Then Καὶ is self- 
conjugate in G,, since both G,;,, and F;41 are self-conjugate in 
G;. Then from the maximal character of Gi; and Fi41 in G; it 
follows that K is identical with G;. With respect to the sub- 
group D the elements of the group G;,1 fall into sets of the form 
σι, geD, g3D, ---, each element appearing just once. Now 
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every element of G; is a product of an element in G;41 by an 
element in νει, since G;= {Gi41, μα} and G;41 is self- 
conjugate in G;. Hence any element in G; may be written as a 
product g.dgf, where f, is in F;,1 and d, is in D. Now the prod- 
ucts def, are the elements in νει. Hence every element in G; 
is contained in the sets £:F :41, goFi41,---. If g.Fi41 and g:Fi41 
have an element in common, then g;—1g, is in F;,1 as well as in 
G;41, and hence it is in D, whence it follows that t = s. Therefore 
the elements in G; are contained without repetition in the sets 
iF 341, oF ini, 55. 

From these partitions of G; and G;.1 by means of their re- 
spective subgroups F;,1 and D it follows that G;/F;41 is simply 
isomorphic with G;,:/D. Similarly the simple isomorphism of 
σι σι and F;,;:/D may be established. Now G,/F;.1 is a 
simple group, since F;,1 is maximal in G;. Hence G;.1/D is a 
simple group, whence it follows that D is a maximal self- 
conjugate subgroup of G;,1. Similarly it may be shown to be a 
maximal self-conjugate subgroup of F;41. 

Now let D, D,, Do, - - - be a composition-series of D. Then Go 
has the following two composition-series in addition to (1) and 
(2), namely : 

(3) Go, Gi, Go, το», σ,, Gi+1) D, Dy, Do, ne tog 
(4) Go, Gi, Go, +--+, Gi, ἔτι, D, Di, Do, -->. 


Since σοι is simply isomorphic with F,,1/D, and G;/Fj41 is 
simply isomorphic with G;,1/D, it follows that the composition- 
factor-groups obtained from the series (3) and (4) are ab- 
stractly identical except for a single transposition in their order. 

The group of order 2 has only one composition-series. Let ἢ 
be a number such that every group L of order 7 or less has the 
following property: either it has only one composition-series, 
or, if τ has more than one, any two composition-series give 
rise to simply isomorphic composition-factor-groups, except for 
possible difference in sequence. We shall now complete the 
proof of the theorem by mathematical induction. 

Suppose that Go is of order n+ 1. Then, whatever value 7 in 
(1) and (2) may have, the group G;,. is of order less than n. 
Hence the two composition-series (1) and (3) give rise to simply 
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isomorphic composition-factor-groups of Go. Likewise the 
series (2) and (4) give rise to simply isomorphic composition- 
factor-groups of Go. But we have already seen that (3) and (4) 
give rise to simply isomorphic composition-factor-groups. 
Hence (1) and (2) have this property. The theorem as stated 
then follows by mathematical induction. 


Cor. I. The composition-factors arising from any 
two composition-series of a group are identical ex- 
cept for the sequence in which they occur. 

Cor. II. The product of the composition-factors 
of a group is equal to the order of the group. 


XI. Let H be a given self-conjugate subgroup of 
a given finite group G. Then there is a composition- 
series of G one group of which is H. The composition- 
factor-groups of G are simply isomorphic with those 
of G/H and H taken together. 


Denote G/H by L, and let L, Li, Le,--- be a composition- 
series of 1. In the usual multiple isomorphism of G with L let 
Gi, Ge, G3, -- - be the subgroups of G corresponding to Li, Le, Ls, 
---jn L. Then from Theorem VI of ὃ 20 it is seen that we have 
the following pairs of simply isomorphic groups: 


G/Gi, L/L1; Gi/G2, Li/L2; G2/Gs, Le/Ls; --- 


The second group in each pair is simple. Hence the first is 
also. Therefore G, Gi, Ge,--- is a part of a composition-series 
of G, this part terminating with H. Then continue this compo- 
sition-series by means of a composition-series of H; in this 
way we obtain a composition-series of G which includes H as 
one of the groups in the series. Then it 15 clear that the compo- 
sition-factor-groups of G have the properties of isomorphism 
stated in the theorem. 

A soluble (or solvable) group is a group all of whose composi- 
tion-factors are primes. The composition-factor-groups of a 
soluble group are cyclic. 
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Every Abelian group is soluble. For it contains a self- 
conjugate subgroup of order p, where p is any prime factor of 
the order of the group, and the quotient group corresponding 
to this subgroup is itself an Abelian group. The proof may 
then be completed by mathematical induction with the aid of 
the preceding Theorem XI. 

Every prime-power group 15 soluble. If p* is the order of such 
a group, the group contains a self-conjugate subgroup of order p 
(Theorem XVI of § 15). The corresponding quotient group is 
of order p*~!. Then complete the proof by mathematical in- 
duction as in the previous paragraph. 

22. The Theorem of Frobenius. We shall now prove the fol- 
lowing important theorem due to Frobenius: 


XII. Let G be a group of order g and let ” be any 
factor of g. Then the number of elements in G, in- 
cluding the identity, whose orders are factors of n, 
is a multiple of n. 


The theorem is obviously true when m = 1 and when u = g. 
It is true also for a group whose order is a prime, for then 7 has 
one of the values just named. 

Now let h be a number such that the theorem is true for all 
groups of order less than h., We shall then prove that it is true 
for groups of order h, whence the theorem as stated will follow 
by mathematical induction. 

Now the theorem holds for g = h provided that nm = h. Then 
let m be a factor of k such that the theorem holds for all larger 
factors n of hk in every group of order h, and suppose that 
m>1. We shall prove that the theorem also holds for the 
factor m of h, whence it will follow by induction that it holds 
for all factors of h; and therefore that the theorem holds in 
general as stated. 

Let H be the group of order h now to be considered. Let 
Ν, be the number of elements in H whose orders are factors 
of x. Let p be a prime factor of h/m. Now 


Nap = Nat Nm 
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where N,, denotes the number of elements in H whose orders 
are factors of mp but not of m. Now Nmp is divisible by mp 
according to hypothesis, and hence it is divisible by m. Then 
if we prove that Ν᾽," is divisible by m, it will follow that N,, is 
divisible by m. 

Let U be the set of elements in H each of which has for its 
order a number which is a factor of mp but not of m. Write 
m = ps, where 5 is‘an integer which is not divisible by p. The 
order of every element in U is divisible by p*t!. If μι is an 
element in U, then u* is an element in U if @ is prime to ῥ. 
Since we may therefore associate with each element μι of U 
those powers of μι each of whose orders is divisible by p**!, 
it follows that the number N,, of elements in the set U is a 
multiple of ¢(p"+!) = p*(p — 1), and hence of pv. It remains 
only to prove that δ᾽, is divisible by s. 

If H contains no element whose order is a multiple of p*t}, 
then Nnp = Nm; in this case NV, = 0 and hence N,, is divisible 
by s. In what follows we may therefore confine ourselves to 
the case in which the set U contains an element of order p*t}, 
since such an element exists in H if H contains an element whose 
order is a multiple of p**?. 

Then let P be an element in U of order p*t!. Let K be the 
subgroup of H which is formed of all those elements in H each 
of which is permutable with P, and let the order of K be de- 
noted by p“+1!p. The quotient group K/{P} is of order p, and 
p<h. Let r be the greatest common divisor of s and p. From 
the hypothesis formed for the induction argument it follows 
that the number of elements in K/{P} whose orders are fac- 
tors of τ is a multiple cr of τ. If the order of an element in 
K/{P} is a factor of s, it is also a factor of τσ. Hence cr is the 
number of elements in K/{P} whose orders are factors of s. 
Therefore there are cr elements common to the set U and the 
group K. 

The number of conjugates of P under H is g/(p*t!p). With 
each of these is associated cr elements of U. With all of them 
there are then associated gcv/(p"+t1p) elements of U. Now καὶ 
is divisible by s and by p, whence it follows that gr is divisible 
by ps. Hence s is a factor of gr/p and therefore of ger/(p"*'p), 
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since 5 is prime to p“t!. Therefore the number of elements in 
U thus associated with P and its conjugates is a multiple of s. 
The same will be true for any element Q of order p*+! which is 
not conjugate to P in H. When all such subsets of U are con- 
sidered, it is obvious that the set U is exhausted and that no 
element in U is taken twice. Hence N is divisible by s. 

We have already seen that this result is sufficient to complete 
the proof of the theorem. 


EXERCISES 


1. If H 15 a self-conjugate subgroup of G of prime index, then G/H 
is a cyclic group. 
2. If His a self-conjugate subgroup of G such that the partitions of 
G as to H may be written in the form H, gH, gH, g?H, -- -, then G/H 
is a cyclic group. 
3. Every factor-group of an Abelian group is an Abelian group. 
4, A prime-power cyclic group has only one composition-series. 
5. If a prime-power group has only one composition-series it is a 
cyclic group. 
6. Construct all possible composition-series for each abstract group 
of order 8 (see Ex. 20 on page 37). 
7. A soluble noncyclic group is composite. 
8. There is no perfect group which is soluble. 
9. A direct product of two soluble groups is a soluble group. 
10. A group whose order is the product of two primes is a soluble 
group. 
11. A factor-group of a soluble group is itself a soluble group. 


12. The order of an element of a quotient group G/H is a factor of 
the order of each element in G which corresponds to it in the isomor- 
phism described in § 20. 

13. If G has a subgroup of index 2, that subgroup contains all the 
elements of odd order in G. 

14. A group of order 4 m + 2 has just 2 m + 1 elements of odd order. 

15. If a group G has just 1 + p Sylow subgroups of order ῥα, these 
subgroups have just p*~! elements in common. 
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16. If a group G has just 1 + p Sylow subgroups of order p, then G 
contains just p*+! elements whose orders are factors of p+. 


17. If a group G has more than 1 + p Sylow subgroups of order p+, 
then.G contains more than p*+! elements whose orders are factors of p*. 


18. If G is a group of order pq, where p and 4 are primes and p > 4, 
then G contains just p — 1 elements of order p. Show that G is cyclic 
unless p — 1 is divisible by φ. If p — 1 is divisible by 4, show that there 
is just one abstract group of order pq and noncyclic. 


19. If ~ is an integer which is divisible by a square greater than 
unity, then there are at least two abstract Abelian groups of order n. 


20. If nm is a product pgr--- of distinct primes and if p—1 is 
divisible by g, then there are at least two abstract groups of order n. 


21. Let ” be a product of distinct prime factors no one of which is a 
divisor of any number obtained by diminishing another prime factor 
by unity. Show that there is but one abstract group of order 2, namely, 
the cyclic group. (Compare Exs. 19 and 20.) 


MISCELLANEOUS EXERCISES 


1. Let G1, Ge, Gs, -- - be a finite set of finite groups such that the 
orders of any two of them are relatively prime and such that {Gi, Ga, 
Gs, -- -} is their direct product. Let their groups of isomorphisms be 
Li, Le, Lz, ++ - respectively. Then the group of isomorphisms of {Gi, 
Ge, G3, ---} is the direct product of groups which are simply isomor- 
phic with L;, Le, Lz, - - - respectively. 


2. If there is an isomorphism of a group G with itself in which more 
than three fourths of its elements correspond each to its inverse, then 
G is an Abelian group. 


3. Let A and B be two complete groups having a direct product G, 
and let L be the group of isomorphisms of G. If A is simply isomorphic 
with B, then G is simply isomorphic with a self-conjugate subgroup of 
index 2 in L; otherwise G is simply isomorphic with L. 

4. The holomorph of a complete group G is the direct product of 
two groups each of which is simply isomorphic with G. 

5. If A and B are simply isomorphic complete groups of order n 


such that A and B have a direct product G, then the holomorph of G is 
of order 2 n?. 
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6. If G is a complete group of order n,.then the holomorph of the 
holomorph of G is of order 2 n#4. 


7. That totality of isomorphisms of a group G with itself, each iso- 
morphism of which changes every conjugate set of elements of G into 
itself, forms a self-conjugate subgroup of the group of isomorphisms of 
G. This subgroup contains the group of inner isomorphisms of G. 


8. An isomorphism of a group G with itself, the order of which con- 
tains a prime factor not occurring in the order of G, interchanges some 
of the conjugate sets of G. 


9. A group which has no characteristic subgroup other than that 
consisting of the identity alone is either a simple group or the direct 
product of simply isomorphic simple groups. 

10. If a group G contains a complete group H as a self-conjugate 
subgroup, then G is the direct product of H and some other group. 


11. No group of composite order exists having the property that 
every cyclic proper subgroup in it besides the identity is transformed 
into itself only by its own elements. 

12. If the order of a group G is pipe --- p:, where pi, po, " "., py are 
distinct primes in ascending order of magnitude, show that G contains 
a self-conjugate subgroup of order p,p,41 +--+: for each 7 of the set 
1, 2, ---, ¢. Thence show that G is a soluble group. 


18. An Abelian group of order p™ and type (1, 1, ---, 1) has 


(p™ — 1)(p"—! ΞΞΘ 1.05.2 as 1) eee (p -- 1) 
ᾧ -- 1)" 


composition-series. 

14. If G, G1, Ge, - - - is acomposition-series of a group G, and if the order 
of G,; is prime to its index in G, then show that G; is a self-conjugate 
subgroup of G by first establishing the following theorem: If A isa 
self-conjugate subgroup of H whose order a is prime to its index in ἢ, 
then every subgroup of H whose order divides ἃ is contained in A. 

15. A subgroup of a soluble group is itself a soluble group. 

16. Let u; be the number of cyclic subgroups of order p*‘ in a group 
G whose order is divisible by p*, p being a prime number. Then 

(uy — 1) + (2 —1)p + (uz — 1)p? +--+ + (uy — 1)p*-1 = 0 mod p*. 

17. If for each divisor ὦ of the order n of a group G the number of 
elements whose orders are factors of d is equal to d, then G is a cyclic 
group. 
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18. If the group of inner isomorphisms of a group G is of order 4, 
then G has just three Abelian subgroups of index 2. 

19. If G is a non-Abelian group which has more than one Abelian 
subgroup of index 2, then the group of inner isomorphisms of G is of 
order 4. 


20. Let G, be the commutator subgroup of Go, Ge of Gi, G3 of Ge, and 


soon. Wemay call Go, Gi, Ge, - - - the commutator-series of Go. In order 
that Go shall be a soluble group it is necessary and sufficient that the 
commutator-series Go, Gi, G2, --- shall contain a group consisting of 


the identity alone. 


21. Let I, be the group of inner isomorphisms of a given group kh, 
let 72 be the group of inner isomorphisms of J1, 15 of 12, and so on. If 
in the sequence 10, 11, I2, - - - there is a group of order unity, show that 
Io 1s a soluble group. 


22. In the case of the commutator-series of a group (see Ex. 20) 
show that each group after the first is a characteristic self-conjugate 
subgroup of each group which precedes it. 


23. Show that a composition-series of Go exists containing among 
its groups the groups of the commutator-series of Go. (Use Theorem 
XI in ὃ 21.) 


24. Let G; be a maximal self-conjugate proper subgroup of Go and 
let G1, Ge, G3, -- - be a series of self-conjugate subgroups of Gp such that 
G; contains the proper subgroup G;,, but contains no larger self- 
conjugate subgroup of G which contains G;,1 and is a proper subgroup 
of G;. Then Go, G1, Ge, -- + is called a chief-sertes of Go. Show that a 
composition-series of Gp exists containing among its groups any given 
chief-series of Gp. (Use Theorem XI of ὃ 21.) 


CHAPTER IV 
Abelian Groups 


23. Classification of Abelian Groups. Several theorems con- 
cerning Abelian groups have appeared in the earlier chapters. 
We have shown (§ 14) that an Abelian group whose order is not 
a power of a prime number is the direct product of all its 
Sylow subgroups. From this it follows that two Abelian groups 
are simply isomorphic when and only when their Sylow sub- 
groups are simply isomorphic. Therefore the problem of deter- 
mining all possible abstract Abelian groups is readily reduced 
to that of determining all prime-power Abelian groups. This 
latter problem may be solved by aid of the fourth fundamental 
theorem (given in §14), namely, the following: A noncyclic 
Abelian group G whose order is a prime-power p” is the direct 
product of cyclic groups no two of which have any element in 
common except the identity. If the orders of these cyclic sub- 
groups are, respectively, 


p™, p™, - ++, p™k, (m = my + Me +--+ Ἔ mM) 


then the group G is said to be of type (1, m2, +++, mz). It 15 
convenient to choose the notation so that 


Mm =M22=:°+=M,; 


and we shall suppose that it is so chosen. 

Let Pi, Pe, ---, Px, respectively, be generators of the cyclic 
subgroups of orders p™, p™, ---, p”* named in the preceding 
paragraph. Then it is obvious that the elements of G may be 
written in the form , 

Ρι 1.9.3... P,,*k, 
where | 
a,=0, 1, 2,---,p™—1, (s=1, 2,---, R) 
98 
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each element having a unique representation in this form. From 
this it follows that Pi, Pe, - - -. P, are independent generators 
of G. 

If the orders of two elements A and B of G are factors of 
p* (u> 0), then the order of AB is a factor of ῥ᾽. Hence the 
totality of elements of G, each of which has for its order a factor 
of p* constitutes a subgroup G, of G. If the element 


P Pi P 8s eee Pfr 


belongs to G,, then 
| i pf eee P,P” = 1. 


Let m;41 be the first number less than μ in the sequence m1, me, 
ον, Mey M1, Where m;,41=0. Let Px1 be a symbol denoting © 
the identity. Adjoin 8.41 to the sequence βι, B2,---, βι. Then 
Bist, «+, βκει May have any values whatever, whereas any re- 
maining 8; must be a multiple of p”*—“. From this it follows 
that G, is generated by the elements 


ΡΤ Pave ee PP Pigs Ebel ele 
Hence the order of G, is p’, where 
y= pit (mini +: +++ me41). 


In particular, the identity and the totality of elements of G 
each of which is of order p constitute a group G, of order p’*. 
Let us now suppose that the same group G is generated by 
the set 
Qi, 952, " ""» Q 


of independent generators of orders p", p”*, τ τ΄, p*, respec- 
tively, where m= μι - me +--+ mand m2 μι =--- = μὲι»0, 
these generators being such that every element of G may be 
written uniquely in the form 


Q17'Qo”? δι τοττὼ Q:"t, 
where 
y,=0,1,2,---, pe—1. (s=1,2,---, ἢ 


We shall then show that ¢ = k and that μι = m; for each 7 of the 
set 1, 2,---, Δ. 
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By considering the group G, of order p” with reference to 
this new set of generators it may now be shown that 


Y= μ7ὴ Ἔ (Myatt + Me), 


where 7 is defined by the fact that μ;..: is the first number less 
than μ in the sequence μι, fe, +++, er Mey (μι. = 0). A com- 
parison of the two forms of the value of ν will enable us to 
establish the proposition stated at the end of the preceding 
paragraph. 

Thus if we take «= 1 we have y=k and ν =, whence it 
follows that t = k. 

Suppose that m,=y, for s=i+1,7+2,---, k+1. If 
m; > μὲ we Choose μ so as to satisfy the condition m; = u> mi 
Then we have 


v= e+ (Migrate > ++ mei), 
v= μ(ϊ -- 1) + wet (Migr t- +++ myyi). 


Hence μὲ = μ, contrary to hypothesis. Similarly we can prove 
the untenability of the hypothesis that μ᾽ > m,. Hence u;=m;. 
But mx41= μκει. Hence by an induction argument we may 
show that μι ΞΞ 72; for 7=1, 2, - - -, k. 

Let G’ be a second Abelian group of the same order and type 
as G. Then there exist independent generators Κι, Ro, - - -, Re 
of G’ whose orders are p™, p”™,-- -, p™* respectively. Then the 
correspondence P; ~ R,, for i= 1, 2, ---, k, exhibits the fact 
that G and G’ are simply isomorphic. It is obvious from the way 
in which the generators are determined in § 14 that two prime- 
power Abelian groups cannot be simply isomorphic unless they 
are of the same order and type. 

These conclusions justify our use of the symbol (m, mo, 
“++, M,) aS a representation of the Abelian group G of order p” 
and given type. For every partition of m into a sum Mm, + Me 
+--+--+m, Of positive summands a corresponding abstract 
Abelian group G of order p” exists (see §14, near end) and 
(when p is given) there is just one such group for each par- 
tition of m. 

This affords a complete determination of all abstract prime- 
power Abelian groups. 
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ne  »..ν.’..»..»..-ο.---.-ςς.ς.ςς-ς.τς-.ς-ς-ς-ςς---.---- 


Now let σι, g2,°--, g be any set of elements such that 
ὀρ = 1, (@=1,2,---, k) 
δι) = 878i, (2, 7 = 1, 2 ae k) 


and let it be supposed that there are no additional conditions 
satisfied by the elements g; except those which are implied by 
the given conditions. Then we shall show that the group 6, 
G = {£1, £2, ---, ge}, is an Abelian group of order p” and type 
(my, M2,---, mM), Where m=m,+m2+----+ mx, so that the 
given relations afford a set of abstract defining relations for G. 

It is evident that G is Abelian and that its order is a power of 
p. Moreover, its order cannot be greater than p”, since every 
element in G is certainly contained in the set 


By%go% + +» Bat, 

where a;=0,1,2,---, p™'—1. (¢=1, 2,---, 1) 

But its order is at least as great as p”, since the elements 
Vi = (Qi1Gi2 - - + Aip,) (pi = p™; t= 1, 2,---, 2) 


satisfy the conditions imposed on the corresponding g’s and at 
the same time generate a group of order p”. Hence the group G 
is of order p”. It is obvious that its type is (71, me, - - -, mx). 

24. Abelian Groups of a Given Order. We shall now deter- 
mine all possible abstract Abelian groups G of order g, 
ὅτ pi%po%--- p.%, where pi, p2,--:, Ps are distinct primes 
and αἱ, Ge, -- -, ας are positive integers. Every such group G, as 
we have seen (§ 14), is the direct product of its Sylow subgroups 
of orders pi%, po%,---+, pets. The Sylow subgroup of order 7, 
may be of any type (α;1, Qi2, - + -, απ)» Where the αὐ are positive 
integers such that a; =ai+ae2+-:-+ ax, By taking every 
possible such partition of each a; we get every possible set of 
Sylow subgroups of groups of order g; the direct products ob- 
tained from them give every possible Abelian group G of the 
named order g. 

From this it follows that the number of abstract Abelian 
groups G of the named order g is equal to the product obtained 
by multiplying together the numbers which separately represent 
the numbers of partitions of the a; into positive summands. 
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Thus the number of abstract Abelian groups of order 122333 
is 18; the number of those of order p1°p2?p34 is 70. 

We have thus reduced the problem of determining the num- 
ber of abstract Abelian groups of given order ” (where the fac- 
torization of x is known) to a problem in the theory of numbers, 
namely, the problem of determining the number of partitions of 
a positive integer into positive summands. This problem in the 
theory of numbers has received considerable attention, but it is 
yet far from being completely solved. — 

25. Subgroups of a Prime-Power Abelian Group. Let us 
now consider the possible types of subgroups of an Abelian 
group G of order p” and type (71, mo, - + -, mz), Where m, = m2 = 

- =m, > 0. Such a subgroup H is Abelian and of order p*, 
where n= m. Let (m, m2, ---, πὸ denote the type of H, the 
notation being so chosen that m=nm2=---2=n,>0. We 
shall prove that ¢ = Καὶ and that n; = m; for i= 1, 2,---, 1. 

For this purpose it is convenient to consider the subgroup 
G“ which consists of the totality of distinct elements of G ob- 
tained by raising each element of G to the (p#)th power. If 
m> p= m;41, then the (p«)th power of the element 


Py ,%P 2% ++ - Py, 
where Pi, Po, ---, P, have the same meaning as in ὃ 93, is 
Py %P* Po %P# cee P,P", 
Hence G™ is generated by the ὦ elements 
P,?", PoP", oes, P;?", 
Therefore the order of G is p’, where 
A= (m1 + 12 -ἘΓ - - - + 21Ὸ — μῖ. 

Consider the subgroup H of G already mentioned. Form its 
subgroup H; consisting of the identity and the elements of order 
p. This is a subgroup of order δ' of the group G; of order p* con- 
sidered in § 23. Hence ¢ = k, one of the propositions which we 
were to prove. 

Now the subgroup H) of H is a subgroup of the subgroup 


G™ of G, so that the number of generating elements of H™ is 
equal to or less than the number of generating elements of G™, 
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in accordance with the result in the preceding paragraph. If 
nj > b= Nj+1, then the number of generators of H™ is 7. But 
the number of generators of G is 7. Hence 7 = 2. 

Now it is obvious that 2: =m, since p™ is the greatest 
possible order of an element of G. Suppose that n, =m, for 
p=1,2,---,a, but παι > May1. Then let uw=n.41. Then we 
have i=a and j=a+1, contrary to the conclusion that 7 = 7. 
Hence n; = m; for i = 1, 2, ---, 1, as was to be shown. 

From these results we see that the ee oP H of G exists 


only when ¢ = k and n; = m; for ὁ = 1, 2, - οἰ. 
Now it is obvious that G has a subgroup of. type (αι, 2,5, "3.50 
in all cases in which ¢t =k and n; = m; for 1 = 1, 2, - a 


A part of the results obtained in this section il § 23 may 
now be summarized into the following theorem: 


I. The number of distinct types of abstract Abel- 
ian groups of order p”, where p is a prime number 
and m is a positive integer, is equal to the number of 
partitions of m into positive summands. If one such 
partition is m =m + me+---+m,, then there is 
one and just one abstract Abelian group of order p” 
and type (7m, m2,---,m,). If the notation is so 
chosen that m, =me=---=m, then the group 
of type (7m, me2,---,m,) has a subgroup of type 
(m, Ne, -+-, ὃ) With ny Z=n.2---=n; when and 
only when ¢ = k and n; =m; for ἢ ΞΞ 1, 2,---, 2. 

26. Number of Elements of a Given Order. Let G be an 
Abelian group of order p” and type (7, mo, -+-, mx) with 
mM, =M2=---=m,>0. We saw in § 23 that the subgroup 
G,, which consists of those elements of G whose orders divide p*, 
is itself of order 2’, where 

y= wit (mina ++ + me41), 


m:..1 being the first number less than μ in the sequence 721, ma, 
“6. Mk, Me+1 (κι = 0). Now let ἃ be any positive integer not 
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greater than m,. Then G contains elements of order p*; more- 
over any given element of G (other than the identity) has for its 
order a number of the form 2», where ρ is a positive integer not 
greater than m,. The number of elements of G of order δὲ is 
obviously equal to the number obtained by subtracting from 
the order of G, the order of G,_1, since every element whose 
order is a factor of p* is contained in G,, while G,_, contains 
every element whose order is a factor of p*—!. Now let a and 6 
be such that * 


Ma =r\> Ma+ts Mp = N—1> me41. 


Then the orders of G, and G,_1 are, respectively, 7 and p*, where 


Y= λα + (Ma+1 + ams + Mx41), 
ὃ = (A—1)B + (mMp41 +++ + + 715.ι1). 


The difference pv — ρὲ gives the number of elements of G each 
of which is of order p*, where ἃ is a positive integer not greater 
than m1. 

27. Groups of Isomorphisms of Cyclic Groups. Let G be a 
cyclic group of order g. We shall now determine the group 1 of 
isomorphisms of G with itself and shall show that it is an 
Abelian group. 

Let S be a generator of the group G. Then every possible 
single generator of G is included in the set S*, where \ ranges over 
the set of integers not greater than g and prime to g; and every 
such element is a generator of G. In any isomorphism of G 
with itself a generator of G must correspond to a generator of G. 
From this it follows readily that the group I of isomorphisms of 
G with itself may be obtained by taking all correspondences of 
the form S ~ S, where ἃ is a positive integer not greater than 
g and prime to g. Hence the order of J is @(g), where @ denotes 
Euler’s ¢-function of g. 

Let S ~ S* and S ~ S* define two elements of J. The first 
may equally well be defined by the relation S* ~ S's, where 
O< As = g and λιλεξξ Az modulo g. Likewise the second may 
equally well be defined by the relation 5λ: ~ S's. Hence their 


* An obvious modification is needed when \ =1. 
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product in either order may be defined by the relation S ὦ δὴν, 
From this it follows that the group J is Abelian. Groups formed 
in this way constitute an important special class of Abelian 
groups. 

Once the generator S of G is given, the element of 7 defined 
by the relation S ~ S* may be uniquely represented by the 
number \;. If two elements S~S and S ~ S» of 1 are 
given, their product is S ~ S's, where ἃς is the least positive 
residue of \;A2 modulo g. Hence the isomorphisms which we 
represent by \; and da, respectively, have as their product the 
isomorphism represented by A3, where ἃς is the least positive 
residue of \,A2, modulo g. The group 1 is thus represented as 
simply isomorphic with the group I’ whose elements are the 
positive integers not greater than g and prime to g, the rule of 
combination being ordinary multiplication together with a re- 
duction modulo g. 


EXERCISES 


1. If G is an Abelian group and H is any subgroup of G, then the 
factor-group G/H exists and is Abelian. 


2. Construct a non-Abelian group G having an Abelian self- 
conjugate subgroup H such that G/H is Abelian. 


3. Let G be an Abelian group of order p™. Let Ομ and σὺ) be its 
subgroups denoted by these symbols in §§ 23 and 25 respectively. 
Prove that Ομ and G™ are characteristic subgroups of G. Prove also 
that the greatest common subgroup K,,, of Ομ and G is a charac- 
teristic subgroup of G. 


4, Determine the group I of isomorphisms of the group whose 
elements are the eight eighth roots of unity, the law of combination 
being ordinary multiplication. 

5. Show that no group 1 of the class discussed in ὃ 27 can be of 
order 14 or 26; show that these numbers are the smallest even num- 
bers that cannot be obtained as the orders of groups of isomorphisms 
of cyclic groups. 

6. The elements of highest order in an Abelian group G generate G. 


7. Construct a non-Abelian group which is not generated by its 
elements of highest order. 
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8. In order that a given group G shall be Abelian it is necessary 
and sufficient that G may be exhibited as simply isomorphic with 
itself by making each element in G correspond to its inverse. 

9. Show that the only Abelian groups each of which has no char- 
acteristic proper subgroup (other than that consisting of the identity 
alone) are those of prime-power order p” and type (1, 1, ---, 1). 

10. If S and P are elements satisfying the relations 
P?=S?-!=1 and S-'!PS= P%, 


where p is an odd prime and a is a primitive root modulo p, and if S 
and P satisfy no conditions except those implied by the relations 
already given, show that {S, P} is simply isomorphic with the holo- 
morph of the cyclic group of order p. (See Ex. 16 on page 84.) 

11. Represent the group {S, P} of Ex. 10 as a permutation group 
of degree p. 

12. Let G be a cyclic group of order p”, where p is an odd prime. 
Show that the holomorph of G is of order p?"-1(p — 1) and that it 
has the abstract defining relations 

PP” = SP™"1(6-1) = 1, S-1PS = Pa 
where α 15 a primitive root of the congruence 
a?” *(b-1) = 1 mod 25. 


13. Obtain for cyclic groups of order 2” the results corresponding 
to those given in Ex. 12 for the group G there defined. 

14. Show that the holomorph of a cyclic group of odd order is a 
complete group. 

15. Determine the cases in which the group J of isomorphisms of 
a cyclic group G of order g is itself a cyclic group. In particular, show 
that no such cyclic group 1 can be of order ὃ or 14. 

16. Show that any given Abelian group G is simply isomorphic with 
a subgroup of some group I’ of the class discussed at the end of ὃ 27. 

17. If H is any subgroup of an Abelian group G, show that G con- 
tains a subgroup simply isomorphic with G/H. 

18. Construct a non-Abelian group G having a self-conjugate sub- 
group H such that the factor-group G/H is simply isomorphic with no 
subgroup of G. 
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19. Show that for every Abelian group G a set of independent gen- 
erating elements Si, So, ---, Sp exists such that the order of each ele- 
ment in the set (after the first) is a (proper or improper) factor of the 
order of each element which precedes it. 


20. Show that the number of ways in which a set of independent 
generating elements of an Abelian group of order pi"("+)) and type 
(n,n —1,---,2, 1) may be selected is p’(p — 1)", where ν is such that 
6v=n(n+1)2n+1)—6n. 


28. Properties of an Abelian Group G of Order p” and Type 
(1, 1,---, 1). The elements of G (other than the identity) are 
all of order p. Hence a subgroup of G of order p< is of type 
(d,1,---, 1). 

Let us consider the number of ways in which an ordered 
set Si, So,---, Sm of generators of G may be chosen. Since G 
contains p” — 1 elements of order p, the first generator 51 may 
be chosen in p*™—1 ways. The group {51} contains p—1 
elements of order p. The remaining elements of order p in G 
are p™— p in number. Hence the second generator 82 of G 
may be chosen in any one of 25" -- p ways. The group {S:, 52} 
contains p?— 1 elements of order p, so that the remaining 
elements of order p are p™ — p? in number. Since any one of 


these may be taken for S3, it follows that S3 may be chosen in 


any one of p” — p? ways. By continuing this process one finds 
that the ordered set Si, So,---, S,, of generators of G may be 
chosen in 


(b™ — 1)(b™ — p)(b™ — ΡΞ)... (™— p™*) 


ways. A given set of m generators may be arranged in m! dif- 
ferent orders. Hence the number of distinct sets of generators 
of G, considered apart from their order, is 


(pb™ — το — p)(b" — pb?) --- (b"— pp"), 
m! 

By a similar argument the number of subgroups of G of 
order p< is readily determined. Such a subgroup has ἃ genera- 
tors of order p. The first may be chosen from G in p*— 1 
ways; the second, in 25 — p ways; the third, in 25 — p? ways; 
and so on till finally the ath may be chosen in 2" — p*~! ways. 
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Hence the ordered set of a generators to give rise to a subgroup 
of G of order pz may be chosen in 


(p™ — 1)(b™ — p)(b™ — p?) -- - (6™— p*") 


ways. But an ordered set of generators of a given group of 
order p2 and type (1, 1,---, 1) may be selected in 


(pb* — ἡ — p)(b* — p?) - - - (bt — p*"?) 


ways. The number of subgroups of order p in G is evidently 
the quotient of these two numbers and hence is equal to 


(p” — 1) (p* — p)(p" = p*) --- ("=p") 
(ῥ᾽ = 1)" -- p) D8 = Ρ)... (Pi pe) 


From this it follows readily that the number of subgroups 
of order p* in G is the same as the number of subgroups of 
order p™~*. 

Now let Pi, Po,---, Pm be any fixed set of generators of 6. 
Then an isomorphism of G with itself may be set up by means 


of the symbol | 
fap alias 
Si, Se, τ Sim 


where 51, Se, ---, Sm is any ordered set of generators of G, this 
symbol implying that P; corresponds to S; for 7=1, 2, - - -, 21 
The totality of isomorphisms of G with itself is obtained by 
varying the ordered set 51, Se,---, Sm in every possible way. 
Hence the order of the group J of isomorphisms of G with itself 
is equal to the number of ways in which the ordered set of 
generators 51, So, ---, S,, may be chosen and hence is equal to 


5 = OP =P) PP Ξ 9} Pap), 


From § 18 it follows that the order of the holomorph K of 
G is p™ times the preceding number. 

29. Analytical Representations of G, J, and Κα. Employing the 
symbols Ὁ, J, and K with the same meanings as in the preceding 
section, we shall now obtain certain useful analytical represen- 
tations of the groups G, 1, and K. | 

As before, we let Pi, Po, - ++, Pm denote a fixed set of genera- 
tors of the Abelian group G of order p” and type (1, 1,---, 1). 
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Then the elements of G are all uniquely represented by the 
symbols Py Pole +++ Py, 
where μι, μα," "“» Mm run independently over the set 0, 1, 2, 


..,b—1 of p numbers. An element of G may therefore be 
represented uniquely by the symbol 


μι, M2, mr ty Lm} 


where each yw is a number of the set 0, 1, 2, ---, O—1, pro- 
vided it is understood that the symbol represents the product 
P,#1Po#2 +++ Pm’. We shall employ the more general symbol 
(νι, Μὰ, "5, Vm}, Where the v’s belong to the class of all 
integers, with the understanding that two symbols of this form 
are to be considered equivalent if their corresponding ele- 
ments are congruent modulo p. Thus {jn, μα," --» Um} and 
{v1, Μὰ, " " 5» Vm} are equivalent if u;=v;mod p for 1=1, 2, 
--,m. For the multiplication of these symbols (corresponding 
to the multiplication of elements in G) we obviously have the 
formula | 


{μι, M2) ***y Memb: ἵνι, Μὰ," " 5» Vm} = {μι + ιν" " 5» m+ Ῥπι}» 
Now consider the set of elements 


᾿ἔμμι, M2, " " "» Μμι}» 


where ji, μα, " "“. μαι constitute a fixed set οἵ m numbers taken 
modulo » and not all of them congruent to zero modulo ρ, 
μι being a variable integer taken modulo p. This set of elements 
forms a group of order p having {μι1, Ue, -- -, μηνὶ for a generator. 
This group of order may be denoted by the symbol 


(μι, Μμ2,"""» Lm). 
The same group is also represented by the symbol 
(Vu, νμα, " ++, μη) 


provided only that ν is a fixed integer incongruent to zero 
modulo p. The symbol (μι, M2,---, fm) may therefore be 
treated as exhibiting a set of homogeneous co-ordinates for the 
given subgroup, analogous to the homogeneous co-ordinates 
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of a point in a space of m—1 dimensions. (The geometrical 
interpretation thus suggested will be generalized and developed 
in Chapter XI.) In a similar way the symbol {u1, po, - - -, Um} 
denotes the nonhomogeneous co-ordinates of an element of G, 
analogous to the nonhomogeneous co-ordinates of a point in a 
space of m dimensions. 

Let us now consider the conditions under which the symbols 


( ), (a ee 
P i Pott .- ~ Pai 


define an isomorphism of G with itself. In accordance with 
these symbols an element P;*:P2--- P,*m is replaced by the 
element P,%P2%.-- P,,¥m, where 


Vi SX + αἰῶχὲ ++ + + + AimXm mod 2. (= 1, 2,---, m) 


This represents a transformation of the element {x, x2, - - -, Xm} 
of G into the element {y1, yo, ---, ¥m} of G. In order that this 
may represent an isomorphism of G with itself, it is necessary 
and sufficient that {y1, yo,---, ¥m} shall run over all the ele- 
ments of G when {x, x2, ---, Xm} runs over all the elements of 
G. Hence for a given set {31, vo, ---,¥m} there must be a single 
set {x1, X2,--+, Xm}. Therefore the foregoing set of m simulta- 
neous congruences must have a unique solution {x, Χο, - - -, Xm} 
when the set {y1, y2,---, ¥m} 15 given. A necessary and suffi- 
cient condition for this is that the determinant D, 


11 @12°** Aim 


Ο21 Oleg " " + Oa, 
D= ele 


Am1 Am2*** Anm 


shall be incongruent to zero modulo p. 

From these considerations it follows that the symbols at 
the beginning of the preceding paragraph define an isomor- 
phism of G with itself when and only when the foregoing deter- 
minant D is incongruent to zero modulo p. When this condition 
is satisfied, every set of simultaneous congruences of the fore- 
going form represents an isomorphism of G with itself, and two 
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distinct sets of congruences represent two distinct isomorphisms 
of G with itself. Moreover, every isomorphism of G with itself 
may be represented in such a form. Furthermore, to the 
product of two isomorphisms of G with itself will correspond 
the product of the two corresponding transformations of x’s 
into y’s. 

From these results it follows that the group J of isomor- 
phisms of G with itself is simply isomorphic with the group of 
elements defined by all congruences of the form 


Vp SAX + αἴοχὰ ++ ++ + AimXm mod p (¢@=1,2,---, m) 


when the coefficients a;; are subject to the condition that the 
determinant D, or | a,; |, shall be incongruent to zero modulo p. 

The group last mentioned is known as the linear homogeneous 
group modulo p. Its order is found from § 28 and the fact that 
it is simply isomorphic with I; this order is 


(p=) ΞΟ ΞΡ (p= pr). 
This group and its generalizations (see Chapters X and XI) 
are of importance in several branches of mathematics. 
The corresponding linear nonhomogeneous group modulo p 
consists of the transformations 


Vi = AUX + AjQX2-+ ΚΝ “+ αἴηιχι -Ἔ B; mod p, (t= l, 2, ey m) 


where again the determinant D is restricted to be incongruent 
to zero modulo p. It will now be shown that this group K is 
simply isomorphic with the holomorph K of G. Since each of 
the integers 8; may be selected in » ways which are distinct 
modulo }, it follows that the set 81, B2,---, 8. may be se- 
lected in p” ways. Hence the order of the group Καὶ is p™ times 
the order of 1, since the β᾽5 may be assigned values quite inde- 
pendently of the a’s. Therefore the order of K is 


(b™ — 1)(b™ — p)(b™ — p?) --- (b™ — p™—")p", 


and this is the same as the order of K. The transformations 
2 ΞΞ χα, -Ἔ 8; mod p (¢=1, 2,---, m) 


form an Abelian group of order p” and type (1, 1, -- -, 1), as one 
may easily verify. Hence it is simply isomorphic with G. More- 
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over, this subgroup is self-conjugate in K. Furthermore, it is 
not difficult to show that the only elements of K which are 
permutable with every element in this subgroup are the elements 
of this subgroup. From these facts, and the isomorphism of the 
linear homogeneous group modulo p with J and the known order 
of K, it follows readily that K and K are simply isomorphic, as 
was to be proved. 

30. Groups of Isomorphisms of Abelian Groups in General. 
Let G be an Abelian group of order pipe - - - p,*« where pi, 
po,-+-+, Pn are distinct primes and αἱ, Qe, ---, A, are positive 
integers. Then G, as we have seen, is the direct product of its 
Sylow subgroups Gi, Ge, - - -, Gr of orders pi™, po, ---, pn%", re- 
spectively. In any isomorphism of G with itself the elements of 
the subgroup G:; must correspond to elements of G;. If J: is any 
isomorphism of G; with itself, then G admits an isomorphism in 
which the elements of G; correspond in accordance with the 
isomorphism J; while the elements of the remaining subgroups 
in the set Gi, Ge, - - -, G, correspond each to itself. This isomor- 
phism of G with itself is permutable with any isomorphism of G 
with itself in which the elements of G:; correspond each to itself. 
From these facts it follows that the group of isomorphisms of G 
with itself is the direct product of the groups Li, Lo, ---, Ly of 
isomorphisms of Gi, Ge, - - -, Gr, respectively, each with itself. 

In a similar way it may be shown that the holomorph of G is 
the direct product of the holomorphs of Gi, Go, - --, Gn. 

Now let m be the least common multiple of the orders of the 
elements of G. Then G has elements of order m and no element 
of order greater than m. Let uw be any number not greater than 
m and prime to m. Then the symbol 


ῳ) 
S# 
denotes an isomorphism of G with itself, as one may easily 


verify. It is obvious (compare § 27) that the product of any 
two such isomorphisms is an isomorphism of the same sort; for 


Ἢ 
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where ps is the least positive residue of wie modulo m. Giving 
to mw in turn all its possible values, ¢(m) in number, we have 
¢(m) distinct isomorphisms of G with itself; and these consti- 
tute a subgroup of the group of isomorphisms of G with itself. 
When G is a cyclic group this group of ¢(m) isomorphisms is the 
entire group of isomorphisms of G with itself, as we have seen 
in §27. When G is noncyclic, it is clear that this group is a 
proper subgroup of the group of isomorphisms of G with itself; 
we shall now show that it is a self-conjugate subgroup. 
For this purpose let the symbol 


(s) 


denote any isomorphism of G with itself. Then we have 
(5) (Ss) (5) = ($) (5) (gu) = (sre) = (so) 
5) \se/\s'] ~ \S/\se/\s'e] \st#]  \sel" 
This shows that the elements of the named subgroup are self- 
conjugate in the group of isomorphisms of G with itself. 

31. Hamiltonian Groups. A Hamiltonian group is a non- 
Abelian group all of whose subgroups are self-conjugate. Since 
every subgroup of such a group is self-conjugate, it follows that 
there is only one Sylow subgroup of each order. Now let g and 
h be elements from two Sylow subgroups. If 15 the element 
c=g-1.h-1gh=g-!h-1g-h, then c is in each of these sub- 
groups and therefore is the identity. Hence g and hk are per- 
mutable. Hence it follows that a Hamiltonian group is the 


direct product of its Sylow subgroups. 
Two elements a and ὁ subject to the sole conditions 


a* = 1, a* = (ab)? = BD’, 


generate a group of order 8, as the reader may easily verify. 
This is known as the quaternion group. The reader may show 
that it is a Hamiltonian group. It has, besides the identity, six 
elements of order 4 and one of order 2. 

We shall now prove the following theorem (by the method 
given in Hilton’s Finite Groups) : 
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II. Let G be a Hamiltonian group. Then 
(1) Gis the quaternion group Q; or, 
(2) G is the direct product of Q and A, of Q and 
B, or of Q and A and B, 
where A is an Abelian group of odd order k and B is 
an Abelian group of order 2” and type (1, 1, - - -, 1). 
Every such direct product is a Hamiltonian group. 


We first prove that the direct product σι of Ο and A and B 
is a Hamiltonian group. Let h be any element of a subgroup H 
of σι and write = abc, where a, ὃ, c belong, respectively, to 
A, B, Q. Let g be any element of G; and write similarly g = αβΎ, 
where a, 8, y belong, respectively, to A, B, Q. Then we have 
gohg = y'B a abeaBy = yabcey = y~cyab. Since 
c* =1 and {c} is self-conjugate in Q, it follows that Ὑ ἰΟΎ =c 
or c?. Hence g-!hg=h or c?2h. Now H contains the element 
h2* = (abc)?* = a?*b**c?* = c?*, But οἷ = c?, since ct = 1 and k 
is odd. Therefore H contains both / and c?h and hence contains 
σὶρ. Therefore H is self-conjugate in σι. Therefore G, is a 
Hamiltonian group. 

That the direct product of Q and A alone or of Q and 8 
alone is also a Hamiltonian group is now evident. 

Let [ be a Hamiltonian group of order p«, where p is a prime. 
Let p* be the lowest order of an element in I which is not 
self-conjugate in I’, and let g be an element of Γ of order p* 
which is not self-conjugate in I’. Let h be any element of I 
which is not permutable with g and denote the order of h by 
p* (w= d). 

Since Γ is Hamiltonian, it follows that h-1gh is in {g}. 
Then h~'gh is a power of g. Write g-1-h-1gh=c. Then c is 
a power of g. In a similar way it may be shown that c is a 
power of hk. Hence c is in the greatest common subgroup D 
of {g} and {hk}. Every subgroup (of order greater than 1) of 
{δὲ contains {g*""}, and every subgroup (of order greater 
than 1) of {1} contains {ze""*}. But, since cx 1, D does not 
consist of the identity alone. Therefore D contains both {g?*”*} 
and {he"-1}. Hence g®** is some power of c; likewise #?"~? is 
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some power of c. Therefore g?*”' = h«?*—!, where u is an appro- 
priate integer which is prime to p. Since g and h are not per- 
mutable, it follows that D does not coincide with {g}. Therefore 
A> 1. 

From the relation A—1!gh = gc and the fact that g and c are 
permutable we have h—1g?h = g?c?. But g? is self-conjugate in 
I’ by hypothesis; therefore c? = 1. 

Since c is permutable with both g and h and g-!h-'gh=c, 
we have 
gh-tg=ch~, g-th-6g = c6h-8, h-®gh® = γοβ, h-SgahF = ραραβ͵ 
In particular, gh® = h®gc®. Hence (hg)?=h-gh-g=h-hgce-g 
= μῶρος, (hg)? = hgh?g?c = h - h?gc? - g2c = h'g3c3, By induction 
it may now be shown that (hg)! = μἰρ οἰ 1) But from the 
established relation h~%g*h” = g*c*™¥, it follows * that οὖν is the 
commutator of g? and h”. Hence 


(hy g)* —_ hytgrtchzut(e—1) | 


as one may show from the result just preceding. 
In the last relation put 

x=1, y=—upe, t=pl. 
Then we have (h¥g)' = ci#*¢-)D, Hence if p is odd, or if p=2 
and y is even, or if = 2 and ἃ» 2, we have (h’g)' = 1, since 
c?=1. Now hg is not permutable with h; hence we cannot 
have (h’g)‘= 1, for then we should have an element of lower 
order than g and yet not permutable with h, contrary to hy- 
pothesis. Therefore we must have p = 2, \= 2 (since A> 1), 
y an odd number, and therefore 1» =A=2. Then we have 
g*=h*=1, g?= h?, and g-'hg = 13, From this it follows that 
{g, h} is the quaternion group. 

From this it follows that any two nonpermutable elements 
in a Hamiltonian group I of order 2« generate a quaternion 
group. a 

An element e of order 2 in Γ is self-conjugate, since {e} is 
self-conjugate. The elements of order 2 therefore constitute 
an Abelian subgroup H of type (1,1,---,1). Let Q be any 


* This result is of some interest in itself apart from the use made of it here. 
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quaternion subgroup of Γ generated by elements α and ὁ sub- 
ject to the conditions a* = 1, a? = (ab)? = b?. If dis an element 
of I’ which is not permutable with a, then {a, d} is a quater- 
nion group and we have d? = a?, in accordance with a previous 
result in the argument. 

If y is an element of I which is permutable with both @ and 
ὃ, then yd is not permutable with a, and hence a? = (yb)? = y?b? 
= y2a?, Therefore ~y? = 1 and hence Ύ is in H. 

If y is an element of I’ which is not permutable with both 
a and ὃ, then we have either (1) y~lay=a, y'bg = δ, 
(2) y-lay=a, ylby =), or (3) yay =a, ylby = ὅ3. 
In the respective cases it may be shown that ὦ and 6 are both 
permutable with (1) ay, (2) by, (3) aby. In each case vy is in 
{Q, H}. Then I is generated by Q and H, and H 1s the central 
of I’. The greatest common subgroup of Q and H is {a7}. If 
B is that subgroup of H of index 2 which does not contain @?, 
then B is an Abelian group of order 2.- 8 and of type (1, 1,---, 1), 
when a > 3, while I itself is the direct product of Q and B. 

From this it follows that a Hamiltonian group of order 2¢ is 
the direct product of the quaternion group Q and an Abelian 
ἙτοαΡ ἢ Β of order 1 when a=3 and of order ἫΝ 3 and type 
(1,1,---, 1) when a> 3. 

Now any Hamiltonian group is the direct product of its 
Sylow subgroups. From the foregoing argument it follows that 
the Sylow subgroups of odd order are Abelian. The direct 
product of these Sylow subgroups of odd order is an Abelian 
group A of odd order. The Sylow subgroup of even order 22 is 
either the quaternion group Q or the direct product of B and Q, 
as we have seen. Hence G itself is a group of one of the types 
described in the theorem. 

This completes the proof of the theorem. 


EXERCISES 
1. If K is the holomorph of a cyclic group G of order 8, show that 
G is not a characteristic subgroup of K. 


2. In the group A of inner isomorphisms of a group G noelement other 
than the identity is a power of every other element except the identity. 
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3. There is no group G having the quaternion group for its group 
of inner isomorphisms. 


4. A subgroup of a Hamiltonian group is either Hamiltonian or 
Abelian. 


5. A factor-group of a Hamiltonian group is either Hamiltonian 
or Abelian. 


6. The holomorph of the cyclic group of order 4 is simply iso- 
morphic with the octic group. 


7. The group of inner isomorphisms of a Hamiltonian group is an 
Abelian group of order 4 and type (1, 1). 


8. An element of the group {B, Q} of ὃ 31 is of order 1 or 2 or 4. 


9. If s and ¢ are subject to the sole conditions s!6=1, 2Ξ 1, 
tst = 59, then the group {s, ¢} is of order 32 and is conformal with the 
Abelian group of order 25 and type (4, 1). 


10. Show that the holomorph of the cyclic group of order  con- 
tains a subgroup of order md for every factor ὦ of ¢(m), where ¢(n) 
denotes Euler’s ¢-function of . 


11. Show that the number of subgroups of type (2, 1) in a prime- 
power Abelian group of order p*® and type (2, 2, 1, 1) is 
ΡῈ + 1)(o? + p +1). 


12. In order that a prime-power group of order p” (m> 1) shall 
be Abelian, it is necessary and sufficient that more than p”—! of its 
elements shall correspond each to its inverse in some isomorphism 
of the group with itself. 


13. Let Ho, Hi, Ho, ---, Hy be the p+ 1 subgroups of order p in 
an Abelian group G of prime-power order p? and type (1, 1). Show 
that the group of isomorphisms of G with itself permutes these p + 1 
subgroups according to a transitive permutation group K of degree 
p+1 and order (b+ 1)p(p — 1). 


14. Show that the group K of the foregoing Ex. 13 contains a transi- 
tive subgroup Κι of degree p and order p(p — 1) each element of which 
leaves Hp fixed; show further that Και has a cyclic transitive subgroup 
of degree and order p — 1 each element of which leaves H; fixed. 


15. Show that the group K of the foregoing Ex. 13 has a transitive 
subgroup L of index 2 such that L itself has a transitive subgroup L; 
of degree p and order 4 p(p — 1) each element of which leaves Hp fixed. 
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16. Let G be a prime-power Abelian group of order p™ and type 
(m1, Me, +++, m,) and let r be less than or equal to &. Show that the 
number of subgroups in G of order p* and type (1, 1, -- -, 1) is 


k— 1)(pe-1 — 1) --- (pe-r+i — 1) 
Φ" -- 1) γ 1 —-1)---(~-1) 


MISCELLANEOUS EXERCISES 


1. Let G be an Abelian group of order greater than unity such 
that every element in it besides the identity is of one given order &. 
Show that k& is a prime number p and that G is of order p” and type 
(1, 1,---, 1), where m is some positive integer. 


2. Let S be an element of prime order g which is permutable with 
a prime-power Abelian group G of order p* but not with any proper 
subgroup of G except that consisting of the identity alone. Show 
that 4 ΞΞα. 


3. Let G be any group of finite order. Show that a number m 
exists such that the group of isomorphisms of the Abelian group of 
prime-power order p” and type (1, 1, ---, 1) contains a subgroup 
simply isomorphic with G. 

4. Let G be an Abelian group having the property that it contains 
a set of subgroups such that any given element of G other than the 
identity occurs in one and just one subgroup of the named set. Show 
that G is of prime-power order p” and of type (1, 1, ---, 1). 


5. Let G be a prime-power Abelian group of order p?#+* and 
type (2, 2,---,2,1,1,---, 1), the latter symbol containing y 2’s and 
z1’s. Show that the number JN, of cyclic subgroups of order p? in G 
and the number N2 of noncyclic subgroups of order p? in G are given 
by the formulas | 


= y—] ΠΕ . = ytz — 1) ( yte-1__} ; 
MS pape a ea) 


6. Find the number of subgroups of type (3, 2, 1) in a prime-power 
Abelian group of order p!? and type (3, 3, 2, 2, 1, 1). 


7. Let G be an Abelian group of prime-power order p” and type 
(2, 1,1, ---, 1). Show that the number of subgroups of index p in G 


is (p™-! — 1)/(p — 1). 
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8. If P is an element of order p< in the group 1 of §§ 28 and 29, 
show that a =4m or a = 4(m+ 1) according as m is even or odd. 


9. Show that the group of isomorphisms of the Abelian group G 
of order 32 and type (1, 1), when represented in the usual way as a 
permutation group, contains two abstractly distinct regular subgroups 
of order 8. Show in each case that the corresponding subgroup of the 
holomorph of G, when represented in the usual way as a permutation 
group, is a transitive group of degree 9 and order 9 - 8 which contains 
as a subgroup a transitive group of degree 8 and order 8. 


10. Show that the group of isomorphisms of the Abelian group G 
of order 52 and type (1, 1), when represented in the usual way as a 
permutation group, contains three abstractly distinct regular sub- 
groups of order 24. Show in each of the three cases that the corre- 
sponding subgroup of the holomorph of G, when represented in the 
usual way as a permutation group, is a transitive group of degree 25 
which contains as a subgroup a transitive group of degree 24 and 
order 24. 


11. Show that the prime-power Abelian group G of order p* and 
type (1, 1, 1, 1) has a set of p? + 1 subgroups each of order p? such 
that the identity is the only element common to any two of them. 


12. Show that a prime-power Abelian group G of order p® and type 
(1, 1,---, 1) has a set of p? + 1 subgroups each of order p? such that 
the identity is the only element common to any two of them. 


13. Show that a prime-power Abelian group G of order p® and type 
(1,1, ---, 1) has a set of p* + p? + 1 subgroups each of order p? such 
that the identity is the only element common to any two of them. 


14. Show that the group J of isomorphisms of the Abelian group G 
of order 33 and type (1, 1, 1) is (2, 1) isomorphic with a group H which 
permutes the 13 subgroups of G of order 9 according to a transitive 
group of degree 13 and order 13 -12-9.- 4. 


15. Show that the group IJ of isomorphisms of the Abelian group G 
of prime-power order p? and type (1, 1, 1) is (b—1, 1) isomorphic 
with a group H which permutes the p?+ p+ 1 subgroups of G of 
order p? according to a transitive group of degree p? + p + 1 and order 
(b? + p + 1)(p? + p)p?(p — 1). 

16. Show that the group H of the foregoing Ex. 15 contains a sub- 
group of index p? + p+ 1 which is transitive of degree p? + p. 


CHAPTER V 


Prime-Power Groups 


32. General Properties. In § 15 we saw that any group may 
be generated by any set of its Sylow subgroups which contains 
one such subgroup of each possible order. Since these Sylow 
subgroups are prime-power groups, it follows that the theory of 
prime-power groups is of central importance in the theory of 
finite groups in general. In the previous chapter we have made 
an analysis of the prime-power Abelian groups. In this chapter 
we shall treat the prime-power groups without the restriction 
that they shall be Abelian. 

The most important theorem relating to prime-power groups 
has already been proved in §15. It may be stated as follows: 


I. A prime-power * group G of order p” contains 
a self-conjugate element of order p. 


From this theorem we drew the following corollaries: the 
number of self-conjugate elements in G is a power of p; a 
group of order p? is Abelian; a group whose order is a multiple 
of p contains an element of order p. 

In § 21 we saw that every prime-power group is soluble. 

Every subgroup of a group G of order p” has for its order a 
power of p (δ 10). Hence the number of elements of G each of 
which is conjugate to a given element must (by Theorem VI of 
§ 11) be a power of p. 

If G is a non-Abelian group of order p”, its central H 15 ἃ 
proper subgroup of order p’, where s is a positive integer less 
than m. The factor-group G/H is of order p”~*. We call it the 
central factor-group of G. If this group is non-Abelian, we form 


* Throughout the chapter the τὰν ρα will always denote a prime number. 
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its central factor-group. Continuing this process, we must 
finally arrive at a central factor-group which is Abelian. It is 
to be observed that this central factor-group is noncyclic. This 
follows at once from Theorems VII and VIII of § 20 and the 
fact that this Abelian factor-group is the factor-group of a non- 
Abelian group with respect to its central. 

Now G is multiply isomorphic with its central factor-group 
G/H, the central H (of order p*) of G corresponding to the 
identity in G/H. And G/H contains a self-conjugate subgroup 
of order p, as one sees from Theorem I. Corresponding to such 
a subgroup of G/H is a self-conjugate subgroup of G of order 
p**1, in accordance with Theorem VI of ὃ 20; and this self- 
conjugate subgroup contains the central H of G as a subgroup 
of index p. This subgroup of order p*+! is an Abelian group, 
since it is generated by the central of G and one other (suitably 
chosen) element of G. From this result we have the following 
theorem : 


II. Every non-Abelian prime-power group G con- 
tains a self-conjugate Abelian subgroup some of the 
elements of which are not self-conjugate in G; in 
fact, it contains an Abelian self-conjugate subgroup 
having as a proper subgroup the central H of G. 


Let Mi, He, ---, Hy be any complete set of conjugate sub- 
groups of a group G of order p”. Then the elements of G each 
of which transforms H; into itself form a subgroup whose order 
is a power of p. Therefore (Theorem VII of § 11) the number & 
of subgroups in this conjugate set is itself a power of p. Let 
K; be the largest subgroup of G the elements of which transform 
H; into itself. Then K; contains H;. When k > 1, the elements 
of H; transform at least p — 1 other H’s of the set Hi, Ho, - - -, 
H;, each into itself, since the number of conjugates of H; under 
transformation by the elements of H; is a power of . Hence we 
have the following theorem: 


III. The number of subgroups in any complete 
set of conjugate subgroups of a group G of order 25 
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is a power of p. If this number is greater than one, 
then each subgroup in the set transforms into itself 
at least p — 1 other subgroups in the set. 


In particular, 


IV. Every subgroup of order p"—! in a group of 
order p” is self-conjugate in this group. 


For if H; and He are two subgroups of order p”~! in a con- 
jugate set such that He is transformed into itself by the elements 
of Hi, we may take g to be an element of H; which is not in He. 
Then {He, g} coincides with G while He is self-conjugate in 
{H2, g} contrary to the hypothesis that Hi is a conjugate of He. 

33. Some Self-conjugate Subgroups. We shall now prove the 
following theorem : 


V. A prime-power group G of order p” contains a 
set of self-conjugate subgroups Gi, Ge, - -., Gn—1, Gm 
with G,,=G, of orders p, p?,---, p™—-1, p™, respec- 
tively, such that G; is a self-conjugate subgroup of 
Gi41) of Gi42; ae of Giny for 7= 1, 7, “4. 33 -- 1. 


Let g; be a self-conjugate element of order 2 in G. Then 
G/{g:} is of order p”~! and contains a self-conjugate element 
‘v2 of order p. In the usual multiple isomorphism of G with 
G/ {gi}, let ge be an element which corresponds to yz. Then 
go” is in {δι}, since it corresponds to 2”, or 1. Let g be any ele- 
ment of G and y the corresponding element of G/{g;}. Then 
y~lyo-lyy2 = 1, and therefore g—1g2~1gg is in {g:}. Hence 
{gi, g2} is a self-conjugate subgroup of G of order p? consisting of 
the p? elements 

21% φως (αι, a= 1, 2, ΕΝ p) 
It contains self-conjugately the self-conjugate subgroup {g;} of G. 

Let ys be a self-conjugate element of order p in the group 
G/{gi, ge+, and let gs be a corresponding element in G in the 
usual multiple isomorphism of G with G/ {g;, ge}. Then gs? and 
g-1g3~1gg3 are in {gi, go}, g being any element of G. Thence it 
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may be shown that {g1, ge, gs} is a self-conjugate subgroup of 
G of order p? consisting of the p? elements 

£17182 93%. (αι, a2, a3 = 1, 2, ΝΜ Dp) 
Moreover, {gi, g2, g3} contains both {g1, go} and {gi} self- 
conjugately. 

Continuing this process, we prove the existence in G of ele- 
ments δὶ, δα, ---, Zm such that the groups 

G; = δι, £2,° 55» gi} (a= 1, 2, τ m) 
have the properties named in the theorem. 

Cor. I. The group G (= G,,) contains a set of ele- 
ments gi, 2,---,%m such that g,? and g7'g,~'g¢; 
(where g is any element of G) are in the group 
Gi-1 ={£1, 86," “5, δι. αὐ for 1=2, 3,---, m, while 
G; itself consists of the p* elements 

21% go --- ,%, (ακ ΞΕ 1, 2,---,p; k=1, 2,---,2) 
for each ὦ of the set 1, 2,---,m 

Cor. II. If H is any proper subgroup of order p’ 
in a group G of order p”, then H is contained self- 
conjugately in a subgroup of G of order p‘t!. 

If H does not contain gi, then {H, σι} contains H, Hg,, Hg,?, 
κὸν Ηρ, and these constitute the required subgroup of 
order ῥ᾽], If A contains gi, go,---, δια but not g,, then 
{H, g;} contains the elements H, Hg,, Hg;?, ---, Hg?~1! and these 
constitute the required subgroup of order p‘t!. 

34. Number of Subgroups of Index 2. We shall now prove the 
following theorem : 

VI. Let D of order p* be the greatest common sub- 
group of the subgroups of order p”~! in a group G 
of order p”. Then G contains just 

ρ":" --Ἰ 
Ρ--1 
subgroups of order p”—!. 
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Let Hi, Ho, Η3, - - - be the subgroups of G of index p. Then 
(Theorem IV of § 82) each H; is self-conjugate in G. Hence 
their greatest common subgroup D is self-conjugate in G. Let 
g be an element of G, γι the corresponding element in G/H; in 
the usual multiple isomorphism of G with G/H;, and y the 
corresponding element in G/D in the usual multiple isomorphism 
of G with G/D. Now G/H; is of order p, and hence γ, = 1. 
Hence g? is in H; for each value of 7, and therefore g? is in D. 
That is, D contains the pth power of every element in G. Since 
g? is in D, it follows that the corresponding element +? in G/D 
is the identity. Hence G/D consists of the identity and p”-“ — 1 
elements each of order p. 

To each subgroup of index p in G/D there corresponds one 
and just one subgroup of index p in G, in the named isomor- 
phism of G with G/D. Therefore the number of subgroups of 
index p in G is the same as the number of subgroups of index p 
in G/D. It remains to determine the latter number. 

For this purpose it is convenient to prove first that G/D is 
Abelian. Since G/H; is Abelian, owing to the fact that it is 
of order p, it follows from Corollary II of Theorem IX of ὃ 20 
that H; contains the commutator subgroup A of G; hence D 
contains A. Then from Corollary I of the same theorem it 
follows that G/D is Abelian. Since the elements of G/D, other 
than the identity, are of order p, it follows that G/D is of type 
(1,1,---,1). Since its order is p”~4, it follows from ὃ 28 that 
the number of its subgroups of index p is (η΄ " — 1)/(p — 1). 
Hence this is the number of subgroups of index p in G, as was 
to be proved. (The reader may note that yu is zero when G is 
Abelian of type (1, 1, - - -, 1).) 


Cor. Il. The pth power of every element of G is 
in D. | 

Cor. II. The group G/D is Abelian of order p”-+ 
and type (1, 1,---, 1). 


35. Number of Subgroups of Any Given Order. We shall 
prove the following theorem: 
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VII. The number of subgroups of order p* in a 
group G of order p” is of the form 1+ kp, where k 
is an integer. 


In view of Theorem III of § 32 it is sufficient to prove the 
following, in order to establish the foregoing, theorem : 


VIII. The number of self-conjugate subgroups of 
order p* in a group G of order p” is of the form 1 + kp, 
where & is an integer. 


From Theorem V of § 83 it follows that G has at least one 
self-conjugate subgroup of order p*. Let Hi, H2,---, H, de- 
note its self-conjugate subgroups of order p*. Let Ki, Ko,---, Καὶ, 
be the subgroups of G of order p”—!. Then from Theorem VI 
of § 34 it follows that »=1 mod p. We have to prove that 
y= 1 mod p. 

Let s; be the number of the subgroups Mi, Ha, - - -, H, each 
of which is in Κα. Let i; be the number of the subgroups 
Κι, Ko,---, K, each of which contains H;. Then the number 
of cases in which a group H is ina group K 1s 81 + s2+---+5); 
it is 4150 ὦ +i2+---+#,. Hence 


Sitset-:::-+S5=htbt+:--+h. 


The groups K containing a given subgroup H; are the sub- 
groups of G which correspond to subgroups of index p in G/H; 
in the usual multiple isomorphism of G with G/H;. But the 
number of these subgroups of index p in G/H; 1s congruent to 
unity modulo p, in accordance with Theorem VI of § 34. Hence 
;=1 mod p. Then from the result at the end of the preceding 
paragraph it follows that 


si tsot---+s,= mod p. 


Since v = 1 mod #, it will follow that 4 =1 mod p when it 
is shown that 5; ΞΞ 1 mod p. The latter fact we shall now prove. 
From Theorem VI of § 34, together with Theorem IV of 
ὃ 32, it follows that the number of self-conjugate subgroups of 


126 Groups of Finite Order 


order p* in any (whatever) given group of order p*t! is con- 
gruent to unity modulo p. Let us suppose that the number 
of self-conjugate subgroups of order p* contained in any 
(whatever) given group of order p*+? has the same property ; 
and likewise for any (whatever) given group of order p*+3, - - ., 
Ρπ 1, If from this hypothesis it follows that the same is true 
for any (whatever) given group of order p”, it is clear that the 
truth of the theorem is established by induction. Now from 
the hypothesis we see that the number of self-conjugate sub- 
groups of order p* contained in K; is congruent to unity mod- 
ulo p. These include the s; groups H contained in K; and also 
(possibly) certain other subgroups Lj, L2,---, Ly, of order 2", 
which are self-conjugate in K; but not in G. Since K; is self- 
conjugate in G, it follows that K; contains every subgroup 
conjugate in G to any of the groups LZ), Le, -- -, Lx; whence we 
conclude that ἃ =0 mod ῥ, since these groups fall into conju- 
gate sets in G, the number of elements in each set being a 
power of p. Therefore s;=1 mod p. From this conclusion the 
theorem follows, as we have already seen. 

The foregoing theorem will enable us to prove an important 
theorem due to Frobenius which is in the nature of an extension 
of a part of Sylow’s theorem, namely, the following: 


IX. If Gis any group whose order is divisible by 
the prime-power p* (s > 0), then the number of sub- 
groups of order p* in G is of the form 1 + kp. 


_ Let p™ be the highest power of » contained as a factor in the 

order of G. Let σι be a Sylow subgroup of order p” contained 
in G. Ifa given subgroup of G of order p* is not a self-conjugate 
subgroup of G, then it is transformed by the elements of G, into 
a set of conjugates whose number is a power of p, as one may 
easily verify. Now (Theorem VIII of this section) the number 
of self-conjugate subgroups of order p* in Οἱ is congruent to 
unity modulo ». Combining the propositions in the last two 
sentences, we see that the number of subgroups of G of order 2" 
is of the form 1 + kp, as was to be proved. 
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EXERCISES 

1. The central of a direct product of prime-power groups is of 
order greater than unity. 

2. A simple prime-power group is of prime order. 

3. No prime-power group can be a complete group. 

4. A self-conjugate subgroup of a prime-power group G has ele- 
ments in common with the central of G. 

5. The central of a non-Abelian group G of order p” contains at 
least p commutators of G. 


6. If the commutator subgroup of a prime-power group G is of 
prime order, then each commutator of G is a self-conjugate element 


of G. 


7. A prime-power group is never a perfect group. 
8. If S is an element of order p in a prime-power group G and if 


S is not self-conjugate in G, then S is not conjugate in G to any power 
of S. . 


9. Let a and ὃ be two nonpermutable elements in a prime-power 
group G each having just p conjugates in G. Show that their com- 
mutator c is of order p and is permutable with both a and ὃ. 


10. Let G be the direct product of prime-power groups and let m 
be any factor of the order of G. Show that G contains a self-conjugate 
subgroup of order m. 

11. Any self-conjugate subgroup of order }΄ (s=m-—2) in a 
group G of order p™ is itself contained self-conjugately in self- 
conjugate subgroups of G of orders p*t}, p*t?, ---, p™7). 

12. The commutator subgroup of a group G of order p™ is a sub- 
group of G of index equal to or greater than p?. 

13. In a group G of order p” the number of elements of order ῥ is 
of the form kp — 1. 

14. The total number of subgroups of a group G of order p” is 
congruent to 1 + m mod p. 

15. Every self-conjugate subgroup of a group G of order p” contains 
a subgroup of index p which is self-conjugate in G. 

16. Let μ be defined as in Theorem VI of ὃ 34. Then show that G 
contains no element of order greater than p#t!. 
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17. If E is a self-conjugate subgroup of a group G of order p” such 
that G/E is an Abelian group of type (1, 1, - - -, 1), then E contains 
the group D of Theorem VI of § 34. 


18. In a non-Abelian group of order p? an element is either self- 
conjugate or belongs to a complete set of p conjugates. 


36. Prime-Power Groups Each with a Single Subgroup of a 
Given Order. We shall now prove the following two theorems: 


X. Ifa prime-power group G of odd order p” con- 
tains only one subgroup G, of order p*, where s is a 
given positive integer less than m, then G is a cyclic 
group. 

XI. If a group G of order 2” contains only one 
subgroup G, of order 25, where s is a given integer 
greater than 1 and less than m, then G is a cyclic 
group. If G contains only one subgroup G; of order 2, 
then G is either a cyclic group or a group of the type 
defined by the relations 


co ae ᾽. T2 = gen? T-1ST = S71. (m > 2) 


The proofs of the two theorems coincide through a certain 
part of the argument; therefore we carry them together as far 
as 15 convenient. 

Let P be an element of G not contained in G,. If the order of 
P is less than p*+!, then (Corollary II of Theorem V of ὃ 33) G 
contains a subgroup of order p* containing P, and this subgroup 
is necessarily different from G,. Since this contradicts the hy- 
pothesis that G contains only one subgroup of order p’, it follows 
that an element P which is not in G, is of order p*+*, where fis a 
positive integer. Then {P?"} is a cyclic subgroup of G of order 
p*; it must therefore coincide with G,. Hence G, is a cyclic 
group. 

Now let 2" be the largest number which is the order of an 
element of G, and let P be an element which is of order p". Then 
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(Corollary II of Theorem V of § 33) {P} is either identical with 
G or is contained self-conjugately in a noncyclic subgroup 
G,.1 of order p’+!. In the first case both theorems are granted. 
It remains to consider the second alternative. 

The group {P} is a self-conjugate subgroup of G,+1, as we 
have already seen. Hence if P; is an element of G,,1 which is 
not contained in {P}, then integers a and β exist such that 


P,~!PP; = P*, Py = P®, 


Now β is divisible by p, since, if it were not, δι would be an ele- 
ment of order 27 1, contrary to hypothesis. Then write 6 = yp, 
so that P,;? =P». Moreover, a cannot be unity, for then 
{P, P,;} would be an Abelian group of type (7, 1) and would 
therefore contain an element of order p not occurring in {P}, 
contrary to the conclusion reached in the first paragraph of the 
proof. Let Py, be the lowest positive integral power of P; which 
is permutable with P. Then we have Pi~°PP = P. But from 
the relation P;—!PP,; = P* we have P;~°PPi° = P**. Hence 
Pe? =P and therefore a®=1mod p’. Furthermore, in the 
group {P, P:} the element P is one of a complete set of p con- 
jugates. Therefore p is a power of p, say, p= p*. But we have 
seen that P;? = P”?; hence \=1. Therefore 


a? = 1 mod 2’, 
while a Ξέ 1 mod 5. 


Since x? =x mod p for every positive integer x, we may write 
αΞ 1- kp, where pu is so chosen that 2 is prime to p. Then 


αὐ =1]-+ kpeti-. oe 
Hence py =7r—1. Therefore we have 
P,-1PP, = Pit’! pp = Pr, 


where & is prime to p. 
From the first of the last two relations we have 


P,~1P?P, = Ρτατιρ Ὁ 
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for all values of the integer x. Hence 
P*P; ΞΡ ες, where g=1-+ kpr-}, 
{ΕΠ = Py+ P*Py- P? = Py2prere, 


(PP, = Pynpaetets τ. 40? 
= ae aen "¢+ bp)kpt—1] 


= ΡιΡΡεῖν-εἰἸριφ- 1)μρῦ 1] 


Now consider the case when p is odd. Then the last member 
of the foregoing equation is equal to P,?P*”. Hence, taking 
x =— y and remembering that P;? = P’?, we see that (P~7P,)? 
=1 while P~7P,; is not contained in {P}. Since this con- 
tradicts a result obtained in the first paragraph of the proof, 
the second alternative named in the second paragraph must be 
excluded. Hence G is a cyclic group. This completes the proof 
of Theorem X. 

Consider now the case of Theorem XI. From the previous 


argument we have 
P*P, = P,P*’ 


where o = 1+ 2°—'k, k being odd; whence it follows that 


(P*P,)* — Pit P2o+ +03 +64) 
= ΡιάΡτάτιοκ - 2r—) 


= P {4 


Again take x = — y; then since P,2 = P®, we have P,4P-17 = 1 
and hence (P~*P;)* = 1 while P-*P, is not in {P}. If s=2, 
we have as before a contradiction with a result obtained in the 
first paragraph of the proof. Thence it follows that G is cyclic 
when s = 2. 

It remains to consider the case when G in Theorem ΧΙ is 
supposed to have only one subgroup σι of order 2. Then G is 
cyclic unless m> 2. Hence in the further argument we sup- 
pose that m> 2. In the case to be considered now we put on 
P, the further restriction that its order is as small as possible 
consistent with the other condition already placed on it, 
namely, that P; is an element of G,.: which is not contained 
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in {P}, while P has the largest possible order 2’ of an element 
in G. We shall then determine what noncyclic group or groups 
(if any) can satisfy the named conditions. As before we have 
(P-'P;)*=1 while P-*P,; is not in {P}. Since P-7P, is of 
_ order not greater than 4, it follows that P; is of order not 
greater than 4, since by hypothesis P; is of minimum order 
consistent with the fact that it is in G,,1 and is not in {P}. 
But from a result in the first paragraph of the proof it follows 
that the order of P; is not less than 4. Hence P, is of order 4. 
Since G by hypothesis contains only one subgroup of order 2, 
it follows that P2’~' is identical with P,2. Now from the rela- 
tion Py~1PP, = P« we have P,~?PP,2= P”. But P,? and P 
are permutable. Hence P*=P. Hence a?=1 mod 2’. The 
cases a =1 and a=+1+27~! may now be excluded, leaving 
α ΞΞ--- 1 mod 2’. Therefore we have Pi-1PP; = P-!. By writ- 
ing S and T for P and P;, respectively, we see that the proof of 
the theorem will be completed when it is further shown that 
7=m—1, since it is easy to prove the existence of a group 
with the defining relations given in the theorem and to show 
that it has the requisite property of containing but one sub- 
group of order 2. [To show the existence and uniqueness of a 
group with the given defining relations, note that its elements 
are δ᾽ and S'T for 7=0, 1, 2,---, 2"-1—1 and that these 
elements are permuted among themselves in a determinate 
way when they are multiplied on the left by either S or 7, the 
resulting permutations o and 7 having the properties assigned 
to S and T and generating a group of order 2”. Then show that 
this group has only one element of order 2.] 

Now 7 < m, since we are considering the case when G is not 
cyclic. If 7 were less than m— 1, then (Corollary II of Theo- 
rem V of §33) the group {P, P,} would be contained self- 
conjugately in a subgroup of G of order 2.2, Let Pe be 
an element of this latter group not contained in {P, Py}. 
Since {P, Pi} is transformed into itself by P2 and {P} is the 
only cyclic subgroup of order 2’ in {P, Pi}, then {P} is trans- 
formed into itself by Pz. If P22 is in {P}, then, by an argu- 
ment like the foregoing, we show that P2~!1PP2= P-!. Hence 
P,"'P2-!PP2P; = P. Then {P, PePi} is a noncyclic Abelian 
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group which contains 3 subgroups of order 2. Hence P>? is 
not in {δ}. Now {P, ῥῶ) is of order 2712 at most; hence Pot 
is in {P}; it is therefore the lowest positive integral power of 
P2 which is in {P}, whence it follows that {P, Pe} is of order 
2°+2 and that {P, P27} is of order 2°t!. Now P22 and P can- 
not be permutable; for, if so, we should have in {P, 52) 
three subgroups of order 2. But from the relation P.~1PP. 
= P' we have P.-*PP2*=P* and P2~4PP2t = P*, Hence 
6741 mod 2’, 64=1 mod 2”. But 6?+1=0 mod 2 and 
62 +1340 mod 4. Hence 62? =1 mod 27 1, while, as we have 
seen, 62=41 mod 2’. Hence 62=1-+2"—1k, where k is odd. 
Hence P2~2PP2? = Ρι τὶ} Therefore P2~2P?2P2? = P2, so 
that P22 and P? are permutable. Therefore the group {P2?, P?} 
is Abelian and contains three subgroups of order 2; contrary 
to. hypothesis. Hence 7 4m—1. Then we conclude that 
T=m—l1. 

This completes the proof of the theorem. 

37. Groups of Order p” Each with a Cyclic Subgroup of Index 2. 
We now prove the following theorem: 


XII. If pis an odd prime and m > 2, there is one 
and only one abstract non-Abelian group G of order 
p™ containing an element of order p”~!. It is the 
group {P, R}, where P and R are subject to the sole 
defining relations 


pe = R?=1, R-IPR= Pitem?, 


The groups of order p and p? are Abelian, as we have al- 
ready seen. | 

Let P be an element of order p”—! in a non-Abelian group G 
of order p”, if such a group exists. The group {P} contains 
just one subgroup of order ». Hence, since G is noncyclic, it 
follows from Theorem X of the preceding section that G con- 
tains an element Q of order p not contained in {P}. Since {P} 
is self-conjugate in G, it follows that {P} is transformed into 
itself by Q, and hence that Q-!PQ= P+, where a is some 
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positive integer between 1 and p”—! exclusive of these bounds ; 
moreover, ἃ 15 prime to p. 

Now P = Q-?PQ? = Ραῦ Hence a? =1mod p""!. Buta? 
= amod p. Hence w=1 mod p. Then write ~c=1-+ &p+, where 
k is prime top. It is clear that 0 « uw<m—1. Nowa?=1 
+ kpeti4..... Hence μὶ Ξξ 71 --- 2. Therefore a = 1-+ kp”. 

Now Q-*PQ* = P**. We have a®*=1 + kxp™-2 + p™ 1], 
where J is an integer since m > 2. Let x be such that kx =1 mod p 
and put R for 95. Then R~!1PR = Ριτρη 2 while R itself is of 
order p. Then {P, R} is the group G, in case this group exists. 
It is of order p”, and its generators satisfy the conditions 


pe”! — R?=1, R-'!PR= Pite™?. 
If such a group exists, its elements are 
Pe PR, P*R?2, ei Piper’. (2 ΞΞ 0, 1, 2, ἌΝ ) pers 1) 


On multiplying these elements on the left by P and by R we 
obtain determinate permutations πὶ and p respectively; and 
these permutations generate a group G having the requisite 
properties. Hence the group G exists and is unique. 


XIII. If m> 3, there are just four abstract non- 
Abelian groups of order 2” each of which contains 
an element of order 2"-1. (See Ex. 1 on page 134.) 


Let G be a non-Abelian group of order 2” containing an ele- 
ment P of order 2”—1, m being greater than 3. 

Let us first suppose that G contains no element of order 2 
except the single element of this order contained in {P}. Then G 
is anon-Abelian group having only a single subgroup of order 2. 
It is therefore of the last type defined in Theorem XI of § 36. 

There remains the case in which G contains an element Q 
of order 2 not contained in {P}. Since {P} 15 self-conjugate 
in G, it follows that Q~1PQ = P+, where a is some odd positive 
integer between 1 and 251 exclusive of these bounds. Then 
P=Q-?PQ2= P”; hence a@2=1 mod 25:1, Writing a=1+2*k, 
where k is odd, we have 


at — 1 = (1+ 2°k)? — 1 = 2441(k + ἀ2. 24-1) = 0 mod 2™-1, 
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Hence (1) μὶ =m — 2, or (2) w= 1 and k(1 + k) =O mod 27-3, 
In case (1) we have a=1-+2"~2, In case (2), since & is odd, 
we must have k= -- 1- 25. ὅλ, and hence a=—1-+ 2"-2), 
where ἃ is an integer. Then the only possible values for ἃ are 
\=1 and A\=2. The three cases thus obtained give rise, re- 
spectively, to the following three sets of conditions: 


(1) p21 = Q?=1, QPQ= Pit2""?; 
(2) pe" —Q?=1, (PQ)? = P2""?; 
(3) p2"* = Q? = (PQ)? =1. 


It is not difficult to show (by methods now familiar to the 
reader) that each of these sets of conditions (when taken as the 
sole defining relations of {P, Q}) leads uniquely to an abstract 
group and that the three groups so defined are distinct. 

From the conclusions already reached the theorem follows. 


EXERCISES 


1. Show that there are just two abstract non-Abelian groups of 
order 8 and that they have, respectively, the following defining re- 
lations : 

(1) at = 6? = (ab)? =1; (2) a#=1, a? = (ab)? = δ3. 

2. Let p be an odd prime. Show that there are just two abstract 
non-Abelian groups of order p? and that they have, respectively, the 
following defining relations: 

(1) a” = b? = 1, δ 1αῦ Ξξ αἰ; 

(2) αὉ =b? =c?=1, c1be=ba, co 1ac=a, bab=a. 

3. Let G be the abstract group of odd order p” (m> 2) generated 
by two elements α and ὁ subject to the sole conditions 

a?” = bP? =1, ab=balte™?, 
Prove the following propositions: 

(1) The elements ὃ and a? are permutable. 

(2) The central of G is {a}. 

(3) If c= a—1!b—1ab, then c is permutable with ὦ and with ὃ and we 
have c? = 1. 

(4) The subgroups of G of index 2. (\ < m) are the p cyclic groups 
ἰδία» Σ @=0, 1, ---, Ὁ το 1) and the Abelian group {a”, b}. The 
latter is noncyclic if « m—1. 
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(5) The commutator subgroup of G is {a?”~ 7} of order p. 
(6) Every proper subgroup of G is Abelian. 

(7) Every noncyclic subgroup of G is characteristic. 

(8) A factor-group of G is an Abelian group. 


4. If Gis a non-Abelian group of order 2” containing two and just 
two cyclic subgroups of order 26 and no cyclic subgroup of order 
28+1, show that 8 cannot be greater than m — 2. 


5. If G is a prime-power non-Abelian group of order p?, show that 
G is generated by any two noncommutative elements in it. 


6. If a group of order p*' has its central of order p?, then it contains 
an Abelian subgroup of order p*. [SUGGESTION. Let C be the central 
of G and let g be an element of G corresponding to a self-conjugate 
element y of order p in G/C in the usual multiple isomorphism of G 
with G/C. Then show that {C, g} is Abelian of order p? and is con- 
tained in the central Οἱ of a subgroup G: of G of order at least as great 
as p13. Repeat the process with G: and Οἱ, and so on.] 


7. If a group of order p!* has its central of order p*, then it con- 
tains an Abelian subgroup of order p’. 


8. Let G be a non-Abelian group of order p” containing two 
Abelian subgroups H and K of index p. Show that the greatest com- 
mon subgroup of H and K 1s the central C of G. Show also that the 
derived group of G and the group of inner isomorphisms of G are both 
Abelian and of type (1, 1, - - -, 1), the latter being of order p?. 


9. The greatest common subgroup of all self-conjugate subgroups 
of index p? in a group G of order p” contains the commutator sub- 
group of G. | 

10. Let P and Q be two noncommutative elements of a group G 
of odd order p” each of which corresponds to its inverse in some iso- 
morphism of G with itself; show that in this isomorphism the com- 
mutator of P and Q cannot correspond to its inverse. 


11. Let G be a group of order 2” containing only one cyclic sub- 
group of given order 2%, where 1 « a@< m; then show that it contains 
no more than one cyclic subgroup of order 28, where a < B < m. 

12. If a group of order 2” contains just 1 + 2 k cyclic subgroups of 
order 2%, where a> 2 and & is an integer, then & must be zero. 

13. If Gis a group of order p” (m> 1), and if 5 < m, then the number 
of subgroups of G of order p*t! each of which contains a given subgroup 
of order p* is congruent to unity modulo p. 
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14. If G is a non-Abelian group of order p”, then the number of 
Abelian subgroups of index p in Gis 0, 1, or 1+ . In the last case 
the central is of index p?. 

15. If a group Gof order p” contains an Abelian subgroup of order p?, 
then the number of its Abelian subgroups of order p? is of the form 
1+ kp. 


MISCELLANEOUS EXERCISES 


1. There is one and just one abstract non-Abelian group of odd 
order p? all of whose elements except the identity are of order p. 


2. A non-Abelian group of order p” contains a self-conjugate 
commutator of order p. 


3. If G is a non-Abelian group of order p™ and if every ee 
of G is self-conjugate in G, show that p must be 2. 


4, If a group of order p* has its central of order p, then it contains 
just 2 p? — 1 conjugate sets of elements. 


5. If a group of order p* has its central of order p?, then it contains 
just p? + p? — p conjugate sets of elements. 


6. A group of order p” cannot be generated by two elements which 
are conjugate within it. 

ἡ. If the elements C, Ai, Ao, -: +, Aa, are subject to the sole de- 
fining relations 

=1,A?=1 (@=1,2,---,4n), 
CA,A;A;A; = 1 (2 φέ 7; ῖ, = 1,2,---,4 n), 

they generate a group G of order 24"*+! whose central is the group {C} 
of order 2. Moreover, the numbers of elements in G of orders 4 and 
2 are, respectively, 


Dan + (— 1)5}1225 and Dan ae (— 1)"+122n ae 7. 


8. Let G be a group of order 3” which contains no element of order 
9. Show that any two conjugate elements in G are permutable. If ” 
is the number of elements in a set of independent generators of G, 
show that 27 —l=m 


9. Show that a group of order p” contains a self-conjugate Abelian 
subgroup of order ρα if α(α -- 1) « 2m. 
10. The number of subgroups of order p in a noncyclic group of 
odd order p” is congruent to 1+ p mod p?. 
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11. Show that there are just three abstract groups of order 34 each 
of which contains three and only three cyclic subgroups of order 9. 


12. Determine the abstract non-Abelian groups of odd order ρὲ 
each of which has all its elements of order p except the identity. When 
p = 3 show that there is only one such group. When p > 3 show that 
there are two such groups, one having its central of order p and the 
other having its central of order p?. 


13. Let G be a noncyclic group of odd order p”, and let a be an 
integer such that 1 « a< _m. Show that the number of noncyclic 
subgroups of order p2 in G is of the form 1 + &p. 


14, Let G be a group of order p”, and let p” be the highest power of 
p contained in the order of the group of isomorphisms of G. Show 
that m= 4m(m—1). Show, furthermore, that n attains the maxi- 
mum value 4 m(m—~ 1) when G is Abelian and of type (1, 1, ---, 1) 
or of type (2, 1, 1, ---, 1). 


15. Let R, S, T be three elements each of odd prime order p such 
that the commutators 5. 1Τ 1571, T—-!R-!TR, R7!S—1RS are each of 
order p while each of them is permutable with each of the elements 
R, 5, T. If the elements R, 5, T are subject to no conditions except 
those implied by the conditions already stated, show that the group 
{R, 5, T} is of order p®, that each of its elements besides the identity 
is of order p, and that any given element in the group either is self- 
conjugate or is one of a complete set of p? conjugates. 


16. Let G be a non-Abelian group of order p”*+? (m = 2) which is 
generated by two elements P and Q of orders p” and p? respectively 
such that the groups {P} and {Q} have no common element besides 
the identity. Show that G must belong to one of the four cases (1), 
(2), (3), (4) determined, respectively, by the further conditions: 


(1) P-1Q-1PQ = P?”™", 

(2) P~1Q-1PQ = Pp?” ἢ, 

(3) P-!Q-'PQ = Q?, 

(4) P-1Q-?PQ? = PP”, P~1Q-1PQ = PP” *Qar, 


How many abstractly distinct groups can be obtained in case (4) by 
suitably varying a? 


CHAPTER VI 


Permutation Groups 


38. Introduction. In § 4 we have defined the terms permuta- 
tion group and degree of a permutation group. The m! per- 
mutations on 7 letters form (see ὃ 4) the symmetric group of 
degree nm and order 9}, and the even permutations on n letters 
form the alternating group of degree n and order $(n!). We saw 
(in § 4) that in any permutation group the permutations are all 
even or exactly half of them are even; in the latter case the 
even permutations form a subgroup of index 2 in the given 
group. The question of the identity of two permutation groups 
was also discussed in § 4. 

It is obvious that any alternating group is a self-conjugate 
subgroup of the symmetric group on the same letters. More 
generally, if Gis any permutation group containing odd permu- 
tations, then the even permutations in G constitute a self- 
conjugate subgroup of G. 

In § 12 we defined the terms transitive and intransitive as 
applied to permutation groups. A transitive group whose order 
is equal to its degree is called a regular permutation group. 

Furthermore, in § 12 we showed that every group G of finite 
order n can be represented as a regular permutation group on 2 
symbols, the latter group being simply isomorphic with G. In 
fact, we set up this representation in two ways; whenever the 
group G is non-Abelian (and only then) these two ways give rise 
to two conjugate permutation groups each of which contains 
permutations not in the other. Moreover, several properties 
concerning the relations of these two groups were determined. 
In particular we showed that two simply isomorphic regular 
‘groups on the same set of » letters are conjugate under the sym- 


metric group on those letters. 
138 
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It is obvious that a given group G may be represented in an 
unlimited number of ways as a permutation group simply iso- 
morphic with G. In fact, if G is so represented as a permutation 
group on each of two distinct sets of letters, then it is also rep- 
resentable as a permutation group on the set composed of all 
the letters in the two given sets by taking as the correspondent 
of each element g of G the product of the two elements which 
correspond to g in the given permutation groups, one of the 
factors being taken from one of the given representations and 
the other from the other representation. 

In the preceding chapters we have frequently employed per- 
mutation groups as a tool in the study of abstract groups, 
particularly in the case of the group of isomorphisms and the 
holomorph of a given group. Now we shall proceed to develop 
some properties of permutation groups as such. 

39. Transitive Groups. A transitive permutation group G on 
the symbols σι, 2, " - -,; @n, aS we have seen in § 12, is a permu- 
tation group on those symbols containing permutations 51, So, 
--+,S, which replace a by αι, @2---,@,, respectively. Then 
5; 15; replaces a; by a;, so that any symbol in G may be re- 
placed by any other symbol in G by a permutation belonging 
to G. A permutation group G which contains a permutation 
replacing any whatever given ordered pair of symbols in G 
by any whatever other given ordered pair of symbols in G is 
called a doubly transitive group. More generally, a permutation 
group G which contains a permutation replacing any whatever 
given ordered set of k symbols in G by any whatever other 
given ordered set of & symbols in G 15 called a k-ply transitive, 
or a k-fold transitive, group. For k = 3, 4, 5 one often uses the 
terms triply, quadruply, quintuply transitive. A group which 
is transitive but not doubly transitive is often said to be 
singly transitive or simply transitive. If a group is k-ply transi- 
tive but is not (k + 1)-ply transitive, then k& is said to be the 
degree of transitivity of the group. If the degree of transitivity 
of a transitive group is greater than unity, the group is said to 
be multiply transitive. 

If the permutation group G on the symbols a1, ae, - - -, @n con- 
tains permutations replacing the given ordered set σι, Ge, " - +, a 
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of & symbols in G by every other ordered set of & symbols in 
G, it is evident that G is k-ply transitive in accordance with 
the foregoing definition; for, if P, and Pe, are permutations 
in G replacing the given ordered set a, @2,---, a by any two 
given ordered sets, then P,~!P2 replaces one of these lat- 
ter by the other. Again, if G contains permutations replacing 
every given ordered set of k symbols in G by the ordered set 
@1, Q2,-- +, a, then G is obviously k-ply transitive. 

Let G be a k-ply transitive group on n symbols. If Sand T are 
two permutations in G each of which leaves fixed a given ordered 
set of k symbols in G, then ST leaves fixed the same ordered set 
of k symbols. Hence we are led to the following theorem : 


I. The totality of permutations of a given k-ply 
transitive group G each of which leaves fixed a given 
ordered set of k symbols of G forms a subgroup H 
of G. 


If this subgroup H 15 I-ply transitive, then G itself ts (k + )- 
ply transitive; for if ai, @2,- +--+, Gx, Qe41,°°*, κει δ any ordered 
set of R+ 1 symbols in G and hj, be,---, κει is any other, 
then G has an element replacing δι, be, ---, 0, by αι, G2, +--+, &; 
if bu41,° °°, 0x41 are replaced by this element by ¢,41, +--+, Ceri 
then there is an element in H which replaces the latter ordered 
set by the ordered set a,41,-- +, ἄραι; then the product of these 
two elements is an element in G replacing the ordered set 
bi,-° +, O%+1 by the ordered set a, ---, G41. 

Now let G be any &-ply transitive group of degree n, where 
k>1. Then G is also (Rk —/)-ply transitive, where / is any 
positive integer less than k. Therefore (Theorem I) G contains 
a subgroup H consisting of all the elements of G leaving fixed 
each of a given set of k—I symbols. This group H 1s I-ply 
transitive; for if ai, @2,--+,@, are the symbols in G and if 
Qi, @2,* +, @_;, are the symbols left separately fixed by the 
elements of H, then H contains an element replacing the ordered 
set @1, 5, " " “, ας by the ordered set a, da, - + +, Q—1, 01, Ba, ° ""» 
δι, where δι, be, - - -, δι is any ordered set of / symbols in G not 
containing one of the symbols a, ao, - " +, G1 
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We shall now prove the following theorem : 


II. The order of a k-ply transitive group Ο of 
degree n is n(n—1)---(n—k-+1)m, where m 1s 
the order of the largest subgroup H of G each ele- 
ment of which leaves fixed a given ordered set of 
k symbols. The subgroup A is contained self- 
conjugately in a subgroup of G of order k!- m. 


The number μ of ordered sets of the symbols of G, when 
these symbols are taken f at a time, isu(n—1)---(n—k+1). 
Denote these ordered sets by P:, Pe,---, Py, where P; is an 
ordered set of the & symbols left fixed by each element of H. 
Let δι, g2,°--°, Z be permutations in G, such that g; replaces 
the ordered set P; by the ordered set P;. Then G consists 
of the following elements and no others: Hi, Hge,---, Hgy. 
For, if g and g; replace P; by P:, then gg;~! replaces P, by 
P, and is therefore contained in H; hence g is contained in 
Hg;. The sets Hg:, ---, Hg, of elements of G form a set of 
pm distinct elements. Hence the order of G is that stated in 
the theorem. 

Let P, be the ordered set σι, d2,---, a. Then each element 
of H leaves this ordered set unchanged. If a’1, a’2,---, a’, 1s 
any ordered set of the same k symbols, then G contains a per- 
mutation a of the form 


ws ie G2, °° *y Qky bi, bo, ae ) 
a’), @'2, ai Qk, δ'., δ'., δον: 


There are k! permutations of the form a no two of which are 
alike as regards the ordered set a’, a’2,---, @’,; and each of 
them is permutable with H, since it interchanges among them- 
selves the symbols left unchanged by H. If a: and a2 are two 
permutations of the foregoing class a which are alike as re- 
gards the sequence @’1, a’2,:- -, a’;, then αἱ ἴαο is in H. There- 
fore the permutations a constitute a subgroup of G of order 
k!-m, and this subgroup contains H self-conjugately. 
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This completes the proof of the theorem. 


Cor. I. The order of a transitive group is divisible 
by its degree. 
Cor. II. The number of elements in G each 
of which replaces the ordered set P; by the ordered 
set P; is m; and these m elements are the elements 
5: 1 Hg;. 


If m= 1, then H consists of the identity alone, and there is 
just one permutation in G which replaces a given ordered set of 
k symbols by another given ordered set of k symbols. In the 
same case G contains elements displacing » — k+ 1 symbols; 
but there is no element of G other than the identity which dis- 
places fewer than n — k + 1 symbols. 

By taking k=1 in the foregoing theorem we have the 
following : 


III. If G is a transitive group, the order of the 
subgroup H formed by all the permutations of G 
each of which leaves a given letter fixed is equal to 
the order of G divided by its degree. 


Now let 51 = 1, Se, -- +, Sm be the elements of this group H, 
and form for G the following rectangular array as in § 10: 


S171; SeT1, a | SmT1, (τι = 1) 
9172, 3272, ae SmT2; 


SiT ny SoT ny en og Satine 


Let a, be the letter held fixed by H, and let a; be the letter by 
which 7; replaces αι. Then every element in the 7th row of the 
foregoing array replaces a, by a@;, and no other element of G has 
this property. Hence σι is left unchanged by m permutations 
in G and is changed into another letter by m(n — 1) permutations 
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in G. In the same way it may be shown that any other letter a; 
occurs similarly in G; that is, it is left fixed by m elements of G 
and is changed into another letter by m(n — 1) elements of G. 
Hence mn(n — 1) is the total number of replacements of one 
letter by another in all the elements of G. But the order of G is 
mn. Hence we have the following theorem : 


IV. The average number of letters displaced by 
the permutations of a transitive group is equal to 
the degree of the group diminished by unity. 


40. Examples of Multiply Transitive Groups. Let G be a mul- 
tiply transitive group of degree m and order n(n — 1). We shall 
show that 7 is necessarily a power of a prime number. The sub- 
group H of order 3 — 1, leaving a given symbol fixed, is itself 
transitive of degree and order n— 1. It is therefore a regular 
permutation group. Hence all its elements except the identity 
are regular permutations changing exactly n—1 symbols. 
Therefore every element in G besides the identity changes all or 
all but one of the symbols of G. But the average number of 
symbols displaced by the permutations of G is m— 1. Hence G 
has exactly 2 — 1 elements each of which displaces all the sym- 
bols of G. If these ἢ — 1 elements, together with the identity, 
form a subgroup, then this subgroup must be self-conjugate in G, 
since it obviously contains the transform of each of its elements. 
The order of an element leaving just one symbol unchanged is 
a factor of nm — 1. Hence the  — 1 elements each of which dis- 
places all the symbols are the only elements besides the identity 
which satisfy the equation S*=1. The other elements in G 
satisfy the equation 55:1 = 1. 

No element which leaves just one symbol unchanged can be 
permutable with an element which displaces all the symbols. 
There are just 5 — 1 elements each of which displaces all the 
symbols. Therefore these n — 1 elements form a complete set 
of conjugate elements. 

Let us write n= pi~po~--- ps, where pi, po, ---, p, are 
primes and (when s> 1) no two of them are equal and where 
the a; are positive integers. The number of elements of G whose 
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orders are factors of n/p;% is (by Theorem XII of ὃ 22) a multi- 
ple of ”/p,7i, say k,n/p:%. Hence the number of elements of G 
whose orders are multiples of p; is n — kin/p,;~i, a number nec- 
essarily different from zero since G contains an element of order 
p; (by Corollary III of Theorem XVI in § 15). Each of these 
elements satisfies the equation 55 = 1; and hence each of them 
displaces all the symbols of G. Therefore the elements of G whose 
orders are multiples of p; form a conjugate set of 2 — 1 elements. 
Therefore n — kin/p,i=n—1. But n— kn/p;% is less than 
n — 1 unless 7 is a power of a prime and k; = 1. Hence 7 1s nec- 
essarily a power of a prime number, say, = p*. 

Now there are just 5 — 1 elements of G each of which dis- 
places all the symbols of G, and these form a conjugate set, as 
we have seen. Their orders are factors of p«. Since they all have 
the same order (owing to the fact that they form a conjugate 
set) it follows that the order of each is p. There is no other 
element in G besides the identity whose order is a power of p, 
since these other elements satisfy the equation S*~! = 1, where 
n= p*. But G contains a Sylow subgroup of order p*. Hence 
the ρα — 1 elements of order p, together with the identity, con- 
stitute the sole Sylow subgroup Γ of order p2 in G. It follows 
that Γ is a self-conjugate subgroup of G. 

We shall next show that Γ is an Abelian group. In case p = 2 
all the elements of I except the identity are of order 2. If 5 
and T are two of these elements, we have STST = 1 or T~!ST 
= 5, Hence Γ is Abelian if p=2. In the further argument 
suppose that p is odd. Then the group G has an element A; of 
order 2 (by Corollary III of Theorem XVI in § 15). Since the 
number of symbols in G is odd, A; must leave one letter fixed. 
Let a, be that letter. Then A; has a set of conjugate elements 
A, 45, - ++, An (n = p*) such that A; leaves fixed the sole symbol 
a;. These m elements involve 4n(m—1) transpositions; no 
‘two elements can have a common transposition, since their 
product would then leave at least two letters fixed and yet 
not be the identity; for this reason also the ” given elements 
of order 2 are all the elements of order 2 in G. Now consider 


the set 
AyAo, A1A3, °--:°, A1An 
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of m—1 elements. Since no two A’s have a common transposi- 
tion, each of these elements displaces all the symbols of G. 
' Hence these are the elements of order p in G. Now the trans- 
~ form of A,A; by A is A;41; hence A; transforms each of the 
elements of order p into its inverse. Then, since Γ is self- 
conjugate in G, it follows that I admits an isomorphism with 
itself in which each element corresponds to its inverse. Hence 
I’ is an Abelian group; for we have S~ S71, T~T-}1, 
ST ὦ (97) and ST ~ 5: 17:1, so that (ST)~! = 5517 1 or 
T—1S—1 = S—1T—!, whence S and T are permutable. 
Then we have the following theorem : 


V. A doubly transitive group G of degree n and 
order n(n — 1) does not exist unless 7 is a power p* 
of a prime number. In case G exists, it has just nm — 1 
elements each of which displaces all the ” symbols 
of G, and these elements, together with the identity, 
constitute a self-conjugate Abelian subgroup Γ of G 
of order p* and type (1, 1, - - -, 1). Every element of 
G not in I is a regular permutation on just n —1 
symbols. 


Now suppose that G is a k-ply transitive group of degree ἡ 
and order n(n —1)---(n—k+1), & being greater than unity. 
Then G contains a doubly transitive group of degree nm — k+ 2 
and order (n—k+2)(n—k-+1). Hence ἢ --- k-+2 must bea 
power of a prime, in accordance with the preceding theorem. 
Therefore we have the following corollary : 


Cor. A k-ply transitive group G of degree n and 
order n(n —1)---(n—k-+1) does not exist for k 
greater than unity unless ἢ, —k+2 is a power of 
a prime. 


When k = n the group G is obviously the symmetric group. 
When k=n-—2 the group is the alternating group, as one 
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may see by aid of Theorem VI in § 41 below. If in this corol- 
lary k <n—2, then & cannot exceed 3 except when m = 11 and 
n=12, a fact which is established by Jordan in Liouville’s 
Journal (2) 17 (1872), pp. 357-363. [See Ex. 12 on page 151.] 
The actual existence of triply transitive groups of degree p’ + 1 
and order (p’ + 1)p’(p” — 1), where p is a prime number, will 
be established here for the case y=1 and in § 68 for every 
positive integral value of ν. | 

Let p be any odd prime number and let us consider the exist- 
ence of a doubly transitive group G of degree p and order 
p(p—1). The elements of G which displace all the symbols 
are of order p. Let P be such an element, and let us take for 


P the permutation 
p= (Ao0Q\@2 δι δ Ὁ Ω;»-.1). 


Let a be any primitive root modulo p, and consider the per- 


mutation 
S= (σισεσωαα: a ); 


where it is to be understood that a subscript greater than 
p — 1 is to be reduced modulo p to a number of the set 0, 1, 2, 
-+,p—1. Then S is of order p — 1, and we have 


SIPS = (0@e02003a°°*) = P*. 


Hence the subgroup {P} of {P, S} is self-conjugate. More- 
over, since S~!PS = P+, it follows that all the elements of 
{P, S} may be written in the form S#P*; for 5 - S#P* = S#t1P 
and P - S#P\ = S#- S~#PS#. P= S#. Pw . P= Sept", whence 
the elements S#P* are merely permuted among themselves on 
multiplication on the left by S or by P. From these facts it. 
follows readily that {P, S} is of order p(p—1). In order to 
show that this group is doubly transitive, we observe that any 
given ordered pair of symbols a,, a, is changed into the fixed 
ordered pair do, αι by the permutation P~*S~’, where 7 is 
suitably chosen. 

Transitive subgroups of {P, S} are readily constructed, 
namely, those which are generated by P and the subgroups of 
{S}. There is obviously such a subgroup of order pd for every 
divisor d of p—1. Thus when p= 13 we obtain in this way 
six transitive groups of degree 13. 
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One may readily verify that the group {(0123456), (124) (365)} 
of degree 7 and order 21 displaces every unordered pair of its 
_gsymbols by every other unordered pair, though the group is 
only singly transitive. This example shows the importance of 
the notion of ordered sets in the definition of multiply transitive 
groups. 

Now in the general case the permutation P is completely 
defined by the transformation 


x’=x+1modp 


on the subscripts x attached to the symbols a. Similarly, the 
permutation S is defined by the transformation 


x’ =ax mod p 


on these subscripts. These two transformations generate all 
transformations of the form 


χ' =ax-+bmodp, (¢#0 mod p) 


and no others, as one may easily verify. This is a special case 
of the linear nonhomogeneous group modulo p introduced in 
§ 29. The order in this case is p(p — 1). 

Let us now consider the set of transformations of the form 


(A) χ' = 2 mod 2, (ad — bc #0 mod p) 


when k £0 mod # and that a corresponding a, namely, a,,, is 
to be adjoined to the set of symbols ὦ so that we now have 
p +1 symbols a. 

Let us first determine the number of transformations in the 
set (A). If c=0 mod p we may take d=1 without loss of 
generality. Then the transformation is linear. We have just 
seen that the number of such transformations is p(p — 1). 
When c #0 mod p we may take c = 1 without loss of generality. 
Then a and d may be chosen at will, each from p incongruent 
numbers, and then ὁ may have any one of p— 1 incongruent 
values and no more, since we must have ad — be £0 mod p. 
Hence the number of nonlinear transformations in (A) 15 
p?(p —1). Therefore the total number of transformations in 
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the set (A) is p?(b—1)+ p(H—1), or (6+ 1)p(6—1). But 
the product of any two transformations in the set (A) is also a 
transformation of the same set. Thence it follows that the 
transformations (A) constitute a group of order (p + 1)p(p — 1). 

The transformation group (A) may be represented as a per- 
mutation group on the symbols αν» do, @1, + - -,; @—1. As such it 
is transitive, since any symbol may obviously be replaced by a,, 
by a suitable transformation of the form (A). Hence the largest 
subgroup each element of which leaves a,, fixed is of order 
ΡᾺ -- 1). It must therefore coincide with the group {P, S} 
already determined, since the elements of this group correspond 
to transformations leaving a,, unchanged. But {P, S} is doubly 


transitive On do, Ω!, " " °, @p_1, as we have already seen. Therefore, 
the named permutation group of order (b+1)p(p—1) on the p+1 
symbols a,,, ἄρ, αι, ++, Gp—1 tS triply transitive on these symbols. 


If 15 an odd prime, this triply transitive group of order 
(pb + 1)p(b — 1) has a doubly transitive subgroup of index 2 
and degree p + 1, consisting of even permutations alone, as one 
will readily verify by aid of the fact that this subgroup contains 
elements of order p. 

41. An Upper Limit to the Degree of Transitivity. We shall 
now prove the following theorem : 


VI. No group of degree n, other than the sym- 
metric and alternating groups of this degree, can be 
more than /-ply transitive, where / is the greatest in- 
teger not exceeding $+ 1. 

Let G be a nonsymmetric k-ply transitive group of degree 2, 
where 1< k< n. Then it is obvious that k< n—1. Let S be 
any permutation of G which displaces more than k and fewer 
than m symbols. Suppose that the notation is so chosen that we 
may write 

S= (@1a2 ἐπ σὺ ΠΝ ( ited GQ; —14;) (Qj41 τ Qy_1Q,°° -) Nao. 
Let s denote the number of symbols displaced by 5. If7 < k—1, 
take _ oa G2, "55. G1, Qk, "" ) 
Gi, deo, " ++, Qe; bi, ese 
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where b; is some other symbol displaced by 5. If7 = ἃ — 1, take 


Qi, Ao, °° *» Οκ--1, Gky* °° 
f je ’ 
Qi, Q2, ee ᾿ς QAk—15 Ck; eee 


where c;, is a symbol not displaced by 5. In each case T is to be 
an element of G; such an element 7 certainly exists in G since 
G is k-ply transitive. Now in either case it may readily be shown 
that ΤΊ 1571. 5-| is not the identity. Moreover, T~1ST-S7! 
displaces at most 2s — 2k-+ 2 symbols, since it leaves aj, ao, 
++, @,—2 unaltered in both cases and also leaves a,_1 unaltered 
in the second case and since 8, is in 5. 

If 2s—2k+2<s, ors < 2k—2, the group G contains a 
permutation displacing fewer than s symbols. By continuing 
the process we must then arrive finally at a permutation which 
displaces not more than k symbols. Let 2 be such a permuta- 
tion in G, where 


Σ = (aide " " Ay) +++ (Aes + + Ar). 


Then G contains a permutation of the form 


P 22: a ees αι... τας 26 ) 
1092 eee QO, 1B oe 


where 8; is different from ας. Then 
Σ- 1. Ρ-ῚΣΡ = (α,β,α,). 


Hence if G contains a permutation displacing fewer than 
2k—2 symbols, it contains a circular permutation of order 3. 
If G is triply transitive, it follows from this that G must contain 
every circular permutation of order 3 and hence (Theorem IV 
of § 2) it must contain the alternating group. 

Now since k > 1, a k-ply transitive group of degree ” contains 
permutations displacing just 5 — k+ 1 symbols, since the sub- 
group leaving k — 1 symbols fixed is of degree m — k+-1 and is 
transitive. Hence if G does not contain the alternating group on 
its 2 symbols, we must have k= 2 or n—k+1<42k— 2, the 
latter condition implying that k +} 4+ 1. From this con- 
clusion the theorem follows, since 4 is the lowest possible degree 
for a group which is neither alternating nor symmetric. 
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In the course of the proof of the preceding theorem we have 
also established the following result : 


VII. If Gis a k-ply transitive group of degree n, 
not containing the alternating group of this degree, 
and if & = 3, then every permutation of G except the 
identity displaces at least 2 k — 2 symbols. 


A much more effective limit to the degree of transitivity of a 
group of degree ” than that contained in Theorem VI has been 
given by G. A. Miller (Bull. Amer. Math. Soc. (2) 22 (1915): 
68-71). Miller’s theorem may be stated as follows: 


ΝΠ. If n»=kb+7, where p is a prime greater 
than the positive integer k and where r > k, then a 
group G of degree m, not containing the alternating 
group of degree ”, cannot be more than r1-fold tran- 
sitive unless k = 1 and r = 2. 


We shall not give a proof of this theorem or of the following 
corollary which Miller (loc. cit.) derives from it: 


Cor. When 7 > 12, a group of degree n, not con- 
taining the alternating group of degree n, cannot be 
s-fold transitive if s = 3? -- 2. 


EXERCISES 


1. There is no transitive group of degree m whose degree of tran- 
sitivity is 7 — 1. | 

2. Construct two transitive groups and one intransitive group of 
degree and order 4. 

3. An Abelian transitive group is regular. 

4, The subgroup H of the group G in Theorem II of § 39 contains 
no self-conjugate subgroup of G of order greater than unity. 

5. A self-conjugate element (other than the identity) in a transi- 
tive group G is a regular permutation displacing every symbol in G. 
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6. The order of the central of a transitive group is a factor of its 
degree. 3 


7. In every transitive group on m symbols there are at least n — 1 
permutations each of which displaces all the x symbols. 


8. Show that the only group of degree 2 is the symmetric group, 
and that the only groups of degree 3 are the alternating and sym- 
metric groups. 


9. Show that there are just seven groups of degree 4 and that they 
are those in the following list: (1) the symmetric group; (2) the al- 
ternating group; (3) the octic group (ὃ 4); (4) {(abced)}; (5) {(@b) (ca), 
(ac)(bd)} ; (6) {(ab), (cd)}; (7) {(ab) (cd)}. 

10. Show that there are just three intransitive groups of degree 5 
— one of order 12 and two of order 6. Show also that there are just 
five transitive groups of degree 5, their orders being, respectively, 120, 
60, 20, 10, 5. Give generators for each of these eight groups of de- 
gree 5. What is the degree of transitivity of each of the transitive 
groups in the set ? 


11. Show that if a group of degree 12 is 5-fold transitive but not 
6-fold transitive, then its order is 12 -11-10-9-8. (Use Theorem VII 
of § 41.) 


12. Let us write 


S = (χοχ: χε " ++ X10), 

T = (X4X5X3Xq) (X10%7%2%6); 

U = (XoXo) (%1%10) (X2%5) (%3%7) (%4%8) (6X9). 
Show that {S, 7} is a 4-fold transitive group of degree 11 and order 
11-10-9-8. Show also that {S, 7, U} is a 5-fold transitive group of 
degree 12 and order 12-11-10-9-8. (These are known as Mathieu 
groups.) 

13. Construct generators for the triply transitive group of degree 10 


and order 10-9-8 contained in the group {S, T} of Ex. 12. Show 
that the permutations | 


(a1@2°+- 48), (@o@g@4) (410207) (a3Q6@s), (901 030204090g060705) 


generate a different triply transitive group of degree 10 and order 
10 -9- 8, and prove that this latter group contains a doubly transitive 
group of degree 10 and order 10-9 - 4. 
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14. Construct two doubly transitive groups of degree 9 and order 
9. 8 and show that there is no other doubly transitive group of this 
degree and order. 


15. Construct three doubly transitive groups of degree 25 and order 
25 - 24 and show that there is no other doubly transitive group of this 
degree and order. 


16. Construct a triply transitive group of degree 6 and order6-5-4 
and show that it has a doubly transitive subgroup of degree 6 and order 
6-5-2. Show that these are the only multiply transitive groups of 
degree 6 other than the alternating and symmetric groups. 


17. Let G be a transitive group of degree » and order nm each 
element of which (except the identity) displaces all or all but one of 
the symbols. Prove the following propositions : 

(1) There are just ἡ — 1 elements of G each of which displaces all 
the symbols. If these elements, together with the identity, form a 
group, then this group is self-conjugate in G. 

(2) If H is the subgroup of order m leaving one symbol fixed, her 
the elements of H permute, in sets of m each, the elements which dis- 
place all the symbols. Therefore m is a factor of m —1. The number 
of elements in a complete conjugate set of elements each of which 
displaces all the symbols is a multiple of m. 

(3) If p= (a> 0) is the highest power of a prime p which divides ἡ, 
then the number of elements whose orders are multiples of p is of the 
form ἡ — k,n/p« and m is a factor of the positive number ρα — Κρ. 

(4) If m= Vn, then n is a power of a prime. 

(5) If m is twice an odd number, then G is a regular group. 

(6) If m is even, then G contains a self-conjugate regular Abelian 
group of degree and order 3. 


18. Show that the permutations 


(a1@3) (d246) (@sa7), (410203040506474s), 

(doagQ4) (414207) (A3d6@5), (σοσισεαοαεαραβαραταπ) 
generate a triply transitive group of degree 10 and order 10-9-8-2 
containing the two triply transitive groups of Ex. 13. 


19. Construct a doubly transitive group of degree 25 and order 
25 - 24-2 containing two doubly transitive groups of degree 25 and 
order 25. 24. 
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40. Construct a doubly transitive group of degree 49 and order 
49 48. 2 containing two doubly transitive groups of index 2. 


42. Simplicity of the Alternating Group of Degree n#4. We 
shall prove the following theorem : 


IX. The alternating group of degree n is simple 
except when 7 = 4. 


When n = 3 the alternating group is of order 3 and 15 there- 
fore simple. When m = 2 it consists of the identity alone. Hence 
in the proof we may consider only the case when n = 4. 

Now the alternating group G of degree 7 is (n — 2)-ply transi- 
tive. If P is a permutation of G displacing fewer than n—1 
symbols, then, as in § 41, we may construct a permutation 2 
such that 2-!P-!>.- P is a circular permutation of order 3. 
But >—!1P-12 = (2-1PZ)—!. Hence P and its conjugate per- 
mutations generate the group G. If S is a permutation of G dis- 
placing n — 1 symbols, then, as in § 41, we may construct a 
permutation 7 such that 5. Τ 157 displaces not more than 
2(n — 1) — 2(n — 2) +2, or 4, symbols. If S is a permutation 
of G displacing m symbols, then T may be found so that S~!T—1ST 
displaces not more than 2 n — 2(n — 2) + 2, or 6, symbols. 

From these considerations it follows that the group G is 
certainly generated by any given permutation Q of G and its 
conjugates, except possibly in the case of a permutation dis- 
placing  — 1 symbols when m= 5 and in the case of a per- 
mutation displacing symbols when n = 4, 5, or 6. 

When v = 5 and S is an even permutation on 4 symbols, we 
may write S = (12)(34). Then if we take 7 = (12)(35), we 
have S~!T-!ST = (354). Hence S and its conjugates generate G. 

When n=6 and S is an even permutation on 6 symbols, 
we may take for 5 either (12)(3456) or (123)(456). If T is 
(12)(3645), we have for S~!7~-!ST the permutation (356) or 
(14263) in the respective cases. In either case S and its con- 
jugates generate G. 

When z = 5 and S is an even permutation on 5 symbols, we 
may take S = (12345). Putting T= (345), we have S~!T-!ST 
= (134), so that again S and its conjugates generate G. 
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When = 4 and S is an even permutation on 4 symbols, we 
may take S = (12)(34). The permutations conjugate to S in 
G are S and (13)(24) and (14)(23). These generate a group of 
order 4 which is self-conjugate in G. Hence G is not simple 
when n = 4. 

When n> 4, the group G is generated by any one of its 
elements (other than the identity) and the conjugates of that 
element. Hence, when n> 4, G contains no self-conjugate 
proper subgroup except that consisting of the identity alone; 
hence G is simple when n > 4, and therefore when n =~ 4. 

43. Self-conjugate Subgroups of Symmetric Groups. We shall 
prove the following theorem: 


X. The alternating group of degree 7 is the only 
self-conjugate proper subgroup (of order greater 
than unity) contained in the symmetric group of 
degree n except when ἢ = 4. | 


When n= 4 the self-conjugate subgroup of order 4 in the 
alternating group is also self-conjugate in the symmetric group, 
as one may easily verify. When ἢ = 2 or nm = 3 the theorem is 
obvious. Hence we have left to consider the case when n > 4. 

As in the proof of the previous theorem, it may be shown 
that the conjugates of any even permutation (other than the 
identity) in the symmetric group of degree (n> 4) generate 
the alternating group. It is obvious that a subgroup of order 2 
is not self-conjugate in the symmetric group of degree m (n > 4). 
Any other subgroup containing odd permutations also contains 
an even permutation besides the identity; hence if it is self- 
conjugate it must contain the alternating group and therefore 
must coincide with the given symmetric group itself. 

Since a subgroup of index 2 in a group is self-conjugate in 
the group, we readily obtain the following corollary : 


Cor. The alternating group of degree nm is the 
only subgroup of index 2 in the symmetric group of 
degree n. 
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44. Representation of a Group as a Transitive Group. We 
have seen (in § 12) that every finite group can be represented 
as simply isomorphic with a regular permutation group. It 
is often desirable to represent a given abstract group as a 
transitive group of lowest possible degree, in order to facilitate 
the study of the properties of the group. Therefore we shall 
now give some theorems concerning the representation of an 
abstract group as a transitive permutation group. 


XI. Let G be a group of finite order g which con- 
tains a subgroup H of index m. Then G has a (, 1) 
isomorphism with a transitive group of degree m, 
where k& is the order of some subgroup of H which is 
self-conjugate in G. The isomorphism is simple if 
H contains no self-conjugate subgroup of G of order 
greater than unity. 


Let G be separated into the partitions Hr; (τι = 1), Ht2,-++, 
Htm according to the second method of §10; and denote 
these partitions in order by the symbols 1, Ύ2, "" "» Ym If a 
is any element of G, then every element in H7;- a belongs to 
the same partition, say γ΄ aS τι α. If ὃ is any element of G, 
then every element in H7r,ab belongs to the same partition, say Ὁ 
γ";, as τιαῦ. Now if we write 


ae Vir Ύ2» °° *s Ym T= Y'1 '2, τ Yn 
S=\, ., . , ij? eal, Pe | TE 7 
Y1,V2°°'s Ym Y 1, ‘Y 2» » 7 
we have | 
Yi, Y2. °° *s Ym ) 
γ᾽, "2, τ» Ym 


From this it follows that if the permutations S and T on 
1, Y2, ""» Ym correspond to a and 8, respectively, then the 
product ST corresponds to ab. Hence all the permutations 
such as 5, T,- - - form a permutation group G on 1, Y2,° °°, Ym 
which is isomorphic with G. This group G is transitive, since 
the element γι is carried into the element ; by the permutation 
corresponding to the element 7; of G. 


st =( 
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The identity in G is the only element in G corresponding to 
the identity in G. The totality of elements in G each of which 
corresponds to the identity in G forms a self-conjugate sub- 
group H, of G, in accordance with Theorem I of ὃ 16. Let ἃ 
denote the order of H;. Then G is (ζ, 1) isomorphic with G. 
If h; is any element of H,, then H7,h; is the same set of elements 
as Hr; for each ὦ of the set 1, 2,---,m. In particular, Hh, is 
the same set as H. Therefore ἢ is in H. Therefore H contains 
the self-conjugate subgroup H,; of G. Hence when H contains 
no self-conjugate subgroup of G of order greater than unity, the 
isomorphism of G with G is simple. 


Cor. If a group G contains a complete set of m 
conjugate elements Si, S2,---, S,, or a complete set 
of m conjugate subgroups Hi, He, ---, H,, then G is 
isomorphic with a transitive permutation group of 
degree m. 


For G contains a subgroup of index m in accordance with 
Theorem VI, or Theorem VII, of § 11. 

If a group G of order g is a transitive group of degree m on 
the 7 letters a1, 5, ---, @n, then, as we have seen, G contains 
subgroups Gi, Ge, - "., Gy, of index ” such that G; consists of all 
those elements of G each of which leaves a; fixed. Moreover, G; 
contains no self-conjugate subgroup of G of order greater than 
unity, as one may readily show. If G, leaves a letters fixed, so 
that it is of degree 2 — a, then the groups G1, Go, : - -, G,, fall into 
sets of a each so that the ἃ groups in each set are identical. In 
any case the distinct groups in the set Gi, Go, ---, G, form a 
complete set of conjugate subgroups of G. If G is nonregular, 
the groups Gi, Ge, - - -, G, cannot all coincide, so that in this case 
there are at least two distinct groups in the set. Hence a group 
cannot be represented in the form of a nonregular transitive 
permutation group to which it is simply isomorphic unless it 
contains a non-self-conjugate subgroup H which itself contains 
no self-conjugate subgroup of the given group except that con- 
sisting of the identity alone. Combining this result with the 
preceding theorem, we have the following: 
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XII. A necessary and sufficient condition that an 
abstract group G of order g may be represented as 
simply isomorphic with a transitive permutation 
group of degree n (n « g) is that G shall contain a 
subgroup H of index n such that neither H nor any 
proper subgroup of H (other than that of order unity) 
is self-conjugate in G. 


Now let G be a transitive permutation group on the letters 
αι, a2, -- -, @, Which contains no subgroup of degree n and index 
n but does contain subgroups displacing just — 1 letters. 
Then G contains distinct subgroups Gi, Ge, ---, G, of index ἡ 
such that 6; displaces all the letters except a; These m sub- 
groups must correspond to these » subgroups in every isomor- 
phism of G with itself. An element of G which replaces a; by 
a; transforms G; to G;; therefore a permutation P in G trans- 
forms the subgroups G; according to a permutation which trans- 
forms to P by the permutation 


(o" Ga, es μὴ 

ai, Q2, ee ri Qn 

Hence, if each G; corresponds to itself in an isomorphism of G 
with itself, then every element of G corresponds to itself in that 
isomorphism. Therefore the group of isomorphisms of G may 
be represented as a permutation group on Gj, G2, --:, Gn. 
Furthermore, G is simply isomorphic with its group of inner 
isomorphisms. Therefore the latter group may be represented 
as a transitive permutation group of degree m which contains G 


as a self-conjugate subgroup. Hence we have the following 
theorem : 


XIII. If Gisa transitive permutation group which 
contains subgroups of index n displacing just 7 — 1 
letters, but no subgroup of index x displacing all the 
n letters, then G is simply isomorphic with its group 
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of inner isomorphisms, and the group of isomorphisms 
of G may be represented as a transitive permutation 
group of degree which contains G as a self-conjugate 
subgroup. 


45. Intransitive Groups. Let G be an intransitive group. 
Let x; be any letter on which it operates, and let x1, x2,-- -, x, be 
the letters into which x; may be changed by the elements of G. 
Then any permutation in G merely permutes these letters among 
themselves. Moreover any letter x; may be displaced by any 
letter x; by a permutation of G; for if g displaces x, by x; and 
h displaces x: by x;, then g~'h displaces x; by x;. Hence the 
elements of G permute the letters x, x2, ---, x, transitively. 
These letters form what is called a transitive set of letters in G. 

Since G is intransitive it operates on some other letters than 
those contained in the transitive set x1, x2, ---, xr. Let y; be 
such a letter, and let 41, yo, ---, vs be the transitive set con- 
taining γι. If this does not exhaust the letters on which G 
operates, then there is another transitive set 21, 22, - - -, Ζε among 
the letters of G. This process may be continued until all the 
letters of G are exhausted, so that the letters on which G 
operates are thus separated into a certain number (two or more) 
of independent transitive sets. 

Let o be the totality of letters in a certain number (not all) 
of the transitive sets of the letters on which G operates; and 
let + denote the totality of the remaining letters in G. If σι and 
g2 are any elements in G which do not displace any of the letters 
in the set 7, and if g is any element of G, then the letters in 7 are 
left fixed both by gige and by g-!g:1g. Hence the totality of 
elements in G each of which leaves fixed the symbols 7 forms a 
self-conjugate subgroup H; of G. Similarly, the elements which 
leave fixed the symbols o form a self-conjugate subgroup H2 of G. 

Now the totality of different permutations on the letters in ¢ 
alone, each of which is produced by an element of G, evidently 
forms a permutation group G; on the letters ing. Let g and g’ 
be any two elements of G, and let k and k’ be the elements of G, 
which permute the letters in o in the same way as g and g’ re- 
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spectively. Then gg’ and kk’ permute the letters in o in the same 
way. Hence G and G; are isomorphic, the elements of H2 in G 
corresponding to the identity in σι. Therefore Gi: is simply iso- 
morphic with G/He. It is evident that G, contains H; as a self- 
conjugate subgroup. 

Now the identity is the only element common to H; and He. 
Moreover every element in one of these groups is permutable 
with every element in the other. Hence {Hi, He} is the direct 
product of Hi and He. Since Hi and Hz are both self-conjugate 
in G, it follows that {H1, He} is self-conjugate in G. Moreover 
G/{H;, H2} and G,/Hi are of the same order. 

The permutations effected on the letters in o by {M, H2} 
constitute the group Hi, while the permutations effected by G 
on the letters in o constitute the group G;. Let 1, ke, kz be ele- 
ments of {Hi, He}, and let gi, g2, g3 be elements of G such that 
ki g1 - ko8e = k383. Let k’1, k’2, k's, 21, 2'2, 2's be the permutations 
effected on the letters in o by the elements 1, ke, kz, δι, 82, 88 
respectively. Then it is evident that k’1g’1- k’2g’2 = R’sg’s. 
Hence the groups G/{H1, Hz} and G,/Hi are isomorphic. But 
we have seen that they are of the same order and that Οἱ 18 
simply isomorphic with G/Hz. Hence G/{Hi, H2} and Οἱ ΛΗ! are 
simply isomorphic. 

If Ge is the permutation group effected on the letters in 7 by 
the group G, then it may be shown similarly that G2/He is simply 
isomorphic with G/{H;, He}. Hence G:/H; and G2/He are simply 
isomorphic. 

Now let G be an intransitive group of degree ” having just k 
transitive constituents. That the average number of symbols 
displaced by the permutations of G is ἢ — is readily seen from 
the fact that the average number of letters of each transitive set 
displaced by the permutations of G is one less than the number 
of symbols in that set (Theorem IV of § 39). 

46. Primitive and Imprimitive Groups. Let G be a transitive 
group on ” symbols. Suppose that the m symbols may be di- 
vided into 7 sets σι, d2,---,0,r(r> 1), each set containing 
s(s> 1) symbols (so that »=7s), such that any whatever 
given permutation of G either permutes the s symbols of σι 
among themselves or replaces these symbols by the symbols 
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of another set σ;, this holding for each 7 of the set 1, 2, - - -, 7. 
Then G is called an imprimitive group and the sets σι, G2, - - -, Or 
are called imprimitive systems or systems of imprimitivity. If 
no such separation of the ” symbols into systems 1s possible, 
then the transitive group G is called a primitive group. 

The group {(xyz) (abc), (xa) (yb) (zc)} has two sets of imprimi- 
tive systems, namely, x, y, z; a, b,c and x, a; γ, ὃ; 2, cc. 

An imprimitive group cannot be multiply transitive; for 
if it were as much as doubly transitive, it would contain a 
permutation displacing any two given symbols by any other 
two, and the first two could be selected from the same system 
of imprimitivity and the second two from different systems. 
Hence every multiply transitive group ts a primitive group. There 
are also primitive groups which are only singly transitive; in 
fact it is obvious that any transitive group of prime degree is 
primitive. 

Now let G be a nonregular transitive group on the ” symbols 
@, G2,-- +, @n, and let G, be the group consisting of all those 
permutations in G each of which leaves a, fixed. Let a be the 
number of the letters αι, dz, - - -, @, left fixed by σι and suppose 
that a>1. Let Gi, Go,---, G be the conjugates of σι in 6. 
Then each of these subgroups leaves fixed a different set of 
a letters, so that kKa=n. The k sets of q@ letters each, left 
fixed by Gi, Go,---, G, respectively, form a set of systems of 
imprimitivity of G, since the subgroups Gi, Go, - - -, G;, are trans- 
formed among themselves by any element of G. Hence a neces- 
sary condition in order that a nonregular transitive group shall 
be primitive is that the largest subgroup which leaves fixed one 
given symbol shall leave fixed only that one symbol; but this con- 
dition is not sufficient, as one may see from the corollary to 
Theorem XIV below. 


XIV. Let Si, Se,---,S, be a complete set of 
conjugate elements or conjugate subgroups of a 
given abstract group G. A necessary and sufficient 
condition that the symbols S;, Se,---, S,, shall be 
transformed under G according to an imprimitive 
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permutation group is that the subgroup M of G 
which consists of the totality of elements of G trans- 
forming S, into itself shall be contained in a larger 
proper subgroup of G. 


In order to prove the condition sufficient, let us suppose 
that H, is contained in a larger proper subgroup Κι of G. Now 
the number of conjugates of 51 under Ki is the quotient A 
of the order of Κι by the order of Hi. Moreover K; contains 
all the elements of G each of which transforms these ἃ conju- 
gates among themselves. Therefore every element of G not in 
Κι transforms these ἃ conjugates from the set Si, S2,---,Sm 
into another set of ἃ conjugates from the same set. In this 
way these symbols are separated into sets of \ each such that 
the sets remain intact as sets under transformation by the 
elements of G and are merely permuted among themselves. 
Hence they constitute a set of systems of imprimitivity of the 
transitive group on 31, Se, - ++, Sm obtained on transforming by 
the elements of G in the way indicated. 

To prove the necessity of the condition, we notice that if 
the symbols Sj, S2,-- +, Sm are transformed by the elements of 
G according to an imprimitive group, then there is a proper 
subgroup Κα of G which contains Hi, this subgroup being formed 
of those elements of G each of which transforms among them- 
selves the symbols of the imprimitive system containing 51. 

This completes the proof of the theorem. 


Cor. Let G be a transitive group of degree ἡ 
whose largest subgroup Οἱ leaving one symbol fixed 
is of degree n —1. Then a necessary and sufficient 
condition that G shall be imprimitive is that G, shall 
be contained in a larger proper subgroup of G. 
This follows at once from the theorem and the fact that G 


transforms the conjugates of G, in exactly the same way as it 
permutes the symbols σι, de, " " "» @, On which G operates. 
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EXERCISES 


1. Construct a transitive group of degree 6, an intransitive group 
of degree 6, and an intransitive group of degree 7, each of which is 
simply isomorphic with the symmetric group on 4 symbols. 


2. Let x1, X2, ++) Xr3 Vip Vor "1, Ves 21, 22, °°*, 223 +++ be the 
transitive sets of letters in an intransitive group G. Prove the follow- 
ing propositions : 

(1) The group G is a subgroup of the direct product of the symmetric 
groups on the symbols [x1, x2, ---, Xr], [v1, Yo, “ ++) Vely oo’ 

(2) The order of G is a factor of r!-s!-¢!--- and is a common 
multiple of 7, s, t, ---. 

(3) The permutations leaving x; fixed constitute a subgroup of 
index 7. 

3. Construct a doubly transitive group of degree 10 which is 
simply isomorphic with the alternating group of degree 6. 

4. Construct a transitive group of degree 15 which is simply iso- 
morphic with (a) the alternating group of degree 6, (b) the symmetric 
group of degree 6. 

5. The alternating group of degree 5 is simple and is of order 60. 
Show that 60 is the lowest possible composite order of a simple group. 

6. The central of a primitive group consists of the identity alone. 

7. The group of inner isomorphisms of a primitive group G is 
simply isomorphic with G. | 

8. If a transitive group contains an element of prime order p 
greater than the largest proper factor of its degree nm, then G isa 
primitive group. 

9. Those permutations of an imprimitive group G which permute 
among themselves the letters in each of a given complete set of im- 
primitive systems of G constitute a self-conjugate subgroup of G. 

10. All the primitive groups of degrees 2 to 20 have been con- 
structed, and it has been found that their number for each degree is 
as follows: | 
DEGREE 2345678 910 11 12 13 14 15 16 17 18 19 20 
NuMBER 122547711 9 8 6 9 4 62210 4 8 4 


Many of these can readily be found by the methods already described. 
For each of the degrees 2, 3, 4, 5, 6, 14, 18, 19, 20 construct as many 
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primitive groups as are indicated for that degree in the foregoing 
table, and for each of the degrees 2, 3, 4, 5, 6 show that these are all 
the primitive groups of these degrees. 

11. Show that the permutations (123)(456) and (17)(26) generate 
a doubly transitive group of degree 7 and order 168 and prove that 
this group is simple. 

12. Construct seven primitive groups of degree 7 and show that 
these are all the primitive groups of degree 7. (See Exs. 10 and 11.) 

13. A self-conjugate subgroup (of order greater than unity) in a 
primitive group G is transitive. Hence its order is a multiple of the 
degree of G. 

14. The symmetric group of degree n is the only primitive group of 
degree n one of whose elements is a transposition. 

15. The alternating and symmetric groups of degree m are the only 
primitive groups of degree nm containing a circular permutation of 
order 3. 

16. A regular group of composite order is imprimitive. 

17. The ¢-subgroup of a primitive group consists of the identity 
alone. 

18. Let G be a prime-power Abelian group of order p” and type 
(1, 1, ---, 1), and let K be the holomorph of G expressed in the usual 
way as a permutation group of degree p”. Show that K is doubly 
transitive when p is an odd prime and that it is triply transitive 
when p = 2. | 

19. Show that the doubly transitive group of prime degree p and 
order p(p—1), constructed in § 40, is simply isomorphic with its 
group of isomorphisms. 

20. Assuming the theorem that the symmetric group of degree n 
contains no subgroup of degree ” and index n when n # 6, prove that 
the symmetric group of degree n, when ἢ γέ 2 and n= 6, is simply 
isomorphic with its group of isomorphisms. 


MISCELLANEOUS EXERCISES 


1. Let δι and (ἢ be two transitive groups of degree m such that 
the permutations in Gi which displace all the symbols are the same as 
the permutations in Gz which displace all the symbols. Show that the 
two groups can differ only in the permutations which leave just one 
symbol unchanged. 
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2. Let G be a transitive group of degree m and order g. Let g, be 
the number of permutations in G each of which leaves just 7 symbols 
fixed. Show that τ n 
De=s Dw 

7a] 


7=0 


If G is k-fold transitive, show that 
g= Σ τύ -- 1) - τ τ (ἡ τ [Ἐ Ve, ({Ξ51,2,....0. ἢ 


In particular, if G is triply transitive, show that 


> γῆ, = 5 δ΄. 
r=1 


8. Let G be a transitive group of order p”, where p is a prime num- 
ber. Let H be the largest subgroup of G each element of which leaves 
fixed a given symbol of G. Then H leaves fixed p* symbols of G, where 
αὶ 1s a positive integer. 

4. If p is the index of a proper subgroup H of the symmetric 
group G of degree n, then p = 2 or p is at least as great as the largest 
prime number less than ἢ. 

5. The group G of degree n (n > 4) which is generated by all the 
permutations of the form (12)(34) on a given set of m letters is the 
alternating group of degree n. 

6. By means of Theorem VIII of § 41 prove that, besides the 
alternating and symmetric groups, there are no groups of degree not 
greater than 100 which are as much as 8-fold transitive. 

7. The totality of circular permutations of order 7 on m symbols 
generates the symmetric or the alternating group on these m symbols 
according as 7 is even or odd. 

8. Write » in the form n= ζυρα -- kp%-!+---+ kip + ho, 
where ko, ki, -- -, ka are positive integers less than the prime p. Then 
a Sylow subgroup of order p” in the symmetric group of degree n has 
its central of order 21 where 1 = ky + ky +--+ ++ ha 1. 

9. Let us write 

A = (X0%1%2%3 - + + X23), 

B= (X2% 16% 9X 6X8) (%4%3%12%13%18) (%10%11%22%7%17) (%20%15% 14% 10%21), 

C = (XoxXe0 ) (% 1X22) (%2%11) (%3%15) (%4%17) (X5X9) (X6%X19) (%7X13) (Χ 8Χ20) 

(%10%16) (%12%21) (%18%14). 
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Show that {A, B} is a 4-fold transitive group of degree 23 and 
order 23. 22-21-20-16-3. Show also that {A, B, C} is a 5-fold 
transitive group of degree 24 and order 24 -23.-22-21-20-16-3. 
(These groups are known as Mathieu groups.) 

10. Construct all the permutation groups of degree 6. 

11. Construct all the permutation groups of degree 7. 

12. A transitive group of order p* is imprimitive if p is a prime 
anda> 1. 

13. A primitive group of degree , not containing the alternating 


group of degree m, does not contain two transitive subgroups which 
can be transformed into each other by a transposition. 


14. A doubly transitive group G does not contain an intransitive 
subgroup whose index in G is less than the degree of G. 


15. A self-conjugate subgroup of a k-ply transitive group of degree 
ῃ (2 « καὶ « η) is at least (k — 1)-ply transitive except in the case of a 
triply transitive group of degree 2”, in which case there may be 8. 
self-conjugate subgroup of order 2”. 


16. Construct seven primitive groups of degree 8 as follows: 
(1) the symmetric group; (2) the alternating group; (3) a triply 
transitive group of order 8-7-6-4 whose existence is asserted in 
Ex. 18 on page 163; (4) the triply transitive group of degree 8 and order 
8.7.6 whose existence is shown at the end of ὃ 40; (5) a doubly 
transitive subgroup of index 2 in the group described in (4) and hence 
of order 8-7-3; (6) another doubly transitive group of order 8-7-3; 
(7) a doubly transitive subgroup of the latter of order 8-7. Show 
that these are all the multiply transitive groups, and indeed all the 
primitive groups, of degree 8. (Compare Ex. 10 on page 162.) 

17. Show that the 5-fold transitive group of degree 12 defined 
in Ex. 12 on page 151 contains as a subgroup a 3-fold transitive group 
of degree 12 and order 7920. Then construct six multiply transitive 
groups of degree 12 and eight primitive groups of degree 11. (Compare 
Ex. 10 on page 162.) 

18. Construct nine primitive groups of degree 13. 

19. Construct six primitive groups of degree 15. 


20. Construct six multiply transitive groups of degree 16 contain- 
ing, respectively, the six groups of Ex. 19 as the largest subgroups 
leaving one letter fixed. 


CHAPTER VII 


Defining Relations for Abstract Groups 


47. Introduction. Two General Theorems. In § 9 we illus- 
trated by means of examples the notion of defining relations 
for abstract groups. A group may have several independent 
sets of generators; but it 1s completely defined as an abstract 
group by means of any independent set of abstract generators 
and all the independent relations by which they are connected. 
The theory of defining relations for abstract groups, so far as 
it has been developed up to the present time, consists mainly 
of isolated theorems. In § 24 we obtained defining relations 
for prime-power Abelian groups; and it is obvious how one 
would pass from these to defining relations for abstract Abel- 
ian groups in general. In Chapter V, on prime-power groups, 
we have incidentally met a number of defining relations for 
particular classes of abstract groups. In this chapter we shall 
give a few additional results concerning defining relations. In 
the present section we prove two general theorems. 


I. Let G denote an abstract finite group whose 
generators 1, f2,---, ἐκ are subject to the sole defin- 
ing relations 

Filth, lo, ae ty) = 1, (2 = 1, 2, δ᾽ ἃ δὲ m) 
where fi(ti, f2,-+-, 4) denotes a product of powers 
of some or all of the elements 4, to, - - -, ἐκ. Let T' be 
an abstract group whose generators 71, To, ---, T, are 
subject to the sole defining relations 
| Filti, τὰ, " - ., ΤῊ) = 1, (7 -ΞΞ 1, 2,...,. »ἢ 

Ες(τι, T2, +++, Τὰ) ΞΕ Ϊ, (¢=1,2,---, p) 
166 
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where F;(71, 72, + °, τι) denotes a product of powers 
of some or all of the elements 71, Τὸν - - -, Ts. Then the 
elements F(t, t2,---,t) (¢=1,2,---, μὴ generate a 
self-conjugate subgroup H of G, and G/H is simply 
isomorphic with I. 


The groups G and I are exhibited as isomorphic ey making 
t; and 7; correspond for each value 7 of the set 1, 2,---, k. To 
each element in G there corresponds only a single seiner in 
I’; but to the identity in I’ corresponds every element of G 
which i is in H and no other element of G. Hence the isomorphism 
of G with T is multiple; and the subgroup H of G which corre- 
sponds to identity in Γ΄ is (§ 16) a self-conjugate subgroup of G, 
and G/H is (§ 20) simply isomorphic with I’. 


II. If H denotes an abstract finite group whose 


generators 5, fi, ἴω, -- -, 4 are subject to the sole de- 
fining conditions 


1.(6, hi, to, ay | ty) = 1, (= 1. Ζ, 7 hae m) 


where f;(s, ti, #2, ---, 4%) denotes a product of powers 
of some or all of the elements 5, ἦι, f2,---, 4, and if ν 
is any number prime to the order 7 of 5, then the 
generators σ, t1, fo, - - -, ἧς subject to the sole defining 
conditions 
t;—10-"t;0" = fi(o’, ti, te, -- +, ) = 1, | 
(j=1,2,---,k; +=1,2,---, m) 


generate an abstract group which is the direct prod- 
uct of H and the cyclic group of order ν. 


Let h be the order of H, and let H be written as a regular 
permutation group on h symbols. Let 5, 7; be the concrete 
forms of 5, ¢; in this representation. Since vy is prime to 2, 
there exists a regular permutation 51 on the same h symbols 
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such that 5:1" ΞΞ S. Define 2 by the relation 2 = S; - (bibe- - - δ,), 
where (δι b2- - - b,) is a cyclic permutation on symbols distinct 
from the h symbols on which H is represented as a permutation 
group. Then 2’ =S,”=S. Moreover 2” is the mth power of 
(b:b2--- 6,), so that 2” is permutable with each of the permu- 
tations ΤΊ, T2,---, Τι. Hence the group {o, hy, to, -- -, i} has at 
least as many elements as the group {2, 71, Te, - - -, ΤᾺ} and is 
(Theorem I) isomorphic with it. Moreover the group {σ’, 1, to, 
ἐσ i} has at least as many elements as the group {2’, 7), To, 
- ++, ΤᾺ) and is isomorphic with it. Hence {σ’, f1, f2---, ἔμ} has 
at least as many elements as H and is isomorphic with it. But 
it cannot contain more elements than H, since oa’, ti, fo, . "., t 
_ satisfy all the conditions imposed on 5, t1, ἴω, - - -, ἐκ in the defini- 
tion of H. Hence {σ’, t1, te, - - -, ἔμ} 15 simply isomorphic with H. 
It may therefore be denoted by H. 
Let us consider the ν sets of elements 


H, Ho", Ho®",---, Ho?—)*, 


each element of which belongs to the group {o, t1, ἴω, ---, &}. 
On multiplying on the right by any ¢; these sets are unaltered 
as sets, since o” is permutable with each ἐ; and H contains each 
t;. The foregoing sets, except for order, are the same as the sets 


H, Ho, Ho*,---, Ho’—}, 


since the numbers n, 2n, 3n, ---, (v—1)n are in some order 
congruent modulo v to the numbers 1, 2, ---, »— 1 (owing to 
the fact that ν and 7 are relatively prime), and since Ho” = H. 
If the last sets are multiplied on the right by o they are per- 
muted cyclically in the order written. The ν sets are then per- 
muted but left intact as sets by multiplication on the right by 
any of the elements a, t, 2, -- -, ¢,. Hence all the elements of 
{o, ti, to, ---, t} are contained in these sets. The latter have 
not more than vh distinct elements. Hence the order of {o, é:, 
lo, ---, ἔμ} 1S not greater than vh. But this group is isomorphic 
with {2, 71, Τῷ, - - -, T,} and contains at least as many elements 
as the latter. It is easy to see that the latter group is simply 
isomorphic with the direct product of H and the cyclic group of 
order ν (and hence is of order vh), since it clearly contains the 
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subgroup {2’, 71, Tz, ---, Tx}, simply isomorphic with H, and 
the permutation (διε - - - ὃν) which is on letters not in this sub- 
group. Thence follows readily the conclusion of the theorem. 

It is clear that the theorem may be applied again to the 
generational relations in the conclusion so as to generalize one 
of the elements ¢;; and that the process may be continued until 
each of the elements has been replaced by a new one. In this 
way we obtain a formal extension of the theorem which will be 
of use in the next section. 

48. Symmetric and Alternating Groups. Several sets of ab- 
stract defining relations for the symmetric and alternating 
groups are known. We reproduce here in Theorems 111 and IV 
those which we consider the most pleasing. 


11. If ~> 2 and if the m —1 distinct elements 
51, 82," " *; Sn—1) Sn(= 51) Satisfy the relations 
5,2 = (S841)? = (5,5:..15:5}}2 = 1 [1] 
where 7 and 7 range over the set 1, 2,- - .. ἢ -- 1, ex- 
cept that 7 is different from 7 and 7 + 1, and if these 
elements satisfy no conditions except those implied 
by relations [1], then they generate a group which 
is simply isomorphic with the symmetric group of 
degree n. 


For the case 7 = 3 it is to be understood that these relations 
become 512 = Se? = (5152)8 = 1. From ὃ 9 it is seen that these 
conditions define a group which is simply isomorphic with the 
symmetric group of degree 3. 

In general it is easy to state descriptively the conditions on 
the s; in [1]. Each element s; is of order 2; if any two consecu- 
tive elements of the set si, 82, ++, Sn—1, S: are chosen, their 
product is of order 3 and the transform of the second one in the 
pair by the first is permutable with every element s; not in 
the pair. 

The concrete instance s;= (44:41) (@=1, 2, ---, m—1) 
shows that conditions [1] are consistent. These concrete ele- 
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ments generate the symmetric group on @, de, +++, @,. Hence 
the abstract group {51, Se, - + +, $a_1} is isomorphic with the sym- 
metric group of degree 5; and it contains at least 7! elements, 
since the s; are subject to no conditions except those implied by 
[1]. To complete the proof of the theorem we must show that 
the named isomorphism is simple. It is clearly sufficient to this 
purpose to show further (compare Theorem I) that the order of 
the abstract group {5:1, Se, - ++, Sa_i} is not greater than n!. 

For the purpose of making this proof it is convenient to es- 
tablish the following lemma: 


LEMMA. If 2 > 3 and the nm — 1 distinct elements 
81» S2, * + +; Sn—1, Sn(= $i) are subject to the conditions 
S37 = (SiSi41)? = (Si$4415:5;)? = 1, 


where ὦ and 7 run over the set 1, 2, -- -, m — 1, except 
that 7 is different from ὦ and 7 + 1, then they are also 
subject to the larger set of similar conditions 


$7 = (s,s;)3 = (5,5.5.:5))2 ἘΞ 1. 


where the 2, 7, k are any three distinct numbers from 
the set 1, 2,---,m—1. 


For 0 < k < n—1 we have 


S$5448244418i4k © SSi4k * δι χϑί κι 1Si4+b 

= διϑι 46854641854 χϑιί κ 15 π|ὰ 

= δι5 1. δι ϑδὲ- 1 

= διϑὲ-ἘΚ1. 
[We understand that subscripts greater than 5 -- 1 are reduced 
modulo ~ — 1 to numbers of the set 1, 2, ---, 2—1.] Hence 
S:S:+z+1 has the same order as s,s;,;; thence by induction it 
follows that s,s; has the same order as s,$;41, so that (s,s;)? = 1 


for every two distinct subscripts ὦ and 7 from the set 1, 2, - - -, 
n—1. | 
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Transforming 5.5:.15.:5; by s:SiS;, Where j is different from ὦ 
and i+ 1, and where & is different from 7, 7+ 1, 7, we have 


SxSiSk° SiSi4-18i * SeSiSk " SKSiSK ° 57 SKSiSk 
== $18 SpSKS 18141818 iSKp * SKSiSk 5)" SKSiSk 
= SKS$i41Sk * SKSiSKSj " SKSiSK- 


Since the square of this element is the identity, we see readily 
that s; is permutable with s,s;+1s, if 11 15 permutable with 
5ι5:5. Hence (5.5:..15.5;}2 = 1 if (6ι5,5.5:)2 = 1. But (s.5.415;5;)? 
= 1 if j is different from k and k+ 1. Hence we see by induc- 
tion that (s,Sk40515;)2 =1 if j is different from each of the 
numbers k, k+1,---,R+a. That is, (sis,sisj;)?=1 if 7< k 
and 7 does not belong to the set 7,7-+1,---, % Consider next 
the product s,s,s;s;,, when 1 < k and j is a number of the set 
i+1,i+2,---,e—1. It has the same order as s,s;5;5,. Here 
we have i<j and & not of the set 7,7+1,---,j. Therefore 
(5:5;5:5})2 = 1, and hence (s,s,sis;)? = 1. Hence (s,s,S;s;)? = 1 if 
i, j, ἃ are distinct andi< k. If k< 7 and 7 is different from αὶ 
and ἢ, we have from the foregoing that (s,s,s,s;)? = 1. But 


S§S1S iS pS jSi = SESiSjSi = δὲ Si + SeSiS; * Sj. 


Hence (5,5.5.:5;)2 =1 in this case also. Hence we conclude 
finally that (5:5.5:5;)2 = 1 whenever i, j, & are distinct numbers 
of the set 1, 2,---,n—1. 

This completes the proof of the lemma. 

Now let 6, denote the group {s;, 82," ++, Sn—1} of the theo- 
rem. Then G3 is of order 6, as we have already seen. Let αὶ 
be any number such that G, is of order not greater than Fl. 
We shall then prove that G,,1 is of order not greater than 
(k-+1)!. Let H denote the group {5:, 58, ---,S:}. Its order is 
not greater than k!, since its elements satisfy all the conditions 
on the elements of G,. Form the sets of elements 


H, Hs, HsSo, Η 5.155, τς Η515.- 


If we multiply on the right by δι, the first two sets are inter- 
changed, and the others remain unaltered since by aid of the 
lemma it may be shown that Hs,saSi = Hs1$1S0SiSa = Ηδιδα if 
a>1. If we multiply on the right by se (a> 1), the second 
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and the (a+ 1)th sets are interchanged; the remaining sets 
are unaltered, since fora>1, B>1, a¥ β, we have Hs,s,s, 
= H5s1SoSpSaSp = HSaSpSa81Ss = HsiSg, aS may be shown by aid of 
the lemma. 

Now from the fact that the foregoing k-+-1 sets are thus 
interchanged among themselves as sets by multiplication on 
the right by any one of the elements sj, So, - - -, s,, it follows 
that the group G;41 contains not more than k+1 times as 
many elements as H, and hence not more than (k+ 1)! elements. 
Thence it follows by induction that G, contains not more than 
n! elements, since G3 contains just 3! elements. In view of the 
previous analysis this completes the proof of the theorem. 


IV. If -- 2 elements 51, so, - + -, Sn_2 (n > 2) sat- 
isfy the relations 
5.5 =1, (t=1,2,---,n—2) [2] 
(s,s;)? = 1, @=1,2,---,n—3; 

j=t+1,74+2,---,-n—2) [3] 

and if these elements satisfy no conditions except 

those implied by these relations, then they generate 

a group which is simply isomorphic with the alter- 
nating group of degree n. 


The same theorem may be formulated in descriptive terms 
as follows: If k elements are subject to the sole defining conditions 
that each ts of order 3 and the product of each pair of them is of 
order 2, then they generate a group which 15 simply isomorphic 
with the alternating group of degree k + 2. 

For ~=3 in the theorem there is but a single element s 
and conditions [3] are absent. The theorem is therefore obvious 
for n = 3. | 

For n=4 the given conditions reduce to the following: 
$13 = So? = (5152)2 = 1. In ὃ 9 it has been shown that these are 
defining relations for the abstract alternating group. From 
this it follows that for the proof of the theorem in general it is 
sufficient to show that if the theorem is true for m = & then it 
is also true for =k - 1. 
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The concrete elements 
S$; = (@;An—10n) (t= 1,2,--+,m— 2) 

are generators of the alternating group on @1, @2,-+-,@n, as 
one sees from the corollary to Theorem IV of §2; and they 
satisfy the conditions on the corresponding abstract elements 
in the theorem. Hence the abstract group is isomorphic with 
the named alternating group, and it has at least ὁ (σι!) elements, 
since the s; are subject to no conditions except those implied 
by the relations in the theorem. To complete the proof of the 
theorem it is sufficient to show that the order of the abstract 
group (5:1, S2,°-*-,Sn—2} is not greater than 4(m!), on the hy- 
pothesis that so, s3,---, Sn—2 generate the abstract alternating 
group H of degree 9 — 1 when they satisfy the sole conditions 
stated in the theorem for these elements alone. 

Form the sets of elements 


H, Hsy, Hs;?, Hs\So", Hs\83", ORs HsiSn—2°. [4] 
Now for a> 1 we have 


Hence, under multiplication on the right by si, the first three 
sets in [4] are left intact as sets and are permuted cyclically in 
the order H, Hs;, Hs:?, while the remaining sets are unchanged 
as sets. For a> 1 we have 


Hs. = H, Hs,$.2Sq = Hs:, Hs\S_ = Hsa~'81~! = Hs1?, 
Hs)2s, = δι 1847 18,2 = HSe81Sa? = H5iSa* ; 
and for a > 1 and 8 ¥ a and 8 ~ 1 we have 
H51S5?Sa = HS1SpSpSa = HSp—181~18q~18g—1 = HSoS1Sp7 = H51S5” 5 


whence it follows that under multiplication on the right by s., 
a > 1, the sets are left intact as sets and Hs:, Hs,”, Hsis.” are 
permuted cyclically in the order written while the remaining 
sets are unchanged as sets. Hence the 7 sets of elements in [4] 
contain all the elements of {s:, 82, - - -, Sn—2}, 80 that the number 
of them is not more than ἡ times the number of those in H and 
hence is not greater than $(7!). 

In view of the preceding analysis this completes the proof of 
the theorem. 
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V. From Theorems IT and III we have readily an 
abstract definition of the group which is simply isomor- 
phic with the direct product of the symmetric group of 
degree m and 2 — 1 cyclic groups of any odd orders 
V1, V2, +++, Ya—1 (equal to or greater than unity). 

VI. From Theorems II and IV we have readily 
an abstract definition of the direct product of the al- 
ternating group of degree ” by ἢ — 2 cyclic groups 
of any orders prime to 3, including the order unity. 


It is sometimes desirable to know whether any of the condi- 
tions in the defining relations for a given abstract group are 
redundant in the sense that one or more of them may be deduced 
from the remaining ones. To show that a particular one of the 
relations is not redundant it 1s sufficient to exhibit elements 
failing to satisfy that one but satisfying all the other conditions. 
It is evident that this problem may vary greatly in complexity 
with variation in the form of the several conditions so as to 
leave the total set of conditions equivalent to their first form. 
We shall illustrate this matter by examining the defining rela- 
tions already given for the symmetric group. 

If the set of conditions in Theorem III is replaced by the 
equivalent set of 2 5 — 1 conditions 


(1) s;2 =1, (¢@=1,2,---,n—1) 

(2) (SiSi41)? = 1, @=1,2,---,;n—1, 8,.,.ΞΞ 81) 

(3) the transform of each element in the sequence si, So, -- “, 
Sn—1, Si: by the one which precedes it in that sequence is 
permutable with every element s; other than these two, 

then the nonredundancy of each of the several conditions is 
readily shown by means of the elements indicated as follows: 

(1) t=: sy = (G1@n41)(c1C2c3), 8; = (€10;41); GX R) 

(2)t=k: s;= (410541), G=1, 2,---, 1) 

Sj = (410j41) (Cie;41); G=R+1,---,n—1) 
(3) 5; = (@jaj;41) (G=1,-++,M— 2), Sn-1 = (GiGn_1). ( 4) 
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Moreover, the example given under (2) shows that no one of the 
conditions (s;s;41)3 = 1 is redundant even when the conditions 
are listed as in Theorem III itself, that is, when the defining 
equations are all taken separately and not partly combined as 
in condition (3) in this paragraph. 


EXERCISES 


1. If nm > 2 and if two elements s and # are subject to the conditions* 

55π| = 12 = (st)" = (f+ 5. [{5}8 = (ἐ - sts - 1: s~*ts*)? = 1, 

(k= 2, 3, ἢ n — 3) 

and to no conditions except those implied by these relations, they 
generate a group which is simply isomorphic with the symmetric 
group of degree n. 

9. If nm > 2 and if two elements s and # are subject to the conditions 

s” = (2 = (st)"—1 = (¢- 5. 115)8 = (t- s~*ts*)? = 1, 
(k= 2, 3, ---, 261 -- 1) or gn) 

and to no conditions except those implied by these relations, they 
generate a group which is simply isomorphic with the symmetric 
group of degree ἡ. 

4. If the πὶ —1 elements ai, o2, ---, Gn—1 are subject to the con- 
ditions 

o7=1, (¢221,2,---,n—1) 

(030541)? = 1, (1 = 1, 2; eee ἥ τα 2) 

(o,0;)? Ξ 1, (: = 1, 2, ci et am 33 7Ξ1- 2, 1+ 3, eee +-m—1) 
and to no conditions except those implied by these relations, they 
generate a group which is simply isomorphic with the symmetric 
group of degree ἢ. 

4. The conditions on the elements σι, o2, --*, Gn—1 in Ex.3 are 
equivalent to the following: 

(1) σι τε]; ((=1,2,---,n—1) 

(2) (σ:σ. 1) = Ls (1 -Ξ 1, 2, de 2) 

(3) every two nonconsecutive elements in the sequence σι, 02, "" 

σ,-- are permutable. 

TI Ane eA ιν - το er Se Pe 

* If n =3 or 4 the relations involving & are absent. A convention similar 
to this is to be understood in several problems belonging to this set. 
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Show that when ” > 3 there is no redundant condition in the set of 
2 ἢ — 2 conditions counted as follows: » — 1 conditions in (1); »—2 
conditions in (2); one condition in (3). 


5. If s and ¢ are subject to the sole defining relations 
8 ΞΞ =(sh*= 1, 
show that {s, ἢ) is simply isomorphic with the octic group. 
6. If s and ¢ are subject to the sole defining relations 
s§ = [8 = (512)5 = s2(st)? = 1, " 
show that {s, ἢ is of order 18 and discuss its properties. 


7. Prove that {s, 1} is simply isomorphic with the alternating group 
of degree 4 if s and ¢ are subject solely to either one of the following 
two sets of conditions: 


(1) s? = 3 = (st)? = 1, (2) s? = = (sf)? = 1. 
8. Prove that {s, ἢ) is simply isomorphic with the symmetric group 


of degree 4 if s and ¢ are subject solely to any one of the following three 
sets of conditions: 


(1) 58 = [2- (st) =1, (2) s8 == (st)? =1, (3) s? == (st)? = 1. 


9. If s and ¢ are subject solely to any one of the three sets of de- 
fining conditions 


(1) s?=# = (οἰ) =1, (2) s? - 15 = (st)? = 1, (3) 58 = & = (st)? = 1, 


they generate a group which is simply isomorphic with the alternating 
group of degree 5. 


10. If a finite group is generated by two elements 5 and ὦ such that 
t is of period 2 and s is not in the group {st, ts}, then {5ὲ, fs} is a sub- 
group of {s, ἢ of index 2. 


11. Let ~ and 7 be relatively prime positive integers, and let k be 
the exponent to which 7 belongs modulo n. If s and ¢ are subject to 
the sole defining relations 


Sta = 1.. 27 si Ss" 
show that {s, ἢ) is a group of order mk which is simply isomorphic 
with the group generated by the permutation (a@oaiae - + + @,—1) and 
the permutation which changes a; to a,; (¢=0, 1,-++, m—1), the 
latter subscript being reduced modulo 3. 
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12. If two elements 5 and ¢ are subject to the sole defining relations 
st = te = {-1(ς- αἰ 195 ) (5. αἰ55) = 1, a= 1, 2,---, R—1) 
they generate a group of order ku* which is simply isomorphic with 
the permutation group generated by 
(€102 °° + Gy) (Qx410n42°°° Gox) 5" (Q(u—1)k41°* * Gur) 
and (4104 4.142K41°* * @u—1yk+1)- 
13. If two elements 5 and ? are subject to the sole defining relations 
st = 22 = (ts~ 5323 = 1, (i= 1, 2,-+-, 3(R—1) or § ἢ 
they generate a group of order k - 2} which is simply isomorphic with 
the permutation group generated by 
(@1Q2 vee ax) (ακ.. 10κ.2 Gok) and (410,41). 
14. Construct abstract defining relations for each of the permuta- 
tion groups of degrees 2, 3, 4,5. (Compare Exs. 8, 9, and 10 on page 
151.) 


15. Construct abstract defining relations for each of the primitive 
groups of degree 6. (Compare Ex. 10 on page 162.) 


49. Finite Groups {s, ft} such that 55 -Ξ ἢ. We shall now de- 
termine the finite groups {s, ἢ which are generated by two ele- 
ments s and ¢ having a common square. We let m denote the 
order of st-!. Then we have 


52 = (7, (st-})"™=1. 
Now we have f7!s2¢ = i7142t = [2 = 52, Hence s? is permut- 
able with every element in {s, ἢ. Again, we have 
st71 = s—!s2t-1 = s—U, ts~1 = t 1s = (St71)71. 


From this it follows that st~1 is transformed into its inverse by 
both s and ¢t. Hence the cyclic group {51} is self-conjugate in 
{s, t}. Moreover, it follows also that (52, δ) is an Abelian 
group H which is self-conjugate in {s, ¢}. 

If we suppose that a and @ are integers such that we have 
52α = (st-1)8, then s is permutable with (st~1)*. From the fact 
that s—!(sf—!)s = (st~!)—! it follows that s~1(st~1)8s = (st~')~®. 
But s—!(si-1)@s = (st-1)&. Hence (si~!)* = (st~!)~8, whence we 
have (st-1)28 = 1. Now if u is the exponent of the lowest pos- 
itive power of st~! which is equal to a power of 52, then the only 
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powers of st~! which are equal to powers of 52 are those of the 
form (si~1). But (st—1)?# = 1, as we have seen. Hence the cy- 
clic groups {52} and {st~!} have at most two elements in com- 
mon; and they certainly have only one element in common if 
m is odd. Likewise it may be shown that they have only one 
element in common when s? is of odd order. Therefore the group 
H is of order my or of order 4 my, where ν is the order of 52, and 
the latter case cannot arise unless m and ν are both even. 
If s is of odd order 2 \ +1, then we have 


5 ΞΞ g2rt2 — (s2)\+1 —_ (7?)A+1, 


so that s is in the group generated by ¢. If ¢ 1s of odd order, then 
likewise ¢ is in the group generated by 5. Hence if either of the 
elements 5 and # is of odd order, the group {s, ¢} coincides with 
the cyclic group generated by one of these elements. 

Then consider the case when both s and ?¢ are of even order. 
Let 2m be the order of 5. Since s? = /? it follows that ¢ is also 
of order 2 n. | 

Now consider the sets H and Hs of elements of {s, ἢ). Since 52 
is in H, it follows that the sets H and Hs are interchanged on mul- 
tiplying on the right by s. That they are also interchanged on 
multiplying on the right by ¢ is shown by the following relations: 

Hi = Hst-!.t= Hs, Hst = Ηςί “1. i? = Ht? = Hs? = H. 
Hence all the elements of {s, ἢ) are in the sets H and Hs. If sis 
in H these sets are identical; then ¢ is in H and {s, ἢ) coincides 
with the Abelian group H. If s is not in H, then H and Hs are 
distinct sets such that no element in the one set is equal to an 
element in the other set ; and the order of {s, ἢ) is then twice the 
order of H. We have to examine these two possibilities. 

In the first case the group {s, ἐδ coincides with the Abelian 
group {s?, 51}. In this case st~! is of order 1 or 2, since (st~!)? 
= 521 2-- 1, If st-1 = 1, then s = ¢ and {s, ἢ) coincides with the 
cyclic group {s}. If st~1 is of order 2 and the cyclic groups {52} 
and {st~!} have two elements in common, then ὦ is a power of 5 
and {s, ¢} coincides with {s}. If st-! is of order 2 and the cyclic 
groups {s?} and {st~!} have only one element in common, then 
H is of order 2 and again {s, ἢ) coincides with the cyclic group 
{s}. Therefore if {s, 2} coincides with H, then {s, 7} = {s}. 


Defining Relations for Abstract Groups 179 


It remains to consider the case when {s, ἢ) does not coincide 
with H. Then s is not in H. 

Suppose first that {s, ἢ is Abelian. Since 5 is not in {s?, st~1} 
it follows that s is of even order; we denote its order by 2 n. 
Now (st~!)? = s?t-2 = 1. Hence st—! is of order 1 or 2: in the 
former case s = ¢ and {s, ἢ) = {s}; if, in the latter case, H is of 
order n, then {s, i} is of order 2 and is identical with {s}, 
while if H is of order 2 n, the group {s, 7} is of order 4 and 18 
an Abelian group generated by 5 and st~! of orders 2 and 2 
respectively. 

It remains to consider the case when 5 and ¢ are not permut- 
able. Then s is of even order 2m. Moreover st~} is of order 
greater than 2, since if (st-!)? = 1 we have si~'!s = 1, st~*ts =1, 
s—1ts = t. Hence in this case we have m > 2. In this case also 
{s, 1} is of order twice the order of H and is therefore of order 
2mn or mn, the latter case not arising unless both m and n 
are even. 

Except in the cases named in the last paragraph the group 
{s, t} is necessarily Abelian; it is evident that the named 
Abelian groups exist. 

It is next to be shown that non-Abelian groups actually 
exist satisfying the named conditions for every pair of positive 
integers m and m with m > 2. 

For the case when {s, i} is of order 2 mn (m> 2) we have 
the following generators: * 


m 
5 =TH (aaa - - - aon), 


s=1 

m 
t=|] (a, ag*+ Vaqg@agGFD 8+ Aon—1Gan@tY), 

t=1 


where it is to be understood that the superscript m+ 1 is to 
be replaced by 1. Then 


stui= (aay ™— Day 2) saa aay) (a2 ae ag hin (9.9) “ax 
(dan—1°™ Gen—15"— YP ae Gon—1™) (dan dan Gon αφού Gon\™). 


ἘΠῚ m were equal to 2, we should have here the case of an Abelian group 
5, t}. 
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It is easy to see that s? = /? and that st—! is of order m, while s 
is Of order 2”. Hence this permutation group {s, δ) belongs 
to the category of groups under investigation. Now the only 
power of st~! which is equal to a power of 52 is that which is 
equal to the identity, as one sees by the way in which the sub- 
scripts on the a@’s enter into the powers of st—! and s? respec- 
tively. Hence the Abelian group {s?, st~!} is of order mn. 
Moreover s is not in {52, δέ 1}, since no element in the latter 
group displaces an @ with an odd subscript by one with an 
even subscript. Therefore {s, ἢ} is of order 2mn. Moreover, 
{s, t} is non-Abelian, since we are taking m to be greater than 2. 

Let us next exhibit 5 and ¢ such that {s, ἢ is non-Abelian 
and of order mn. In this case both m and n must be even, with 
m> 2; hence we write m= 2 uwandn=2 p, with w> 1. Then 
for 5 and ¢ we take the following generators: 


μ 
5-- ΠΠ (a,b, abo - - - ae,be,), 
s=1 
t= (415,41 a2B, 12 . - + αι δον, 4193, a, 42 bo 
μ--Ἰ1 
2+ αν Ὁ}, Ὁ). II (a2 Db, MagG4 DG . . « ao, @+Dho,), 
i=1 


Then we have 


v 


ἘΞ: 1 : 
Vv 


1] ὦν νι τὴ... δι, 4b, 4 E-D -- +B, i), 


21- 
Then s and ¢ are of order 4 ν and st-! is of order 2 μ, while 
52 = [2 and (st~1)* = 5», Hence the group {s?, δἰ 1} is of order 
2 uv and {s, t} is of order 4 u4»=mn. Therefore the groups 
{s, 1} are groups of the class whose existence was to be shown. 
The results obtained imply the following three theorems: 


VII. Let G be the finite group {s, } generated by | 
two distinct elements s and ὦ such that s? = 72. If 


either s or ἐ is of odd order, then G coincides with the 
cyclic group generated by the other one of these ele- 
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ments. If s and ¢ are both of even order, then their 
orders are equal; in this case we denote their com- 
mon order by 2”. Let m be the order of σι“; then 
m > 1, since στε ¢. Then when 5 and ὦ are both of 
even order, we have 
s2t-2 = 525 = (sf-1)™= 1. 

In this case the group H, H = {s?, st-"}, is an Abel- 
ian self-conjugate subgroup of G of order mn or ὁ mn, 
the latter case not arising unless m and n are both 
even. Moreover, if in this case G coincides with ἢ, 
then G is either the cyclic group {s} or an Abelian 
group of order 4” generated by s and st~! of orders 
2n and 2 respectively or a non-Abelian group of 
order mn or 2 mn, with m > 2, the former of the two 
latter cases not arising unless both m and 7 are even. 
Moreover, in all cases named, groups actually exist 
having the stated properties. 

VIII. Let s and ¢ be two elements which are sub- 
ject to the sole defining relations 

s2t-2 = $27 = (st-1)™"=1; (m> 1) 

then {s, ¢} is completely defined as an abstract group 
of order 2 mn. | 

IX. Lets and ¢ be two elements which are subject 
to the sole defining relations 

5212 = s#” & (st-!)4s-*7 = 1; (wu > 1) 
then {s, 1) is completely defined as an abstract group 
of order 4 μν. 7 
50. Dihedral and Dicyclic Groups. A dihedral group is a 


group which is generated by two elements of order 2 whose 
product is of order m(m>1). By taking n=1 in Theorem VIII 
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of § 49, it follows from that theorem that such a group is of 
order 2 m and that there is one and just one dihedral group of 
each even order greater than 2. If s and ¢ are the generators 
of order 2 and st is of order m (m > 2), then the dihedral group 
{s, ἢ) of order 2 m is non-Abelian, since both 5 and ¢ transform 
st into its inverse Js. 

A dicyclic group is a group generated by an element s of 
order 2” (n> 1) and an element ¢ of order 4 such that ? is 
in {s} and ¢ transforms s into its inverse. That such a group 
is of order 4 ” and that there is one and just one dicyclic group 
of each order 4 (n> 1), is seen at once from the following 
theorem, which we now prove. 


X. If s and ¢ are subject to the sole defining re- 
lations s2n = s"{2 = {-1st- 5 =], 
then {s, ¢} 15 completely defined as a group of order 4 n. 


From the named conditions we have /? = s—*, so that ¢ is 
of order 4 at most, since 525 = 1. Moreover, we have ¢—1st = s~1, 
so that ¢ transforms s into its inverse. 

That the named conditions are consistent is seen at once 
from the following permutations satisfying them: 


$= (σῶς ay G2n) (5152 ae ben), 
i= (G102nGn+10n) (G2d2n—1@n+20n_1) 
᾿ (d302n—20n+30n—2) + (Ann 4+142nb1). 


From this and the fact that ¢ in the abstract group {s, δ is of 
order not greater than 4, it follows that this ¢ is of order 4. The 
given permutations generate a group of order 4. Hence the 
abstract group in the theorem is of order at least as great as 4 n. 
Moreover it is isomorphic with the permutation group {s, th. 
To complete the proof of the theorem it is sufficient to show that 
the order of the abstract group is not greater than 4 n, whence 
it will follow that it is simply isomorphic with the permutation 
group {s, ἐ). Let H denote the abstract group {5}, and form the 
sets H and Ht of elements in the abstract group {s, ἢ. These sets 
are interchanged on multiplying them on the right by ?#, since 42 
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is in H. They are left unchanged on multiplying on the right 
by 5, since Hs=H and His= Hs“'t=Ht. Hence all the ele- 
ments of {s, ¢} are in the sets H and Ht; therefore {s, 7} is of 
order 4 at most. This conclusion, as we have seen, completes 
the proof of the theorem. 

Unless n = 1 the abstract group {s, ἢ) of Theorem X is non- 
Abelian. Hence every dicyclic group is non-Abelian. 

In Theorem IX put »=1. Then the group of that theorem 
is of order 4 μ, with w> 1. That it is the dicyclic group of order 
4 yw is seen by putting o = st! and τ = s~!, whence it follows 
that o and 7 satisfy just the conditions imposed on s and / in 
Theorem X, with m replaced by uw. Hence the dicyclic as well 
as the dihedral groups belong to the category of groups treated 
in § 49. 

If in Theorem VIII we take m = 2 while m is odd, we have in 
{s, 1} the element s of order 4 and the element si? - 52 = st“) - ἢ 
= st of order 2m, while s? is in {st}. Moreover 5 transforms si 
into its inverse. Hence we have the dicyclic groups of order 4m, 
where m is odd. 


EXERCISES 


1. Show that no dicyclic group can be simply isomorphic with a 
dihedral group. 

9. Show that there are at least two abstract groups of every even 
order greater than two and that there are at least three abstract groups 
of every order which exceeds 4 and is divisible by 4. 

3. Show that the dihedral group of order 2 m may be defined as 
the group generated by a cyclic group H of order m and an element 
of order 2 which transforms each element of H into its inverse. 

4, Show that the dicyclic group of order 8 is identical with the 
quaternion group and that the dihedral group of order 8 is identical 
with the octic group. 

5. If a and b are subject to the sole defining relations 

a2*—1, a*=(ab)?=b?, (n> 1) 
show that {a, b} is the dicyclic group of order 4 7. 

6. For the group {s, δ of Theorem X of ὃ 50 show that 55 is the 

square of every element not in {s}. 
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7. A finite group generated by two elements having a common 
square can also be generated by two elements one of which transforms 
the other into its inverse, and vice versa. 


8. If a, b, c are subject to the sole defining relations 
α9 τὸ ῥ' εξ ο3:-5 1, bd lab=at, ctac=a’', be=cb, 
show that they generate a unique abstract group and that this group 
is conformal with the Abelian group of order 3* and type (2, 1, 1). 


9. Groups {a, δ) and {c, d} are determined by the following sole 
defining conditions respectively : 


(1) e=63=1, b-lab=a', (2)e7=@=1, d-'cd=c?. 
Show that {a, δ) and {c, d} have a (43, 7) isomorphism, {a} in {a, δ) 
corresponding to the identity in {c, d}, and {c} in {c, d} corresponding 
to the identity in {a, δ). 

10. Let s and ¢ be two elements which are subject to the sole 
conditions sP = 1?-1=1, {71st = st, 


where p is an odd prime and & is a primitive root modulo p. Show 
that {s, 7} is completely defined as an abstract group and is a group 
of order p(p—1). (Such a group is called a metacyclic group.) Prove 
the following propositions : 

(1) A metacyclic group contains a dihedral subgroup. 

(2) The Sylow subgroups of a metacyclic group are cyclic. 

(3) A metacyclic group 15 a complete group. 

(4) A metacyclic group of order p(p — 1) may be represented as 
simply isomorphic with a doubly transitive group of degree p. 

11. Determine the order of the group {s1, 52, s3} whose sole defining 

relations are 


$1? = 523 = $3? = (5152) 8 ΞΞ (5255) ΞΞ (S2S1S3)? == | 
and represent it as simply isomorphic with a permutation group of 
lowest possible degree. 


12. Let s and ¢ be elements which are subject to the sole defining 
relations 958 -ὦ (3. (st)?=1. 


Show that {5, ἔξ is a group of order 96. Show how to adjoin other 
conditions to those already given so that the group {s, δ as thus 
further restricted shall be simply isomorphic with (a) the alternating 
group G of degree 4, (b) the direct product of G and the cyclic group 
of order 2, (c) the direct product of G and the cyclic group of order 4. 
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Show that no other non-Abelian groups can be obtained by this process 
of adjoining conditions to those initially given. 


13. Show that there are just four non-Abelian groups {s, 1} such that 
s8=??, (st)? Ξε], 
and determine their defining relations and their orders. 


14. Show that there are just six non-Abelian groups {s, #} such that 
52 = 2 and st is of order 4, their orders being 24, 48, 96, 120, 240, 480, 
and determine their defining relations. 


15. Determine the non-Abelian groups {s, ἢ) such that 
s=t, (st)?=1, 


and construct defining relations for each of them. 


MISCELLANEOUS EXERCISES 


1. If for n > 3 two elements s and ὦ are subject for odd 7 to the 
conditions 


(1) s*-2=1, B=1, 

(2) (st) = 1, 

(3) (t-s—*ist)?=1, (k=1, 2,---, $(2 —3)) 
and for even n to the conditions 

(1) s*-2=1, #8=1, 

(2) (5) 5 1 = 1, 

(3) (((- Ἐς τ 5 Ἀγ2 τε 1, (k=1, 2, +--+, 80:1 — 2)) 


and to no conditions except those implied by these, then these ele- 
ments generate a group which is simply isomorphic with the alter- 
nating group of degree ἢ. 


9. Construct abstract defining relations for each of the primitive 
groups of degree 7. (Compare Ex. 12 on page 163.) 


3. Construct abstract defining relations for each of the primitive 
groups of degree 8. (Compare Ex. 16 on page 165.) 


4. Let s and ¢ be two noncommutative elements each of prime 
order p and suppose that the elements #, 5. 115, 5. ts, -- -, s~?*1ts?~ 
are commutative. If s and ¢ satisfy no conditions except those im- 
plied by these, show that {s, ἢ) is of order p?*? and is simply iso- 
morphic with a Sylow subgroup of order p?+! in the symmetric group 
of degree p?. 
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5. Construct abstract defining relations for a Sylow subgroup of 
order p??+?+1! in the symmetric group of degree p?, where p is a prime 
number. | 

6. If isa positive integer less than the prime p, show that there is 
one and but one abstract group of order p?** which can be represented 
as simply isomorphic with a permutation group of degree p? + (k —1)p. 
Show that it is non-Abelian and construct its defining relations. 

7. If k is a positive integer less than the prime p, show that there 
is one and but one abstract group of order p”+?+* which can be rep- 
resented as simply isomorphic with a permutation group of degree 
p? + (k—1)p. Show that it is non-Abelian and construct its defining 
relations. 

8. Generalize the results in Exs. 4—7. 

9. If s and ¢ are subject to the sole defining relations 

SPS [2-51, ἰ5ἰ Ξξ stem, 
show that {s, ἢ is a group G,, of order 8 m, that every subgroup of 
Gn is either Abelian or of the type G,, and that the group of isomor- 
phisms of G,, with itself is of order 2 6(4 m) or 4 φ(4 m) according as 
m is odd or even. 
10. If s and ¢ are subject to the sole defining relations 
sim = [2 = 1, tst = 52-1, 
show that {s, ἢ) is a group of order 8 m and that its group of isomor- 
phisms with itself is of order 2 m$(4 m). 
11. Show that the permutations 


μ 
5 -- (αι(ϑι(αρ(ϑϑο(δ. .. dao be), 
t=1 


i= (a1 be. ae b, ag bo ΩΝ Gay bay 1) 


-1 
Tl (ατ( 5. %aqgG+Dh,@ ΠΕ Go») ho,), 
i=l 
μι being greater than 1, generate a group of order 4 μνξ, and construct 
defining relations for the abstract group which is simply isomorphic 
with {s, 7}. Show that the groups {s, ¢} include the dicyclic groups. 
12. A group G whose Sylow subgroups are cyclic is a group {a, δ) 
such that 6 transforms a into a power of a. Find a group of the latter 
class whose Sylow subgroups are not cyclic. 
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13. Let aand ὃ be elements of orders and μ, respectively, such that 
b-1ab = a*: let σα be the lowest positive power of a which is equal to 
a power of ὃ and write a* = b*; and let δὴ be the lowest positive power 
of ὃ which is equal to a power of a and write b® = a". Show that {a, ὃ) 
is of order λβ and discuss the general properties of {a, ὃ). 


14. Obtain abstract defining relations for the symmetric group of 
degree n as generated by three elements, each of order 2. 


15. If for n = 3, ν any number prime to 2, and p any odd integer, 
two elements o and τ are subject to the sole defining relations 
oP = 7 = go "τέστητε σ᾽ ἵτῆστρ = (στη) 1 = (τῇ. στ τ"σ᾽)" 

= (rg high)? — 1, (R= 2, 3,---, 8601 -- 1) or Zn), 
show that they generate a group of order wv- xn! which is simply 
isomorphic with the direct product of the symmetric group of degree n 
and the cyclic groups of orders yw and ν. 


16. Construct defining relations for the abstract group which is 
simply isomorphic with the direct product of the symmetric group of 
degree n and cyclic groups of orders μ and ν, where ν is odd and μ 18 
prime to n — 1. 


17. Construct defining relations for the abstract group which is 
simply isomorphic with the direct product of the symmetric group 
and the cyclic groups of orders and v, where μ and v are any positive 
integers prime to ” and m — 1 respectively. 


18. If two abstract elements 5 and ¢ are subject (for m> 1 and 
k > 1) to the sole defining relations 
sm = tm = (ts-1)F = {1 . s-8f-1s% .¢- s-%ts*=1, (a= 1, 2,---, R—1) 
they generate a group of order k - m* which is simply isomorphic with 
the permutation group 

{(@1d2 +++ Amz), (€10%4142k41 °° * @m—1)k+1)$- 

19. Determine all the non-Abelian groups {5, δ such that s?=#, 

(st)? = 1, and construct defining relations for each of them. 


20. Show that there are just six non-Abelian groups {s, ἢ) such that 
52 = (3, (st)} = 1, and construct defining relations for each of them. 


21. If two elements are of order 4 and their product is of order 2, 
while the square of one element is permutable with the other element, 
show that they generate a group of order 16, and represent this group 
as a regular group. 


CHAPTER VIII 


Groups of Linear Transformations 


51. Properties of Linear Substitutions. The system of linear 
homogeneous equations 


y= Dax, (=1,2,---,n) [1] 
j=l 


in which the n? coefficients a,; are n? given (real or complex) 
numbers of ordinary algebra, uniquely determines the  com- 
plex variables y in terms of the m complex variables x. Such a 
system of equations is called a linear homogeneous substitution ; 
it is said to be performed on the x’s to produce the new variables 
y. (If to the second member of the 7th equation we add the 
constant ὅ;, [ΟΥ̓ ἢ = 1, 2,---, n, we obtain a linear nonhomogene- 
ous substitution on the x’s.) 
In case the determinant | ας; of system [1], namely, 


@1012*+>° Qin 


Q2102++-@ 
| a; | a 21422 25, : [2] 
QniQn2°°* Ann 


is different from zero, that system can be solved uniquely 
for the x’s in terms of the y’s. Then we call [1] a linear ho- 
mogeneous transformation on the x’s into the y’s. (In the 
corresponding case (namely, when | a;;|+ 0) the linear non- 
homogeneous substitution is called a linear nonhomogeneous 
transformation.) 

The array of elements in the determinant | a@,;|, as written 
out in [2], will be called the matrix of the substitution and will 
be denoted by || a@;; ||. It is clear that the character of the sub- 
stitution is determined by the matrix of its coefficients and is 

. 188 


Groups of Linear Transformations 189 


independent of the variables used in the transformation. Con- 
sequently we shall call two transformations identical if they 
have the same matrix of coefficients even if they are written on 
different sets of variables. 

If A,; is the cofactor of a;; in the determinant | ας; and if we 
write ας; = A;;/| a@,;|, then we may solve for the x’s in terms of 
the y’s in the transformation A, namely, 


A: yi =>) ai5x;, (@=1,2,---, m) [3] 
j=1 

and so obtain the transformation A’, namely, 

A’: x; => αῃ5»- (ἢ ΞΞ Ὶ; 2,0 n) 
j=l 


Then A’ is called the transformation inverse to A. It is then 
easy to see that A is also the inverse of A’. 

If in addition to A we have a second transformation B, 
which we may write in the form 


B: Zl = δ dudes c= 1, 2, Ee n) [4] 
k=1 


and if we eliminate from [3] and [4] the variables y, we have a 
new transformation C, namely, 


Cc: Ζι = >) διοῖε; (¢{=1, 2,---, 5) 
where Crs = > buQks- 
k=1 


We call C the product * of A and B, and we write AB=C. This 
process of combination of transformations is called mulitplica- 
tion. From the usual rule for the multiplication of determinants 
we have |c|=|bs|-|as|; that is, the determinant of the 
product of two transformations A and B is equal to the product 
of the determinants of A and B. 


*If a, B, y are the matrices of the transformations A, B, C, respectively, 
then we call y the product of a and B and write a8 =y. The same law of 
multiplication is used even if one or more of the corresponding substitutions 
have zero determinants. 
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The transformation AA we denote by A?; more generally, we 
write AA”! = 45 and we call the transformation A” the nth 
power of A. The inverse of A we denote by A-! and its nth 
power we denote by A~”. Then we have A#«A’ = A#+» for all 
integers μ and ν, provided we use 49 for the zdentical transforma- 
tion J, namely, 


I: Ve = 2): (@=1, 2,---, 5) 


The product of a transformation and its inverse is the identical 
transformation. 

If A and B are two transformations whose product AB is 
denoted by D, and if the product BC of B and C is denoted by 
E, we have (AB)C = DC and A(BC)=AE. By a direct com- 
putation it may readily be shown that DC = AE. Hence we 
have (AB)C = A(BC); that is, the associative law holds for 
the multiplication of transformations. (Similarly, it may be 
shown to hold for substitutions even when the determinants are 
allowed to have the value zero.) | 

From the various properties of transformations thus set 
forth and from the definition of group in § 3, it follows that 
transformations with the indicated rule of multiplication are 
suitable to serve as the elements of groups. We may therefore 
take over at once (without further definition) the terminology 
which we have already introduced in dealing with elements of 
the most general kind belonging to abstract groups. As an 
example, if S and 7 are two transformations, then S~!TS is 
called the transform of S by T. We may also take over for 
transformations the theorems already established for general 
elements belonging to groups. 

If A and B are defined as in [3] and [4], then the transform 
A~'!BA is the transformation 


A-1BA: ¥=D D> Daybsouwx, (¢=1,2,-+-,n) 
as one shows by a direct computation. The properties of trans- 


forms in general may evidently be carried over to transforms 
of this type. 
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The two linear transformations 


=> QijXj, Vi= Lasts (= 1, 2,. 10; n) 
ΖΞ 

are said to be each the transposed of the other. If A, Αι; 
B, B:; C, C; are three pairs of transposed transformations, 
and if AB = C, it is readily shown by direct computation that 
C, = B.A, and hence that A;-1B,-! = C,—!.. Hence if the linear 
homogeneous transformations J, A, B, C,--- form a group G, 
then the transposed transformations J, A:, Bi, Οἱ," forma 
group G; simply isomorphic with G, each transformation in G 
corresponding to the inverse of its transposed in the simple 
isomorphism thus indicated. Each of these groups G and 6; is 
called the transposed of the other. When we speak of the iso- 
morphism of G and G;, we shall always mean the one here indi- 
cated unless the contrary is expressly stated. 

Using & to denote the conjugate imaginary of a, we call each 
of the transformations 


γε Ξε ῖΣ αὐλὴν Y= Dux, (@=1,2,--+,n) 


the conjugate imaginary of the other. If the linear homoge- 
neous transformations J, A, B, C, --- form a group G, then 
the conjugate-imaginary transformations 1, A, B, C,-+-+ form 
a group G which is simply isomorphic with G, with the corre- 
spondences A ~ A, B~B,---, since the relation AB =C 
implies that AB=C, as one may readily verify. Each of 
the groups G and G is called the conjugate imaginary of the 
other. When we speak of the isomorphism of G and G, we shall 
always mean the one here indicated unless the contrary is ex- 
pressly stated. 

Let ζιχι + koxe +---+&,x, be a linear homogeneous func- 
tion of the x’s which is changed into a multiple of itself by a 
transformation A, so that we have the identity 


> kyaijx; = ἃ Σ hjX;j, 


4,j=1 
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where ἃ is the multiplier of the linear function under the named 
transformation; then we have | 


> Aa = dk =F = 1, 2,-- +, 5) 
t= 1 


Hence ἃ must satisfy the characteristic equation of the trans- 
formation, namely, the equation 


Qi—N aye °° ° An 
a2} G22 -- A+++ Aan = (), 
Qni Qn2 °° * Ann λ 


The determinant in this equation is called the characteristic 
determinant of A. The roots ἃ of this equation are the only 
multipliers possible for a linear homogeneous function of the 
x’s under the transformation A ; and for each root of this equa- 
tion there is evidently at least one linear homogeneous function 
of the x’s having this root as such a multiplier. 

We shall now prove the following theorem: 


I. A transformation has the same characteristic 
equation as any transformation into which it can be 
transformed by another transformation on the same 
number of variables. 


Let B be the given transformation and let A be the trans- 
forming transformation. The characteristic determinant D of 
A~!BA ray be put in the form 


n nm 
D= > ἊΣ σῳηδγκακι — Nil, 
j=l k=1 


the element written being that in the 7th row and the /th col- 
umn and ),; denoting ἃ or zero according as {τὸ ἡ or 1¥ 1. 
By means of the usual rule for the multiplication of determi- 
nants, and by aid of the relations existing among the quantities 
a,; and a, in view of the definition of the latter in terms of 
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the former, it is easy to show that 


[ Die — Ase | =| Gaz | | Bie — Age | - [ἀμ] 
n 
= >, 4isdin — ατελ : [ακι] 
jar 


> > αυδκακι = λει | = ὃ. 
k=1j=1 


Hence the characteristic equation for B is the same as that 
for A~1BA. 

The sum of the roots of the characteristic equation of B is 
bis + Doo +- +++ Dan; that is, it is equal to the sum of the main 
diagonal elements in the matrix || ὃ || of the transformation. 
This is called the characteristic of the transformation. From the 
foregoing theorem it follows that the characteristic ts unaltered 
when the transformation is transformed into a new one by means 
of any transformation A on the same number of variables. 
Therefore, in a group of linear homogeneous transformations any 
two conjugate elements have the same characteristic. They also 
have the same characteristic equation. 

A transformation of the form 


Vi = Q%1, Yo = A2X2, °"'; Yn = AnXn 


is called a multiplication. The coefficients αι, de, ---, G_ are 
called the multipliers of the transformation. Any two multipli- 
cations are permutable and their product is a multiplication. 
If in the foregoing multiplication all the coefficients a; are equal, 
then the transformation is called a similarity transformation. A 
transformation of the form 


Vi = AyXay Vo = AoXp, 5. Vn = AnXy, 


where a, 8,---, μ᾿ are the symbols 1, 2, - - -, 2 in some order, is 
called a monomial transformation. If the coefficients in a mono- 
mial transformation are all equal to unity, then the transforma- 
tion is called a permutation and represents merely a permutation 
of the given symbols. Thus linear transformations afford a 
generalization of ordinary permutations. 
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52. Finite Groups of Linear Transformations. Thus far we 
have said nothing explicitly which would restrict our transfor- 
mations to belong to finite groups or indeed to be transforma- 
tions of finite order. The transformation x’ =x, y’=x+ y is 
obviously not of finite order. In using linear transformations 
for the study of finite groups we shall need to know (among other 
things) conditions on a transformation which will ensure its being 
of finite order. Accordingly we now prove the following theorem: 


II. A necessary condition in order that a linear 
homogeneous transformation A, namely, 


A: ¥i=Doayx, (=1,2,---,n) 
j=l 


shall be of finite order N is that a transformation S 
shall exist such that S-1AS shall be of the form 

Vi = WX, (1 -- 1,2, - - -, 5) 
where w , ὧς, - - ",» w, are Nth roots of unity. 


For every 5 the transformations A and S~!AS are of the same 
order, if either is of finite order. Hence, whenever S exists such 
that S~!AS is a multiplication whose multipliers are roots of 
unity, it follows that A is of finite order. 

In order to prove the theorem let us suppose that A is of 
finite order N. Let ¢, be a linear function of the x’s which is not 
identically zero, let #2 be the function into which it is changed 
by A, let ἐς be the function into which ἐς is changed by A, and 
soon; and suppose that in each case the variables 1, yo, - " -» Vn 
are replaced by 1, Χο, - - +, Xn, respectively, after the transforma- 
tion, so that each ?#; is a function of x1, x2, ---, X,. Then, since 
A is of finite order, there exists a number ν such that 41, fo, - - -, ¢, 
are all the distinct functions thus obtained from t;. Then the 
sequence 11, fz, - - -, ἐν is changed in cyclical order by 4A, ἐν going 
into ¢;. Let us now consider the linear functions 7, 71, - - -, ἢν..1 
defined by the following equations, where w is a primitive vth 
root of unity: 


i+ WwW te + w 24tz +- i ωτ στ = ἡς- (ΣΞΞΌ, l,- v= 1) 
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Now by hypothesis é; is not identically zero; hence not all the 
n’s are identically zero, since the determinant of the coefficients 
in the foregoing set of equations is different from zero. Let m 
be the number of the 7’s each of which is not identically zero. 
If n, is one of them, then 7; is replaced by w'n, when the variables 
are changed by A. Therefore the m 7’s which are different from 
zero are linearly independent. We retain just these m 7’s. 

If m is less than n, then there exists a linear function 5: of the 
x’s which is linearly independent of the retained n’s. We may 
treat 51 as we treated /, and so arrive at a new set ¢'o, (1, "5, 
¢’,-1 of linear functions of the x’s which are linearly independent. 
These cannot all be linearly dependent on the 7’s, since this 
would imply that s; is linearly dependent on them, contrary to 
hypothesis. Retaining those which are linearly independent of 
the retained 7’s we have an enlarged set of linearly independent 
linear functions of the x’s each of which is changed into a mul- 
tiple of itself by A, the multiplier being a root of unity. 

If we do not yet have ἢ linearly independent linear functions 
of the x’s, we may continue the process. Finally we must obtain 
ἢ linearly independent functions of the x’s each of which is 
changed by A into a product of itself by a root of unity. The 
existence of this set of functions may be employed in showing 
the existence of an S such that S~!AS is a multiplication with 
multipliers equal to roots of unity. For if these functions are 
denoted by the symbols #1, 222, ---, Mn, Where 


Uu; => sists, a= 1, 2, τ, Nn) 


: : j=l 
and if we write 


υ; -- Σ᾽ 8.) ({-ε], 2, ---» 7) 
j=l 
we have fe 
v; =>) siz Dain, (1 Ξξ 1, 2, τ, n) 
Ξε 1 ἀεὶ 
ὕ; ΞΞ Wii, (ἡ Ξξ 1s 2, τ», n) 
where the w; are roots of unity; whence it follows that 


n 
> SijA jk = WiSik- 
jal 
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Hence if 5 is the transformation whose matrix is Il s,; || and we 
denote the matrix of the inverse of S by Il a,; Il, then for S~!AS 
we have 

S-1AS: x=> = >s δι) σα, σκιζι = >» > o WiS KO hIX1 = WX; 

] k=1l=1 

It is obvious that the w; must be Nth roots of unity, since S~!AS 
is of order N. Hence S is the required transforming transforma- 
tion. : 
Cor. The characteristic of any element in a finite 


group of linear homogeneous transformations on 1 
variables is a sum of 7 roots of unity. 


In order to obtain a standard form to which any finite group 
of linear homogeneous transformations may be brought, it is 
convenient to introduce certain auxiliary considerations. 

A bilinear form in the 7 variables Χι, X2y +++) Xn and their 
conjugates, namely, 

> ΣΡ 


ἐ,7:1 


is called a Hermitian form if the coefficients c,; satisfy the 
ΤΕΙΒΠΘΙΣΣ, tote GTS 1:3 πε δὴ 

A Hermitian form is obviously real-valued for every set of (real 
or complex) values of the variables. We shall say that a Her- 
mitian form is definite if it cannot take a negative value, what- 
ever values are given to the variables. 

It is easy to verify directly that any Hermitian form is 
changed into a Hermitian form when the variables in it are sub- 
jected to any linear homogeneous transformation. 

We shall now reduce a definite Hermitian form to a certain 
standard type by means of a linear homogeneous transforma- 
tion on its variables. Let H be the definite Hermitian form 


Η: > cure (iz = C;:) 

t, j= 
If cy, is negative, then H has a negative value if x, = 1 and the 
other x’s are all zero. Hence cx, =0 (R= 1, 2, - - -, n). If cu, =0, 
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then we must have οὐ: ΞΕ for 7=1, 2,---, ; for if we take 
each x; equal to zero except x; and x, where /~ k, and if cy, = 0, 
then the value of H reduces to the value of ¢X1%1-++ CeiXe%1 
+ σμχιχε: if cy Ὁ, put x: = μι and x,=— cy, whence H is 
negative in value unless c,,=0; if c,,;=0, put 4,=— 1 and 
X1 = Cx, Whence H is negative in value unless c,; = 0. Therefore 
κι = 0 if Ckk = 0. 

From this it follows, in particular, that at least one of the 
coefficients ¢11, C22, - °°, Cnn 1S different from zero unless all the 
coefficients in H are zero (a case which we shall exclude from 
consideration). By a suitable change of subscripts (equivalent 
to a linear homogeneous transformation) it may be brought 
about that ci; # 0; and we suppose this transformation to be 
already carried out. Now we put 


Vir ἢ = C11%1 + CorXe2 fees Cui Xn, 
Veu 4h = C11%1 + C12X2 ΡΞ» 5. ἘΠ Cinkn- 


Then the given Hermitian form H is changed to a new Her- 
mitian form 


hh + >) dijx.x;. 
1, j7=2 
If the coefficients d;; are not all zero, we may repeat the process 
as applied to the form indicated by the summation in the fore- 
going expression and obtain a form 


til, + tole + > θη χει). 
ἡ, j=3 
It is clear that the process may be continued until we change H 
to the form tity + tela +--+ + bobs, 


where s =n. It is evident that the linear forms i, fo, - - -, ἔς of 
χι, X2,°*°, X, are linearly independent, since each of them con- 
tains a variable x which is not in those that follow it. This form 


in ὦ is equal to zero when and only when 4; =#2=---=1,=0. 
When s = n, and only in this case, this implies the conclusion 
that H has a zero value only when x; = %2.=---=%x,=0. We 


shall follow the terminology of W. Burnside (Theory of Groups, 
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2d ed., p. 254) and call H a nonzero definite Hermitian form when 
s=n. When 5 « n we shall call the form zero definite. It may 
readily be shown that the determinant | c;; | is equal to zero when 
5 < n and is different from zero when s = n. 

Now let G and G be two conjugate-imaginary finite groups of 
linear homogeneous transformations, and denote corresponding 
elements in G and G by the respective symbols 


=D aus Vi =>4.3;. @= 1, 2, Ν n) 
j=l 
It is obviously legitimate to use the conjugate variables y and 
x in the second transformation. 
By means of these transformations the form x:%, + x2%2+- 
- +. x,%, 1s changed into 


The new form has a positive value for all values of the x’s except 
the simultaneous set x; = x2 =--- =x, =0, since this is a prop- 
erty of the form from which it was obtained (or the fact may 
be readily verified directly). Now construct such a transform 
Of %1%1 +---+%,%, for each pair of corresponding elements in 
G and G and take the sum of the resulting expressions. Since 
each of the summands is positive except for simultaneous zero 
values of the variables, it follows that the same is true for this 
sum and hence that the sum is a nonzero definite Hermitian 
form. But this sum is obviously invariant when the variables 
x and x undergo corresponding transformations in G and G. 
Hence we have the following theorem: 


τῳ "ἄχ jXke 


Me 
iM 


III. If G and G are any two conjugate-imaginary 
finite groups of linear homogeneous transformations, 
then there exists a nonzero definite Hermitian form 
which is invariant when its two sets x and X of vari- 
ables are subjected to corresponding transformations 
of G and G. 
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Let H be the Hermitian form whose existence is asserted by 
this theorem, and let the conjugate-imaginary transformations 


S and S, namely, 
t; => ἔρχῃ» t; =} 1X3, (7 Ξξ I, 2, wf ty n) 
j=l 


be transformations by which H is changed into the standard 
form t,t; + fete +---+it,t,. Then this latter form is left in- 
variant when its variables are subjected to corresponding 
transformations of the conjugate-imaginary groups 5. 165 
and S—!GS. 
This fact will enable us to prove the following theorem: 
IV. Any group G of finite order, whose elements 
are linear homogeneous transformations, may be 
transformed by means of a suitable linear homo- 


geneous transformation S into a group 5.165 such 
that the coefficients c,;; in any element 


yi =D cij%; (1=1,2,---,n) 


j=l 


of S-!GS satisfy the conditions 


δα {1{Ππ|π|} 
arr θυ dS 4. 

Let S be a transformation (already proved existent) such 
that χιχι + xe%2 +---+%,%, is unaltered when its variables 
are subjected to corresponding transformations of S~!GS and 
S~1GS. Then we have the identity 


Equating coefficients of like terms on the two sides of this 
identity, we have the relations asserted in the conclusion of 
the theorem. 
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Cor. The conjugate imaginary of an element C 
in S~1GS is the inverse of the transposed C; of C; 
and hence the conjugate-imaginary group and the 
transposed group are identical. 


For if || ¢,; || is the matrix of C, then the matrix of the prod- 
uct CC; iS i 
> ΟΣ 
k=1 


and this is the matrix of the identical transformation in view 
of the relations in the theorem. 

53. Reducible and IJrreducible Groups. Let G be a group of 
linear homogeneous transformations in the m variables x1, xo, 

εν, Xn. If for some 5 (0< 5 « n) there exist 5 linear functions 
ti, f2,---, t, of the x’s such that these s functions are trans- 
formed among themselves by each element of G according to 
a linear homogeneous transformation on the ?’s, then G is said 
to be reducible. Otherwise G is said to be irreducible. If for v 
greater than unity there exist v sets of linear functions of the 
x’s such that these sets together form m linearly independent 
functions of the x’s and such that the functions in each set 
are transformed among themselves by each element of G while 
the group of linear transformations in each set is by itself 
irreducible, then G is said to be completely reducible, and these 
ν sets are called completely reduced sets for 6. 

It may be shown that the only homogeneous substitutions S 
On Χι, X2,° ++, Xn Which are permutable with every transformation 
of an trreducible group G of linear homogeneous transformations 
on the same variables are those in which S has the form x’; = ax; 
(¢=1,2,---,m). For T—!ST is then permutable with T—!GT, 
where T is any transformation on the same variables. If Δ 1s 
a root of the characteristic equation of S, then T may be chosen 
so that ΤΊ 157 replaces each of a certain number of the vari- 
ables by A times itself. Then a transformation permutable 
with ΤΟ 1571 transforms these variables among themselves; 
hence this must be true of all the transformations in 7~!GT. 
Since the latter is an irreducible group, it follows that T~!ST 
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replaces each of the m variables by ἃ times itself. Therefore 
S itself also has this property, as was to be proved. 


V. If Gand G are two conjugate-imaginary groups 
of linear homogeneous transformations such that 
there exists a zero definite Hermitian form which is 
invariant when its variables are subjected to corre- 
sponding transformations of G and G, then G is a 
reducible group. 


By the process employed in the foregoing section, ex- 
press the zero definite invariant Hermitian form in the form 
tt; + toto +---+ tf, where 5 « n, ἢ being the number of vari- 
ables on which G operates. Let hi, to,---, ts, te41,°°°,tn be a 
set of m linearly independent linear functions of the original 
variables on which G operates. Transform G into a group H 
on these new variables by means of a transformation S so that 
Η-- 5.165. Let Η be the conjugate imaginary of H so that 
H=S-1!GS. Then the foregoing standard form is invariant 
for H and H. But if 


δὲ =>) σρί; δὲ = 2, aii (ἢ Ξξ 1, 2, “το n) 
j=1 j= 


are corresponding elements of H and H, then from the invari- 
ance of ἢ +----+ {εἶς it follows that 


AQ inl jty. 
1 
This identity implies that 
>, 4ij4;; = 0 if j=s+ 1,s+2,- °°, 7. 
s=1 


Hence a;,=0 if 7=1,2,---,s and y=s+1, s+2,---,n. 
Therefore H transforms the variables t, te, " --, ἰς among them- 
selves and hence is reducible. Therefore G itself is reducible. 
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VI. If a group G of linear homogeneous transfor- 
mations is of finite order, then G 15 either irreducible 
or completely reducible. 


If G is reducible, let it be transformed to a set of variables 
Χι, Χ2, 55, Xry Arg ly Ar 42) °° *y Mr+ey [1] 
such that the last s variables are transformed among them- 
selves by the elements of the transformed group H. Let 1 be 
a nonzero definite Hermitian form which is invariant for H 
and H. Reduce J to the standard form by the step-by-step 
process of § 52, taking the variables in the order given in [1]; 
and let the new variables be hi, éz,---,¢-4s;. The last 5 of these 
are functions of the last s x’s in [1]; hence they are trans- 
formed among themselves by H. Transform H to the new 
variables ¢ and denote the group in this form by K and its 
conjugate imaginary by K. Then tii +---+t4cl-4s 1S in- 
variant for K and Καὶ, while the last s?’s and the last s?’s are 
transformed among themselves by K and K respectively. Now 
(§ 52, Theorem IV, corollary) K is identical with the trans- 
formed Καὶ, of Κα. Hence the last s?’s are transformed among 
themselves by K;,: therefore the first 7 ?’s are transformed 
among themselves by K. Hence K transforms among them- 
selves the variables in each of the two sets 


hh, to, ee) ἰ, and ΡΈΕΙ be 4.25 tng bevige 


If the group in either of these sets is reducible, the process 
may be repeated for that set. By continuing the process we 
arrive finally at a separation of variables which implies the 
theorem as stated. 


VII. Let G be a finite group of linear homogene- 
ous transformations on the variables x1, x2,---, Xn, 
and let H be a simply isomorphic group of linear ho- 
mogeneous transformations on the variables γι, ye, 

-+;¥m- Let f be a function of the form 


Ff=RMYi+XYot---+XYn O<k<n) 
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where Xi, Xo, - - -, X, are linearly independent linear 
homogeneous functions of 41, %2,---, X, and Vi, Yo, 
---, Y; are such functions of 1, yo,-+-,¥m. If f is 
left unaltered when the x’s are changed by any 
(every) element of G, and the y’s by the correspond- 
ing element of H, then G is a reducible group. 


We suppose that G and H are so transformed that f is the 
function x11 + xeye-+---+ Χμ. Since this function has the 
stated property of invariance, it follows that x1, x2, - - -, χε must 
be transformed into linear homogeneous functions of them- 
selves by every element in G. Since 0 « k< ἢ, it follows that 
G 15 reducible. 


Cor. If two linearly independent functions of the 


form ae as 

> 5 jX 5X j 

t,j=1 
are left unchanged by every element of G, then G is 
reducible. 


Let G, the conjugate imaginary of G, be the group H of the 
theorem, and suppose that the variables are so chosen (§ 52) 
that one of the forms in the corollary is 7, where 


T = χιχι + XoXo +--+ + Χηζη. 
Let F be the other form. Then F may be written 
F = ξιχι + bo%2 +--+ + Extn, 


where £1, £,---, &, are linear homogeneous functions of ΧΙ, x2, 

--, x, If X is any constant, then F + ΔΙ is also left unchanged 
by all the elements of G. But ἃ may be so chosen that ἔξ: + Am, 
fo +- λχο, -- -, £2 + Ax, are linearly dependent. We may then 
suppose that the notation is so chosen that £, + Ax, is a linear 
function of the form 


Ent Nn = αιίξι + Amr) He > τῇ Gn-1(En—1 + λχ,- 1). 
e 


Then Ε ᾿ 
Ε-ΈΔΙ τϑῷ (ξι + Axi) (1 + @1%n) ἘΠ." 7 
ΞἜ (En—1 Ἔ AXn—1)(Xn-1 + An—1Xn). 
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This process of reducing the number of terms may be continued 
until we have a function possessing the properties demanded 
in the theorem. Then if we apply the theorem, the corollary 
follows at once. 

54. Composition of Isomorphic Groups. Let G and G’ be two 
simply isomorphic groups of finite order, their elements being 
linear homogeneous transformations, the first on m variables 
and the second on m variables; and let A and A’, namely, 


A: δὲ ΞΞ D> ἀῃΧη» ( = 1, 2, ey n) 
jal 

A’: Uk =>) σ΄ μι, (k = 1, 2, es | m) 
i=1 


be corresponding elements in a given simple isomorphism of G 
and G’. From these two systems of equations we may form 
the new system 


n 


γίῦ τε δ᾽ Σ᾽ σῃσκιχμι, (=1,2,-++,n; k=1,2,--+, m) 
Ξξι l=1 

defining a linear homogeneous transformation a on the mn vari- 
ables x,u:. If B and B’ constitute another pair of correspond- 
ing elements from G and G’ respectively, we may similarly form 
a transformation 6 on the mn variables x,u;. If now AB=C 
and A’B’ = C’ and we similarly form y on the x,;u,; correspond- 
ing to C and C’, it may easily be shown by a direct computation 
that a8 = γ. Hence the transformations a, 8, y,--- forma 
group which is simply isomorphic with G and with G’. 

This process of forming this third group from the two groups 
G and G’ and a given simple isomorphism of them is called a 
composition of the two groups with respect to the given simple 
‘isomorphism, and the resulting third group is called the com- 
pound of the two given groups with respect to this isomorphism. 

If A and A’ are written as multiplications, in accordance 
with Theorem II of ὃ 52, then α is a multiplication in which 
the mn multipliers are the mn products formed with factors one 
of which is a multiplier of A, while the other is a multiplier of 
A’. Hence the characteristic of a 15 the product of the character- 
istics of A and A’. 
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Now suppose that a finite group G is written as a set of 
transformations changing x’s into y’s and also as a set of trans- 
formations changing w’s into v’s, and exhibit the two forms of 
G as simply isomorphic by making each transformation in the 
one form correspond to that transformation in the other form 
which has with it the same matrix of coefficients. Now carry 
out the process of composition on the two forms of G. If G 
itself is written on m variables, we obtain in this way a new 
group on 7? variables which is simply isomorphic with G and 
we have the correspondences which imply this isomorphism. 
We shall call it the first compound of G with itself. By means 
of this isomorphism of G with its first compound, form the 
second compound of G with itself, namely, the group resulting 
from carrying out the process of composition of G with its first 
compound with respect to the named simple isomorphism of 
the two groups. It is evident that this process may be continued 
indefinitely and that we shall thus have a third compound, a 
fourth compound, and so on, of G with itself. 

Now let A be any element of G and write the group on such 
variables as will reduce A to a multiplication with multipliers 
Wi, ὧς, °°, Wn, in accordance with Theorem 11 of ὃ 52. Then 
the multipliers of the element corresponding to A in the first 
compound of G with itself will evidently be the n? products 
w:w;. In fact it is easy to see that the multipliers of the element 
corresponding to A in the (a — 1)th compound of G with itself 
are the μὰ notationally distinct products of a factors each, each 
factor being a number of the set wi, we, ---, Wn. 

When G and G’ are two groups of linear homogeneous trans- 
formations between which exists a general isomorphism of the 
sort described in § 16, then we may apply to them a process of 
composition similar to that applied to simply 1somorphic groups 
at the beginning of the present section. We suppose that to 
every element of G there correspond p elements of G’, while to 
every element of G’ there correspond g elements of G. Let 21, 
22, + be the elements of an abstract group which is simply 
isomorphic with G, and let 2’;, Σ΄», -- - be the elements of an 
abstract group which is simply isomorphic with G’, and such 
that each 2; is permutable with every 2’;. Let 2’, Σ΄, «+>, 
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Σ΄.» be the p elements of the second group, each of which corre- 
sponds to 2; in the first in accordance with the named isomor- 
phism. Let K of order k be the group whose elements are 


Lage ity Lge’ ia, "55, Lids ip 


where 2; varies over the elements of G; this group K is multiply 
isomorphic with both G and G’, the isomorphism with G and G’ 
being, respectively, (p, 1) and (gq, 1). 

Denote by S, (a = 1, 2, ---, k) the elements of K, and let 


2: = δ᾽ σι γαζ)» (71ΞΞ 1,2, --, 5) 
ὑ, Ξε δ᾽ α΄ εἰαθ, (5 Ξε], 2, -" "», 72) 


be the transformations of G and G’, respectively, which corre. 
spond to S, in the indicated isomorphisms. With this notation, 
each of the elements of G appears p times and each of the ele- 
ments of G’ appears g times. By the method employed in the 
preceding case it may be shown that the & transformations on 
the mn products of x’s and w’s, namely, the transformations 


m 


D Gija’saXjUe a= l, 2, cy Κ, 555 1, 2, “10, 7, 
ἃ a=1, 2," -., k) 


Ms: 


VU, >= 


͵ 


! 
πὰ 


constitute a group which is simply isomorphic with K, the ele- 
ment written being that corresponding to S, in this isomorphism. 
The group which thus results by composition of G and G’ is 
called the compound of G and G’ with respect to the named 
general isomorphism between G and GC’. 

55. Representation of a Finite Group as a Group of Linear 
Homogeneous Transformations. Let G be an abstract group of 
order g whose elements are S; = 1, Se, S3,---, Sy. Let I’ bea 
group of linear homogeneous transformations to which G is 
(u, 1) isomorphic, where μι =1. Let the correspondences be 
given by which a given (yu, 1) isomorphism of G with Γ may be 
exhibited. Then, with respect to this explicit isomorphism, I 
is said to afford a representation of G as a group of linear homo- 
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geneous transformations. If I’ is a permutation group, then we 
have a representation of G as a permutation group. 

Let Γ and I’, each on a given number of variables, be two 
representations of a given group G. Let s;and s’; be the elements 
in I’ and I’, respectively, which correspond to S; in G in the 
given isomorphisms. If there exists a linear homogeneous trans- 
formation T on variables such that 7—1s';T = s; for z= 1, 2, 

--, g, then I’ and Γ΄ are said to be equivalent representations of 
G; if no such T exists, then the representations are said to be 
nonequivalent. 

The terms eguivalent and nonequivalent are similarly used 
for any groups I‘ and I” without reference to the group G. 

The two groups Γ and I’ may be identical and yet give non- 
equivalent representations of the group G. Thus the Abelian 
group G of order p? and type (1, 1), where p is a prime, may be 
represented by the transformation group y = wx (΄ Ξε , 1, - --, 
pb — 1), where ὦ is a primitive pth root of unity, by making two 
independent generators s and ¢ of G correspond to the transfor- 
mations y = w,x and y = wex, respectively, where w, and wz are 
pth roots of unity, one of them at least being different from 
unity. Thus we have p? — 1 representations of the group G by 
one and the same transformation group; and it is easy to see 
that these 5 -- 1 representations are such that no two are 
equivalent, for no two of the relevant p? — 1 pairs of elements 
y= x and y= wex have, respectively, the same characteristics. 

If a finite group G is represented as a reducible group I of 
linear homogeneous transformations, and if Γ 15 written in such 
a way as to exhibit the sets of variables in each of which the 
variables are changed according to an irreducible group, then the 
transformations on each of these sets afford an irreducible rep- 
resentation of G, that is, a representation of G as an irreducible 
group. The most important representations of G are the irre- 
ducible representations. 

Among the irreducible representations of a finite group G 
occurs always that afforded by the group consisting of the 
single element y = x. It is known as the identical representation ; 
we denote it by Γ᾿. Let us use the symbols 


Vi, 12, W's, --- 
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to denote the totality of nonequivalent irreducible representa- 
tions of G. Let Γ be any representation of Ὁ, and let Γ be written 
in completely reduced form, that is, in such a form as to exhibit 
the sets of variables in each of which the variables are changed 
according to an irreducible group. If the number of times which 
I’, occurs in this form of Γ is c:, then I’ may be represented by 


the symbol Sel’. 


The IT’; which actually occur here, that is, those for each of 
which the coefficient c; is different from zero, will be called the 
irreducible components of I. 


EXERCISES 


1. Show that a similarity transformation is permutable with any 
linear homogeneous transformation on the same variables. 


2. Construct a group of linear homogeneous transformations on k 
variables which shall be simply isomorphic with the prime-power 
Abelian group of order p” and type (7221, mae, " "τ, mx). 


3. A similarity transformation contained in a group G of linear 
homogeneous transformations belongs to the central of G. 


4. In a group G of order n of linear homogeneous transformations 
the determinant of every element is equal to an mth root of unity. 


5. Let G be a finite group of linear homogeneous transformations 
some of the elements of which have their determinants different from 
unity. Show that the transformations whose determinants are unity 
constitute a self-conjugate subgroup H of G and that the quotient 
group G/H is cyclic. 

6. Let G be a finite group of linear homogeneous transformations 
containing an element whose determinant is a primitive (o«)th root 
of unity, where p is a prime number and a is a positive integer, but not 
containing an element whose determinant is a primitive (p«+1)th root 
of unity. Let K be the totality of elements in G such that the determi- 
nant of each is a primitive vth root of unity where ν is not divisible 
by ῥα but otherwise assumes every value possible for elements in G. 
Then show that K is a self-conjugate subgroup of G of index p. 


7”. Determine all the linear homogeneous transformations of order 2 
on (1) one variable, (2) two variables, (3) three variables. 
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8. The characteristic of a transformation of order 2 is an integer. 

9. A representation of a finite group G as a group Γ of linear homo- 

geneous transformations is simply isomorphic with a factor-group of G. 

10. A representation of a factor-group of G is a representation of G. 
11. A permutation group is always reducible. 


12. The group Γ obtained by the composition of a group @ with 
its conjugate-imaginary group G is reducible, the isomorphism em- 
ployed being the usual one for G and G. 

13. Show that the elements 
χί τε, γ' ξεν, μ’' ΞΞ --- χ, υ' Ξε -- »»; 2 =y, y= -- χ, μ' ξεῖν, υ' Ξε -- μι; 

χ' = ἴχ, γ᾽ =— ἔν, μ' = --- tu, υ' τῷ Ww, where 12 = — 1, 
generate a group of order 16 which is reducible. 

14, Show that the elements 
ou, yaw ΞΞ -- χ, υ' ΞξΞ, -- ὶν; xv =y, yw =—4,uU=9,7=>—-4U; 

x’=ax, y ΞΞ α΄», u’ = αϑε, υ' = a~3v, where at = -- 1, 
generate a group of order 32 which is irreducible. 


15. Using δ; to denote 1 or 0 according as j7=1 or j ¥ i, show that 
the relations 


D> cates = δὲ (ἰ,7-:1,2, 5) 
k=1 

imply and are implied by the relations 
Dy cei = On. (ἔ, L=1, 2, +++, n) 
#=1 


16. Let G be a finite group of linear homogeneous transformations 
On %1, X%2, + - -, X, Such that the coefficients in each transformation are 
real numbers. Show that there exists a quadratic function of x1, xe, 

- +, X, Which is invariant for all the elements of G and which vanishes 
for real values of the variables only when x1 = χὰ =-+--=%,=0. 


17. Let G be the abstract group {s, i} of order 21 whose sole de- 
fining relations are s’=8=1, {το τε 93, 
Construct two nonequivalent representations Γ and I” of G, each on 
three variables such that G is simply isomorphic both with I’ and with 
IY and such indeed that T and I’ are the same transformation group 
related in two ways to G. 
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56. Group Characteristics. Let G be a group of linear homo- 
geneous transformations of order g in the variables %i, xe, 
- +, %n, the variables into which these are changed by the ele- 
ments of G being now represented by χ᾽, x’2,---, %’n. Denote 
the elements of G by S; = 1, Se, S3,---, Sy. The characteristic 
of 5, we denote by x(S:); we have seen (ὃ 52, Theorem II, 
corollary) that x(S;:) is a sum of n roots of unity. Since the 
conjugate imaginary of a root of unity is its reciprocal, and 
since the multipliers of S,;~! (when written as a multiplication) 
are the reciprocals of those of 5,, it follows that x(S,) and 
χίϑ, 1) are conjugate imaginaries. Hence if we denote by 
ἃ the conjugate imaginary of a, we have X(S:) = χίϑι 1) and 
x(Si) = X(S27"). 
It is obvious (from Theorem I of § 51) that the elements of 
a complete set of conjugate elements in G all have the same 
characteristic. Let r be the number of complete sets of conju- 
gate elements in G, and let ἅ: (=1), he, hs, ---, h, be the num- 
bers of elements in the respective conjugate sets, # being the 
number of elements conjugate to the identity. Then G has at 
most r distinct characteristics, the 7th conjugate set having 
just h; elements, all with the same characteristic. We call this 
the characteristic of the corresponding conjugate set. 


VIII. If J is the number of linearly independent 
linear homogeneous functions of x1, %2,---, %n each 
of which is changed into itself by (is invariant for) 
every element of G, then we have 


yx(S) = 1g. 


Let L, be an arbitrary linear homogeneous function of %, 
Xo,+++, Xn; and let L; be the function into which L; is changed 
by S;. Then the function L, L= 11 -᾿ 12. - τ. τ- 10» is changed 
into itself by every element of G. If L does not vanish identi- 
cally, it is one such invariant as is described in the theorem. 
If Ly = a%1 + αὐχὰ +--+ +n%n, then the sum of the coeffi- 
cients of a1%1, Qexe, " "., AnXn in L; is x(Si), as one may read- 
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ily verify by direct computation. Hence L cannot be identically 
zero for all coefficients a unless χίϑι) + x(S2) - - -- - χίϑρ) ΞΟ. 
Therefore / + 0 when this equation is not satisfied. 

If now we suppose that /~ 0, we may transform G to new 
variables #1, f2,---,¢, such that ἐ;, f,---,¢,; are left unaltered 
by all the elements of the transformed group H. Let Τὶ be the 
element into which 5; is thus transformed, and let 7’; be the 
corresponding transformation on ¢)41, tj42,---,¢n. Then x(S;) 
= x(T;) =14+ x(T';). Now 2x(T’;) =0, since otherwise we 
would have an additional linear invariant, so that the number 
would not be precisely /. Therefore 2x(S;) = /g, as was to 
be proved. Since this relation also holds when / = 0, the proof 
of the theorem is completed. 

In the case of an irreducible group it is evident that /= 0. 
Hence we have the following corollary: 


Cor. I. If G is an irreducible group, we have 
Ξ 
D2 x(Si) = 0. 
_ Applying the theorem to the (m — 1)th compound of G with 
itself (ὃ 54), we readily have the following corollary : 
Cor. II. If J,, is the number of linearly independ- 
ent homogeneous functions of x1, x2, - - -, Xn of degree 


m(m> 1) each of which is changed into itself by 
every element of G, then 


g 
2 x(Si™) = Ing; 


where x(S;™) denotes the sum of all the n™ nota- 
tionally distinct homogeneous products of degree m 
in the ” multipliers of S;. 

IX. If X is the conjugate imaginary of x and if 
G is irreducible, then we have 


Σ χιϑὐχίϑὴ = g. 
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Let G be the conjugate imaginary of G, and let K be the 
compound of G and G formed by means of the usual simple 
isomorphism between G and G. If S’ is the element in K cor- 
responding to the elements S and S of G and G respectively, 
then x(S’) = x(S)x(S) = x(S)xX(S) (§ 54). Hence (Theorem 
VIII) 2x(S:)X(S:) = lg, where / is the number of linearly in- 
dependent linear functions of the 5,2 variables x x; each of which 
is left unchanged by each element of K. From the corollary 
to Theorem VII in § 58 and Theorem III in § 52, it follows that 
/=1. Hence we have the required conclusion. 


X. Let H, with elements Τὶ = 1, To, T3,---, Τρ, 
be a group of linear homogeneous transformations 
on the m variables 7, ye, ---, ¥, such that H is ex- 
hibited as simply isomorphic with G by means of the 
correspondences S; ~ 7; (1 Ξ 1, 2,---g); and let G it- 
self be irreducible. Then if Τὶ is the conjugate imagi- 
nary of 7;, we have 


2 x(Sx(7) = lg, 


where / is a non-negative integer. If 7=1, then H 
is equivalent to G. If / > 1, then H is reducible, and 
just / of its completely reduced sets are transformed 
according to / groups each of which 15 equivalent to G. 


Let K be the compound of G and H formed by means of the 
isomorphism between G and ἢ gotten from the isomorphism 
in the theorem and the usual isomorphism between the con- 
jugate-imaginary groups H and H. Applying Theorem VIII 
to K and employing the result in § 54 relative to the charac- 
teristics of K, we have the required equation of the theorem 
where / is the number of linearly independent invariants of K 
of the form αχιχι)ὶ Ἔ Ἢ ἀκ νη 

For the other required results we have /= 1. We sup- 
pose that the variables of G are so chosen (§ 52) that. the 
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form %1%1 + Xe%e-+---+%Xn%Xn is left unaltered by each of the 
elements of G. We then suppose that H is so transformed 
that one of the / linear invariants for K has the form x, 
+ xoyo+---+x,yn, this being certainly possible since G is 
irreducible (as one sees by aid of Theorem VII of ὃ 58). Then 
H transforms the variables 41, yo,---, y, according to a group 
which is equivalent to G, as one may easily verify. Therefore 
H transforms the variables γι, yo,---, y, according to a group 
which is equivalent to G. Hence H is reducible if m> m and 
is irreducible if m=mn. Furthermore, when m=n we must 
have 1=1, to avoid a contradiction with the corollary to 
Theorem VII of § 53-—-since G is irreducible by hypothesis. 
When m> n there is at least one additional invariant of K 
besides x14, +---+4Xn2¥n, Whence />1 in this case. There- 
fore H is equivalent to G when /= 1 and H is reducible when 
»1. 

If [> 1 we may treat each of the named / invariants of K 
after the manner employed in the preceding paragraph and thus 
show that H has / completely reduced sets each of which is 
transformed according to a group which is equivalent to G. 
Moreover, H has no additional such set whose elements are so 
transformed among themselves; for, if so, this would give rise 
to an additional invariant of K, and hence there would be more 
than / of them. 


_ Cor. I. When G and ἢ are equivalent, we have 
ξ — 
2 x(Si)x(Ts) = &. 


This follows at once from Theorems IX and X and the fact 
that 5; and 7; have the same characteristic (owing to the 
equivalence of G and ἢ). 


Cor. II. When G and H are nonequivalent and 
are both irreducible, we have 


> x(S)x(T,) =0. 


214 Groups of Finite Order 


For in this case the number / in the theorem is necessarily 
equal to zero, since G and H are equivalent when / = 1 and H is 
reducible when / > 1. 

From Corollary II and the meaning assigned to / in the 
proof of the theorem we have the following result : 


Cor. III. When G and ἢ are nonequivalent and 


are both irreducible, they have no (nonidentically 
vanishing) invariant of the form 


411X191 + @12X1 Veo + ree + AnmXn¥m- 
Again, from Corollaries I and II we have the following: 


Cor. IV. In order that G and H (both assumed to 
be irreducible) shall be equivalent it is necessary and — 
sufficient that they shall have the same character- 
istics. 


XI. Let I be an irreducible representation of a 
group G which contains 7 complete conjugate sets of 
elements having, respectively, ἦι (= 1), he, - - -, h, ele- 
ments of G, and let x; denote the characteristic of 
the elements of I’ corresponding to the 7th set of 6. 
Then 


a LL) et (s,¢=1,2,---,7) 


where the coefficients c,,; are non-negative integers 
and where m is the number of variables on which Γ 
operates. 


Let M; denote the matrix which is equal to the sum of the 
matrices of the elements corresponding to the zth complete set 
of conjugate elements, the number in the Ath row and [ἢ 
column of M; being the sum of the numbers which stand in the 
kth row and /th column of the several matrices of these elements 
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of I. Since any element Τ of I’ transforms among themselves 
these conjugate elements, it follows that the corresponding ma- 
trix Τ transforms M; into itself so that we have Τ 'Μ,Τ = M;,. 
The relations thus obtained by varying T over the elements of 
Γ imply that the matrix M; has the form of the matrix of a 
similarity transformation, as one sees from the result in the 
second paragraph of § 53. To find the value of the multiplying 
factor a; in the main diagonal of ΗΜ, we observe that ma; is equal 
to the sum of the characteristics of the elements corresponding 
to the 7th conjugate set of elements in G; hence ma; = h:x:, or 
Οἱ: ΞΞ hx: / 7. 

Now consider the product M@,M;. We shall show that we have 
a relation of the form 


ΜΟΌ.Μ, = Ceti -+- Cs12Moe + eed + CstrM,, 


where the c,:; are non-negative integers. For M, and M; are 
sums of matrices of elements of I, and hence their product may 
be written as such a sum; since the latter sum is transformed 
into itself by every element 7 in I’ (for 7—!1M@,M.T = T-1M,T 
- T-1M,.T = M.M,), it follows that these summands enter in sets, 
each set corresponding to a complete conjugate set in G. From 
the foregoing relation we see that 


Ast = Ceti + Cs12Q2 + ia + CstrOr. 


In view of the relations a; = h;x;/m, this implies the relations 
to be established. 


Cor. I. The quantity a,, or hix:/m, is an algebraic 
integer and is the sum of a finite number of roots of 
unity. 

The equations 
OlsOle = C5111 + ρα +--+ + CstrO;, (s — 1, 2, Pi sg 7) 
for fixed ¢, imply that a; is an algebraic integer, that is, a root 
of an equation of the form x’ + a,;x"-!+---+a,=0, where 
ὧι, G2,---+, a, are ordinary integers; this is readily proved by 


eliminating from the foregoing equations all the a’s except a;. 
But ma; is a sum of roots of unity, since it is a sum of character 
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istics of I’. The truth of the corollary is now a consequence of 
the following lemma: 


LEMMA. If α is an algebraic integer and μα is a 
sum of roots of unity, uw being an integer, then a is 
itself a sum of roots of unity. 


This lemma from the theory of numbers is a consequence of 
the lemma employed in § 58. 


Cor. II. If G is an irreducible group of linear ho- 
mogeneous transformations, the number » of vari- 
ables transformed by G is a factor of the order g of G. 


With the present notation the equation of Theorem IX may 
be written in the form 


£=InxiX%1 + hexeXet--- +hx-X3 
gmx ἴδχο- Xe 
or “ἘΞ Xi+ τ ΧΩ ΤΠ xr 


Since products and sums of algebraic integers are themselves 
algebraic integers, it follows that g/n is an algebraic integer. 
But g/n is a rational number; therefore it must be an ordinary 
integer. 


XII. If the completely reduced form of G is de- 
noted by the symbol ΣΟ, in accordance with ὃ 55, 
then the conjugate-imaginary groups G and G have 
just 2c,? linearly independent invariants (functions 
left unchanged by each element of G) of the form 
LCi;X Xi 

By aid of Corollary III to Theorem X it may be shown that 
no one of these invariants has a term of the form as?, where s is 
a variable in one I’; and ¢ is a variable in another and hence 


nonequivalent one. Therefore the number of these invariants 
is equal to the sum of the numbers of the invariants for the 


Groups of Linear Transformations 217 


separate I';. It is therefore sufficient to prove that the number 
for a particular I; is c;?2. We may suppose that the c; sets of 
variables in these c; equivalent representations are 


Xtly %i2, "7 Xts; ({ΞΞ1, 2, ..., οἡ 
and we may assume that the variables have been so transformed 
that for each element in G these c; sets all undergo the same 


transformation and that the corresponding (unique) invariants 
for these separate sets are 


XX + XX +--+ +--+ XtsXts- (¢@= 1, 2,---, ¢:) 


Let Σακριαχμρχιᾳ be One of the invariants in consideration ; | 
and let 


5 
kp = Σ ἀρ χες (p = 1, 2, ---, 5) 
q=1 
be a typical transformation on the x’s. Then we have 
Qkuly = > AxplaXpujQqu; . 
Ρ,4 


These relations imply that the form ΣΟκωιυχεῖο is invariant for 
the group whose transformations are 


5 
ae -Ξ » erare (bp = 1, 2; ern 5) 
q=l 


Since %1%1 + Xexe-+-+-+%.%. is the only invariant for this 
group, we have 


Qrnig=O1f DH 4,  Akplp = ἄκᾳια = Oxi (Say). 
Then the most general invariant of the required form in the 
named c;s variables and their conjugates may be written 
> Di XepX ip ; 


k,l, p 


and this is invariant for arbitrary values of the c,? coefficients 
b.:. Hence we have just c,? linearly independent invariants of 
the specified form on these c;s variables. We have already seen 
that this result implies the theorem to be established. 

57. Regular Permutation Groups. Let H be a regular permuta- 
tion group of order g whose elements are Τὶ = 1, To, Τῷ, - - -, Τρ. 
The permutation 7; defines a linear homogeneous transforma- 
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tion 2; on the g symbols on which H operates. Thus we have 
a group I’ whose elements 2, =1, Ze, Zs,---, Z, are linear 
homogeneous transformations on g variables. Since Τὶ is the 
only element of H which leaves a symbol fixed, it follows that 
the matrix of 2; (2 1) has only zeros in its principal diagonal. 
Therefore x(2;) =0 if 7>1. It 1s obvious that y(2 1) =g. 
That the group I is reducible follows from the fact that the 
sum of the variables on which it operates is left unchanged by 
every element in I’. 

Let Καὶ be a subgroup of I of index α and let g/a=a. The 
characteristic of the identity in K is g and that of every other 
element is zero. Then if we apply Theorem VIII of § 56, we 
see that a is the number of linearly independent linear homo- 
geneous functions of the variables of I’ each of which is left 
unchanged by every element in K. It is easy to construct a 
set of a@ such linear invariants. Let x1, x2, ---, %g be the vari- 
ables of I and suppose that the notation is chosen so that the 
transitive sets in K are the following: 


X1, X%2,°°*, Xa; Xa+ls Na+20°° Χῶα; 5} Χ(α--1)α-1» “δ Xaae 


Then the following are a linearly independent invariants of the 
type in consideration : 


χι Ἔ Χρτξ τ. Ἔ ζω Sapte tt Roast Kaas tes +t Xa: 


Consider next the compound of the conjugate-imaginary 
groups 1 and Γ. The characteristic of the identity is g? and 
that of every other element is zero. The g? variables of the 
group are the symbols x,x;. Then from Theorem VIII of ὃ 56 
it follows that g is the number of linearly independent linear 
homogeneous functions of the g? variables x;x; each of which 
is left invariant by every element of this compound group. 
Therefore Γ and Τ' have just g linearly independent invariants of 
the form Zc 4;X;X;. 

Now if the completely reduced form of I is denoted by the 
symbol 2c,I';, in accordance with ὃ 55, we see from Theo- 
rem XII of § 56 and the result in the preceding paragraph that 


ΕΞ Σο,3. 
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But if m; is the number of variables on which I; operates, then, 
since the number of variables in I is equal to the order g of I’, 
it is obvious that 


g= DCM. 
Therefore Sem; = =Xc:2. 
Now let G, with the elements si = 1, Se, ---, 80, be an irre- 


ducible group of linear homogeneous transformations on 7 
variables, and suppose that G is simply isomorphic with I, with 
the correspondences s; ~ 2; ({=1, 2,---, 8). Then by aid of 
the foregoing values of x(2,) we find that 


> x (8) x(a) = ng. 


From this relation and Theorem X of § 56 we see that just 
n of the completely reduced sets of T are transformed, each accord- 
ing to a group which is equivalent to G. 

More generally, let G be any irreducible group of linear ho- 
mogeneous transformations which affords a representation of Γ 
(δ 55), and let 2 be the number of symbols on which G operates. 
Then I is (μ, 1) isomorphic with G, where »=1. Let A be 
the self-conjugate subgroup of I’ which consists of those ele- 
ments of Γ (μ in number) each of which corresponds to the 
identity in this isomorphism of Γ with G; and with respect to 
A separate I‘ into the partitions 


tA, 2A, t3A,---,hA, (4 =1) 


by the method of § 10. On multiplying these sets on the left 
by any element of I’, the sets are permuted among themselves 
(compare § 20). If this operation is performed for every ele- 
ment in I, a permutation group K on the ἃ sets is induced. 
The group K is obviously transitive, since such multiplication 
by ἐ; replaces the first set by the zth set. Now if 5 is any ele- 
ment of A, we have st;A =1t, - t;—1st; - A =1,A, since t;—1st; is in 
A; therefore each of the ἃ sets is left unaltered as a set when 
the named operation is performed with an element of A. There- 
fore the order of K is not greater than X. Since K is transitive 
on A symbols, it follows that the order of K is precisely A. 
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Hence K is a regular group on its symbols. It is clear that K 
is simply isomorphic with the quotient group I'/A, and thence 
that K and G are simply isomorphic. Hence G affords an irre- 
ducible representation of K by means of a simply isomorphic 
group. From the result in the preceding paragraph it follows 
then that just ” of the completely reduced sets of Καὶ are trans- 
formed, each according to a group which is equivalent to G. 

We have seen that the notation may be chosen so that each 
of the A functions 


χι Ἔ tebe by Mugabe et Χμ oo Karamar ἐπ τ ss ἄλμ 


is left invariant by each element of A. Since the variables in 
any one of the functions constitute a transitive set for A, it 
follows that the notation may be further restricted so that ¢; 
replaces x, by Χμ; and we suppose that this restriction is made. 
Then these ἃ linear functions. are obviously permuted by Γ in 
the same way as Γ permutes the sets #,A, f2A, - - -, A in accord- 
ance with the method of the preceding paragraph. Therefore 
if I’ is written in the completely reduced form denoted by the 
symbol 2c,I';, there must be a I’; which is equivalent to G, and 
the number of such I’; equivalent to G is at least as large as the 
number of symbols on which I"; operates, as one sees from the 
result attained in the preceding paragraph. Hence c;=m,, where 
m,; is the number of variables on which I’; operates. But we 
have seen that 2cyn;= Zc;?. Then it follows readily that c; = m,. 
Therefore the coefficient c, in the symbol 2c,I’; is equal to the 
number of variables on which I, operates. The order of the 
group I’, is a factor of g, since I is multiply isomorphic with 
I,; the order of I, is (δ 56, Theorem ΧΙ, Corollary II) a mul- 
tiple of ες; hence c, is a factor of g. 

We are to show next that the number & of nonequivalent I’; 
in the symbol 2c,I; for Γ is equal to the number 17 of complete 
conjugate sets of elements inI’. For this purpose we employ the 
symbols M1, Mo, ---, M, with the meanings given to them in 
the proof of Theorem XI of § 56, except that they now refer to 
the group Γ in its completely reduced form; and we use without 
further reference the properties of them deduced in the course 
of that proof. We denote by (= 1), ho, ha, - - -, h, the numbers 
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of elements in the respective conjugate sets, the first set con- 
sisting of the identity alone. 
Let us consider the matrix M defined by the equation 


M=uM, + U2M2 +: ->- + u,M,, 


where 141, Ue, ---, 4, are independent parameters. Then M has 
the form of the matrix of a multiplication transformation, as 
we shall now show. Let x1;, x2;, ---, Xr; be the characteristics 
of sets of elements in I’; corresponding to the various conjugate 
sets in I’. Then, so far as the c; variables of I’; are concerned, M 
has the form of the matrix of a similarity transformation whose 
multiplier 6; is 


B; = (hui X15 + hotte X25 ++ °° + h,UrXrj) [Cj 


Since 1, U2, °° -, 2, are independent parameters, it follows (by 
aid of Corollary IV to Theorem X in § 56) that two 6; formed 
for different I’, are distinct. Therefore we have just ἃ different 
β;, where & is the number of the groups T’;. A like result is true 
not only for M but for any transform of M by a linear homo- 
geneous transformation. Hence the β; cannot furnish more 
than & linearly independent linear homogeneous functions of 
Ui, U2, °--, U, But M contains just 7 such functions, namely, 
241, U2, °°, U, Hence k=71 and just 7 of the 8; are linearly in- 
dependent. We suppose the notation so chosen that these are 


Bi, Bo, mt ty By. 
Ifk> rand wereplace 1, u2,---, u, by the conjugate imagi- 
naries of the characteristics x1, x2, ---, Χε of the elements in 


I',,1 corresponding to the 7 conjugate sets of I’, we have (by 
Corollary II to Theorem X in ὃ 56) the relations 8; = βὲ -ξ - - - 
= B,=0. But Xi, Χο, - " -» Xr are not all zero, since one of them 
(that corresponding to the identity) denotes the number of 
variables on which I',,1 operates. This contradicts the fact that 
the 8:1, G2, ---, β, are linearly independent. Hence & is not 
greater than 17. Therefore we conclude finally that k = 7, so that 
the number of the I’; in the symbol 2c,I’; is precisely 7. 

Among the results which we have now obtained are all of 
those included in the following theorem : 
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XIII. Let H be the representation of a given finite 
group of order g as a simply isomorphic regular per- 
mutation group, and let 7 be the number of complete 
conjugate sets of elements in H. Let T be the group 
of linear homogeneous transformations of order g 
on g variables defined by H; and let 2c,I’; represent 
the completely reduced form of I. Then the number 
of symbols operated upon by I, is c;, so that we have 

BS Ci ca? Peer 
and each c; is a factor of g. Moreover, every irredu- 
cible representation of H occurs among the groups 
T,, le, ---, T,. | 
Cor. The relations 

2, Oxi -- 0, (f=1,2,---,7) 

where σι, 2, " “ -, a, are constants, imply that 
ὧι =da=-:--=a,=0. 


For these relations imply that 


> a:C:B; = 0 

#=1 
as a function of Μη, we, ---, u,, whereas the c; are all different 
from zero and the functions (6, Be, - - -, 8, are linearly independ- 
ent; whence it follows that a, = a2=---=a,=0. 7 

Let us now suppose that in the symbol ΣΟ, for Γ at least 

two of the I; operate each on a single symbol, say that IT; and 
I. are two such groups. Then for I; we have the form γ1 = x1, 
but for [2 we have the form yo = axe, where a is different from 
unity, since we have seen (by aid of Theorem VIII in § 56) that 
Γ leaves invariant just one linear homogeneous form. If I is 
simply isomorphic with Is, then I itself is a cyclic group; if I 
is multiply isomorphic with Is, then [' has a self-conjugate sub- 
group different from itself and from unity. Hence I is a com- 
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posite group unless its order is a prime number. Hence we have 
the following theorem : 


XIV. If Γ is a group of composite order, and if 
in the symbol 2c,I',; for Γ there are two nonequivalent 
groups I’; each of which operates on a single symbol, 
then Γ is a composite group. 


Using ἦι = 1, ho, ---, ἢ, as before to denote the numbers of 
elements in the respective complete conjugate sets of I’, we 
have for the order g of Γ the relations 

= οι +e? +---+62, gehbtht+---+h, 

where each c; and each ἢ; is a factor of g. The group is com- 
posite if two c’s or two f’s are each equal to unity. It is simple 
if no partial sum of the form ἦι +h.+hg+---, containing h; 
and at least one other ἢ, is a factor of g, since such a sum must 
arise from a self-conjugate proper subgroup of T° of order 
greater than unity. For a given g the foregoing equations im- 
ply great restrictions on the possible values of 7. If 7 is pre- 
assigned, the possible values of g are restricted. 

Let us return to the group Γ of Theorem XIII, whose com- 
pletely reduced form is T= 2c,J;. As before, denote by 
hy; (= 1), he, ---, h, the numbers of elements in the 7 complete 
conjugate sets of elements in Γ. Let x1, x2i+- +, Xr: be the 
characteristics of the sets of elements in I’; corresponding to 
the various conjugate sets in I. The set of quantities x1,, 
X2iy °° *y Xrz is called a set of group characteristics. If 21 (= 1), 
22,°+*, 2g denote the elements of IT, we have seen that 
x(2;) =0 if 7> 1 and that x(21) = g. Hence 


Σ ιχα τεῷ and Dh xy=Oifj> 1. [A] 
i=1 i=1 


Since y1; is the number of symbols on which I; operates, it 
follows from Theorem XI of § 56 that we have the relations 


hih; xX ieX jk = χικ >, CijehteXek (2, J; k= 1, 2, Fo My 7) [8] 
s=1 


where the coefficients c;;, are non-negative integers. 
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To each element of I‘ there corresponds a single element of 
I; and a single element of Γ; in the usual isomorphism of I 
with these groups. By means of this fact a general isomorphism 
is established between I’; and I;, an element of the one corre- 
sponding to an element of the other when and only when these 
two elements correspond to one and the same element in I. 
With respect to this isomorphism form the compound of I, 
and I’; according to the method of ὃ 54 and denote this com- 
pound group by [',.; or Γ΄. This compound affords a repre- 
sentation of I‘; and its completely reduced form may be denoted 
by the equation 


rT; = ΓΗ; - > gil 


where the coefficients g;;, are non-negative integers. 

The condition g,;, + 0 indicates the existence of one or more 
invariants of the form @1%191 + @i2x1ye-+---+ for the groups 
I; and Γ᾿. By aid of Corollary III to Theorem X in ἃ 56, it 
may then be shown that g:;,;=0O when I; and I; are non- 
equivalent, while from Theorem X itself it follows that g,,; = 1 
when I’; and I’; are equivalent. 

The characteristic of any transformation in I',T’; is the prod- 
uct of the characteristics of the corresponding transformations 
inT;andI’;. Then from the foregoing completely reduced form 
of II’; it follows that 


XkiXks => SiisXke- (k= 1,2,---,7) LC] 
5:1 
Multiplying by #, and summing with respect to k, we have 
pz Me XniXhj = > bai 2, hi Xe = Siji8, 


as one sees by aid of [A]. Then, from the already determined 
value of g.1, we have 


M:; 


ἤκχκιχε; = & or 0 


k=1 


᾿ 


according as Γ᾽ and I’; are or are not equivalent representations 
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of I. If I'y is the representation which is equivalent to Τὶ; 
then we have E gifjet’ 
Site ee ee 

>, he XniXni ῇ ifj# i’. [D] 


These results will afford a ready proof of the following 
theorem : 


XV. In order that two representations of a group 
of finite order as groups of linear homogeneous trans- 
formations shall be equivalent it is necessary and 
sufficient that the characteristic of each conjugate 
set shall be the same in the two. 


We show first that no two distinct irreducible representa- 
tions I’; and I’; have the same set of characteristics. For if 
they have the same set of characteristics, then we have 
Xei = Χα; for R= 1, 2,---, 7. If Py and 1 are the representa- 
tions equivalent to I; and IT; respectively, then χε = xi,;', 
and we have , : 


Σ heXniX;’ = > ἤεχκιχεῖ = 8; 
whereas 


> We XkiXj! = 0 when 7’ # a. 
k=1 


Hence I’; and I’; have not the same set of characteristics. 

Now let yj, 2, - - -, ψΨ, be the characteristics of any represen- 
tation of Γ, and let 2v,I'; be the completely reduced form of 
this representation. Then we have 


Ws = ΣΎ:Χει- (5 = 1, 2, τ 7) 


But from the corollary to Theorem XIII it follows that the 
determinant |x,;| is different from zero. Hence the coefficients 
Ύ: are completely determined by the foregoing system of equa- 
tions. They are therefore the same for any two representations 
of I’ which have the same set of characteristics. They are ob- 
viously different for any two representations which have differ- 
ent sets of characteristics. 
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From these considerations the truth of the theorem follows. 

It is desirable to obtain here two other important relations 
among the characteristics x,;. For this purpose we observe first 
_ that the characteristic of the identity in Γ is g while that of 
every Other element is zero. Then, since = ΣΟ, and c; = x1;, 
it follows that 


. _ fg when k=1, 
» XuiXei =) 0 when k# 1. LE} 


Hence if we sum with respect to & in [B] we have 
h,h; > XikXGk = Cir ¥. [F] 
k=1 


From the definition of the coefficients c,;, in the proof of 
Theorem ΧΙ in § 56 it follows that c;;; = h; when an element in 
the zth conjugate set is conjugate to the inverse of an element 
in the jth conjugate set, whereas οι otherwise is equal to zero. 
Then from the fact that X(s;) = x(s;~ 1) it follows that c;,;/; = h; 
and that οι = 0 when j ¥ 2’. Hence from [F] we have the 


relations ii, a 
> X kX jk mie = 1’, [G] 
Pasa Oif 7 #0’. 


58. Certain Composite Groups. We shall now prove the 
following theorem: 


XVI. If in the symbol ΣΟ; for the complete re- 
duction of the regular permutation group I the 
number c; of variables in some I’, different from the 
identical representation of Γ is prime to the number 
of elements in some complete conjugate set of I; 
different from that consisting of the identity alone 
(say to the number ἢ; of elements in the jth set), 
then either (1) the characteristic of the jth set is 
zero or (2) the multipliers of any given element in 
that set are all the same. In the latter case the group 
Γ is necessarily composite unless it is of prime order. 
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Let m be the order of the elements in the jth conjugate set of 
I, and let S be one of the elements in that set. Then if μ is 
prime to m, the element 5. is an element of a conjugate set con- 
taining ἢ; elements; and the characteristic of 5}, which we 
denote by χω, is obtained from the characteristic x; of S by 
replacing each of the multipliers of S by its uth power and 
taking the sum of the resulting elements. Then consider the 


product P, ye 
ΕΠ τς 


where the product is taken for μ running over the ¢(m) positive 
integers less than m and prime to m. Each factor in this product 
is an algebraic integer (§ 56, Theorem XI, Corollary I), and 
hence the product itself is an algebraic integer. But P is a ra- 
tional number, since the product is a symmetric function of the 
o(m) primitive mth roots of unity. Since P is an algebraic 
integer and is a rational number, it follows that P is an ordinary 


integer. But 
IT Xiu) = II Xs) | 


where [ἃ denotes the absolute value of a. We may therefore 
write P in the form 
h;\e™ 
P= (2) i IXi«m)l- 


Now if c; is prime to #; it follows that I [χω] must be divisi- 
ble by c#™. But [χω] Δεῖ is either zero or a real positive 
number less than unity unless the c; mth roots of unity whose 
sum makes up χί are all the same. Therefore xj), and 
hence x; itself, is zerc or else the Ἂς mth roots whose sum 
constitutes x; are all the same, provided that c; is prime to hj. 
In the latter case the multipliers of S are all the same. 

It remains to prove the proposition in the last sentence of 
the theorem. If c;=1 this proposition follows from Theorem 
XIV of ὃ 57. In any case I, contains a self-conjugate element, 
namely, this element whose multipliers are all equal. Hence I’; 
is composite unless it is of prime order; therefore Γ (when not 
of prime order) is composite if it is simply isomorphic with I, 
and it is evidently composite if it is multiply isomorphic with I’;. 
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Cor. 1. If the number of elements in some conju- 
gate set of a group is a prime power p” (n > 0), then 
the group is composite. 


Represent the group as a simply isomorphic regular permu- 
tation group I’ of order g, and let 2c,I'; be the symbol for the 
complete reduction of I". We assume that I is simple and show 
that the hypothesis in the corollary then leads us to a contradic- 
tion. Since g is divisible by 2" and g = ο13 +. co? -Ἐ - - -- ο,2, and 
since οἱ = 1, it follows that there is at least one representation 
I’;, other than the identical one, in which the number c; of 
variables is prime to p. Since I‘ is assumed to be simple, it 
follows from the theorem that the characteristics of elements 
other than the identity in such a representation are equal to 
zero. Now if x1:, Χο °+ +, Xr; denote the characteristics of the 
elements in I’; corresponding to the complete conjugate sets of 
I, then, since the characteristic of an element of I’ other than 
the identity is zero, we have 


Σ χα =0. (1) 
1 


But we have just seen that x. is zero when c; is prime to p and 
k>1. Therefore, since οἱ = 1 and x; =1, and since every χὰ 
is a sum of roots of unity, the preceding equation implies the 
relation 1+ pn <=0, 


where N is a sum of a finite number of roots of unity. That this 
equation is impossible and hence that the corollary is established 
is implied by the following lemma: 
LEMMA. If αἱ +a2e+---+a,=Oand ai, ἀ», - - ", 
ας are s roots of unity, then these s roots fall into 
sets, each containing a prime number of roots such 
that the sum in such a set is zero and such that if q¢ 
is the number of roots in any one of these sets and 
a is a primitive gth root of unity, then these g roots 
are €, εα, €a”, - - -, ea%—1, where ε is some root of unity. 
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For results implying this lemma from the theory of numbers 
see Kronecker, Journ. de Math. (1) 19 (1854): 177-192. 


Cor. II. A group whose order contains only two 
distinct prime factors is soluble. 


Represent the group as a simply isomorphic regular permu- 
tation group Γ of order g = p7q*, where p and g are distinct 
primes, and let 2c,I'; be the symbol for the completely reduced 
form of [. Then 

peg = 1+ ¢2? + 055 +--+ +6, 

where 7.15 the number of complete conjugate sets of elements in 
ΓΤ. Then some c; (7 > 1) is prime to q; if such a c; is equal to 
unity, the group is composite (Theorem XIV of § 57); if such 
ac; is greater than unity, then it is of the form p”, where n > 0; 
then from the preceding corollary it follows that I’ is composite. 
Therefore, in any case, Γ is composite. Then let H be a proper 
self-conjugate subgroup of Γ of order greater than unity. Then 
G/H and H (when not of prime order) are both composite, as 
we see from what we have already proved and the fact that a 
prime-power group is composite if its order is not a prime. Then 
from Theorem XI of ὃ 21 we readily conclude that I is soluble, 
since it is now easy to show by induction that its composition- 
factors are primes. 

59. Transitive Groups in Which Only the Identity Leaves Two 
Symbols Fixed. As another important application of the theory 
of group characteristics we have that involved in the proof of 
the following theorem : 


XVU. If G is a transitive permutation group in 
which the identity is the only element leaving two 
symbols fixed, then the identity and the ἢ — 1 ele- 
ments each of which permutes all the symbols of G 
constitute a self-conjugate subgroup. 

That there are indeed just 5 -- 1 elements each of which 


permutes all the symbols of G follows readily from Theorem IV 
of § 39. : 
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Represent G as a simply isomorphic regular permutations 
group I’, and let 2c,I"; be the symbol for the completely reduced 
form of Γ. Let g be the order of G. Let Καὶ be a subgroup of G, 
of order y (Ύ = g/n), each element of which leaves fixed a given 
symbol; represent K as a simply isomorphic regular permuta- 
tion group H, and let 2y,H; be the symbol for the completely 
reduced form of H. Then we have 


Sq Cr ee? +s δ οὗ, y= s/n= y+ γ25 - τ... γ,, [1] 


where 7 is the number of complete conjugate sets of elements in 
I’ and p is the number of complete conjugate sets of elements 
in H. 

If T; is any one of the irreducible representations of G, and 
if we fix attention on the usual multiple isomorphism of G with 
I';, then in this isomorphism the subgroup K of G corresponds 
to a subgroup L; of Γ;, while L; affords a representation of K 
whose irreducible components are contained among the groups 
H;. If H; occurs c,; times among these irreducible components, 
then we may represent the reduced form of L; by means of the 


equation 
L;=¢alh + CeHe +--+ + ¢iH,. [2] 


Since L; = Hy, it follows that ci: = 1, cig = 0, ¢13 = 0, - - -, C1, =0. 

Now let x1:, x2:, :* +, Xz: be the characteristics of the ele- 
ments of L; corresponding, respectively, to the elements 7; (= 1), 
T2,---, T, in H, and let 01;, 02;, ---, θυ; be the corresponding 
characteristics of H;. Then we have x1;=c; and 6:;= y;. We 
also have #,; = 1. Then from [2] we have the relation 


Χεὶ = Ci + C2On2 + Ο:3θκ8 ++ + + σωθᾷρ. [3] 


Now consider the sum 


S = X1X11914 + X01 K218er +--+ + χει X19 
+ Xe2K 12612 + Xs2K22801 +--+ Xe2K 12041 
BS iN et age Aut. ey co: Ga te δὲς WL τῶν τῶν τῷ τὸ [4] 
“+ XsrX1r A914 + X sr X2r8o4 +---+ X sr Kr Oye; 
where 1 <s= Ύ. We shall write 5 in two forms, one obtained 
on summing by columns and the other on summing by rows. 
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On summing by columns we have 
S = O10 >) XeiX1i + O20 Dd, XeiX2i +++ + θυ, XsiXri: 
1=1 i=! i=1 


This may be simplified by means of equation [G] at the end of 
§ 57 and the fact that X.;= χε. Thus we have 


>= Ost 


since if hk’ is the number of elements of Καὶ in the conjugate set 
containing 7, we have h’g/y conjugates of 7, in G. 

Now in [4] substitute for the X,; their values obtained from 
[3], sum by lines and simplify by aid of Corollaries I and II to 
Theorem X in § 56 and equation [D] of § 57; thus we have 


T 


Y p 
S= >; Xe Dy θ;: Σ CiaD ja 
j=l a= 


τε 1 
| 1 p Y 7 
=> Xsi > Cia >, θ᾽: ja 
t=] a=l j=l 
oa v> Xeilit 
s=1 


ΞΞΎ >> (ποτε + OsaCiaCie + + + + OspCipCit). 
t=1 


-Equating the two values of 5 and omitting the common factor 
+, we obtain the equation 


Ai + 4ωθ.. +: : -+ 4,θ., = 0, (l<se 7) [5] 
where Α. ΞΞ -- 1 ἘΣ C754, Ae =>) Cialit when a = 5. 
ἐξεῖ 433] 


This will enable us to establish the relations 


(Ai — q) + (Ae — q'2)O.2 + +> + (Ap αι δ, = 0, 
(l=s=y) [6] 
where q= ye — Ὑ)}γ5. 


When s > 1, equations [6] are implied by [5] since the charac- 
teristic of T, in H is zero and is also 1 + y28.2+--++ 0s, aS 
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one sees from the completely reduced form of H. In order to 
verify [6] when s = 1, we observe that the left member of [6] 
may then be put in the form 


(Ar — 4) + Y2(A2 — ΦΎ2) +++ * + Y(Ao — ΦΎ,) 
= Art y2A2 Ὁ - - - + γ,Ά4, — 4(1 + γὙ25 ++ ++ + γ᾽) 


=> Citli — V8/Y; 
#=1 


as one sees by inserting the values of g and the A’s, employing 
the second relation in [1] and the equation 


Cat Yoei2 ++ +> FY pCip = C3 
obtained from [2] by considering the characteristic of the iden- 


tity. In order to establish [6] for s = 1, it is therefore necessary 
and sufficient to show that 


Lewes = 7:8/¥. [7] 


Now consider the subgroup 1, of I’ which corresponds to the 
subgroup Καὶ of G in the simple isomorphism between G and I. 
In L the group K appears g/y (= 7) times, once for each sub- 
group of G of order yy which leaves fixed a single letter. Hence 
Η, occurs just y.g/y times in the completely reduced form of 
L. But H; occurs here just 2c,,c; times, as one sees by aid of 
[2] and the fact that I’; occurs just c; times in the completely 
reduced form of I. Therefore the last equation is established. 
This completes the verification of equation [6] for all values of s. 

From the corollary to Theorem XIII in § 57 it follows that 
[6] implies the relations 


A:-qyi=0. (@=1,2,---, p) [8] 

By taking 7 = 1, 2 and t= 1, 2 we obtain the relations 
Cai? + 317 +--+ + en? = (g— Y)/Y¥?, [91] 
C21C22 + €31€32 +: + + + ΟγιΟ,2 = Y2(E — Ὑ)7γ2, [92] 


C227 + C327 +--+ + C2? = yo?2(g—Yy)/y7 +1. [9s] 
Thence we have 
(C22 — Y2C21)? + (€32 — Ὕ2031)2 +++ + (Cre — Yee-)? = 1. 
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This equation can be satisfied only when one of the terms in 
the first member is unity and the others are all zero (since each 
term is obviously a non-negative integer). We may suppose 
the notation so chosen that the first term is unity; then we 
have 
Cog = YoCar tl, C32 = Ὕ2031, +++, Cre = Y2eri- 
By substituting these values in [92] and combining the result- 
ing equation with [9], we find that co; = 0. 
From this result and equation [3] we see that 


Xn2 = Co2Ok2 + (2308 + > > + CopPep- [10] 


Now let o denote the sum of the ” characteristics of elements 
in Γὼ corresponding to the identity and the m — 1 elements of 
Ὁ each of which displaces all the m symbols on which G oper- 
ates. Now no two different subgroups of G of order , each 
omitting one of the letters of G, can have any element in com- 
mon except the identity. Then, by aid of Corollary I to Theo- 
rem VIII in § 56, we have 


O=a+n> Xz = σ +n(— ΕΣ, x12) 
k=2 7 k=l 


Ύ Y 
=o +n(— 2+ Coz >) Orn +--+ + C2 >) Or) (by [10] 
k=1 k=1 
= σ΄ — na, 


since the sums denoted by 2 in the second preceding line are 
all zero, owing to the fact that H is a regular permutation 
group. Therefore o = nce, while at the same time o is a sum 
of m characteristics each of which is itself a sum of ce roots of 
unity. Hence each of these roots of unity must be unity itself 
and therefore each of the named characteristics is Co. 

From this it follows that the corresponding transformations 
of Iz must be the identity in each case, as one may see by aid 
of Theorem II in § 52. Hence, in the multiple isomorphism of 
G with Γ᾿, every element of G which does not belong to K or 
its conjugates corresponds to the identity in Iz. Therefore 
the 5 — 1 elements each of which permutes all the symbols of 
G generate a self-conjugate subgroup G; of G whose order 15 
less than g since co} =0. If the order of this group G; 15 not 
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ἢ, apply the foregoing process to G, itself and thus obtain a 
self-conjugate proper subgroup Gz of σι. Continuing this proc- 
ess we must finally come to a group of order n which contains 
the m — 1 elements of G, each of which displaces all the symbols 
of G. It is then obvious that this subgroup is self-conjugate. 
Thence we conclude to the theorem as stated. 

60. Simply Transitive Groups of Prime Degree. We shall now 
prove the following theorem of Burnside, using a method due 
to I. Schur *: 


XVIII. A simply transitive group of prime de- 
gree p is contained as a proper subgroup in the doubly 
transitive group of degree p and order bb — 1), 
namely, in the group 

{(@od1-++@p-1), (σιαιαμ ---)}, 
where ὦ is a primitive root modulo p and the sub- 
scripts in the second generator are to be reduced 
modulo p to numbers of the set 0, 1,---, p—1. 
(Compare § 40.) 


From this theorem it follows at once that a group of prime 
degree p containing more than one Sylow subgroup of order 2 
is necessarily multiply transitive. 

- The proof is divided into four parts. 

1. Let Γ be a permutation group on the m symbols 0, 1, - --, 

n—1. The bilinear form 

n—-1l 

F= >) aixiy; 

#,j7=0 
is said to be invariant under I if every permutation A in Γ 
transforms F into itself in case the subscripts on the x’s and the 
y’s undergo simultaneously the permutation A. If A replaces 
the subscripts 7, 7 by 2’, 7’, then F is invariant under A if and 
only if @;; = a,;,; for every pair 7, 7 of subscripts. From this it 


* Jahresber. d. Deut. Math.-Ver. 17 (1908): 171-176. 
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follows readily that a necessary and sufficient condition that F 
shall be invariant under a doubly transitive group I’ is that 


Q11 = 622 = °° * = Ann, 

(12 = 413 = ++ * = Ain = Aa = (22 = +s = An-1, ns 
and these conditions are equivalent to the condition that F shall 
be the form aE + 8), where a and ὃ are constants and 


n~—1 
E= > x9, J= > XD; 
ἐτξ Ο 1,j=0 
On the other hand, a simply transitive group I’ admits other 
invariants F, since the ordered pairs of subscripts are not per- 
muted transitively by it. 
If the two forms 


»--ἴ 


F= Σ σ:)Χ:12))» σ- x δ.)Χ.) 


t,7=0 ἡ, 7550 
are invariant under I’, so is the form K, 


n—l 
ΚΞ Σ ΟΧ.2}}» (C= > αι:κθκ;) 
k=0 


ἢ, 750 
as one may readily verify. We denote K by the symbolic prod- 
uct FG. The product of ἃ factors each equal to F is denoted by 
F*. We also write F° for E. If 

P(X) = do + AX + Geox? + +++ + Omx™, 
we denote by $(F) the form 

φ() = σ0Ε + αἱ  - a2F? +++ +--+ ἀρ Ἐπὶ 


2. Now let ” be the prime number p and let I be a transitive 
group. We assume, aS we may without loss of generality, that 
I’ contains the permutation P, where 


P= (0, Let pia). 
If F is to be invariant under I, then it must be invariant under 


P. Anecessary and sufficient condition that F shall be invariant - 
under P is that it shall have the form 


pl 
F=do 5 XVit aA Σ XiVi41t Ae > XiVin2t + 4- py XiVi+p—ls 
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the subscripts being reduced modulo p to numbers of the set 0, 
1,---,—1. If we denote the second summation in this equa- 
tion by R, then the (λ + 1)th summation is R’, while ΚΡ = E, 
as one may easily verify. Then the bilinear invariant F may 
be written in the form 


F= $(R) =@E+a4R+ 7212 +--+ Gp_1R?—}, 


The condition that F shall be invariant under the remaining 
permutations of may be expressed by means of the fact that 
certain of the coefficients a; are equal. One may therefore limit 
attention to those invariants F in which the coefficients a; are 
rational numbers; and this we do. 

3. Let us now suppose that the transitive group I is not 
doubly transitive. Then I‘ admits at least one invariant $(R) 
which is not of the form aE - δ]. In this invariant the coeffi- 
cients ὧι, a2, --+, @p—1 are not all equal, as one sees from the 
fact that J may be written in the form 


J=E+R+R24---4 RP71, 


From this it follows that if p is a primitive pth root of unity, 
then the algebraic number ¢(p) is not a rational number. Then 
this number φ(ρ) must satisfy an irreducible equation of degree 
6 (6 » 1), where e is a factor of b—1. We write p—1l1= 6. 
Then from the theory of roots of unity (see Weber’s Algebra, 
Vol. I, 2ded., ὃ 175) it follows that a polynomial W(x) exists 


opens VIb(p)] = p+ pvt pv +--+ + pr, 


where Ύ belongs modulo p to the exponent f. This is equivalent 
to the equation 


xxi pa pee pg 
= YLb(x)] + x(x) {x9 + x + x2 +--+ 4+ 4773}, 


where x(x) is a suitable polynomial in x. Replacing x by the 
bilinear form R, we have still a true equation. Hence, since 
RJ = J (as is readily verified), we have 


X(R){R°o+ R+---+ RPM =X(R)- Ξ οὐ, 
where c is the sum of the coefficients of x(R). 
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Since ¥[¢(R)] = ¥(F) and both $(R) and c/J are invariants 
of Γ, it follows that H is an invariant of I, where 
H=R+R'+R°4--- +R" =F) +e. 
4. We next investigate what permutations A, 
inf 2 oe oe 
Ao αἱ eee Ap-1 


can leave the bilinear form H invariant. Now H may be written 
in the form 


δεῖ 
Η = 2 mie + Vigy tying bees Ἔ 7... γ7-1) 


p-1 
= 2 χαιαμι + Vasey Ἔ γα bet bVap4ef— 1). 


Under the permutation A the form H is to be transformed into 
itself. Applying this permutation to the first form of H and 
comparing the result with the second form, we see that for each 
value of ὦ the numbers 


Αἱ, Οἵ, Aizy2» 55) Ait, 
taken modulo ~, must be in some order the numbers 
a+1, aty, at, oo aby 
Now let g(x), 

£(x) ΞΞ σο -᾿ οὐχ τῇ - +++ ἀμχ᾽, 
be a polynomial in x with integral coefficients and of ΘΕΕΙ͂ΕΘ 
k (k « p) such that the congruences 

g(t) =a,;mod p (@=0,1,---,p—1) 

are satisfied ; such a function, for instance, is 


Then from the named properties of the numbers a; it follows 
that for each exponent 7 we have 


f-1 f-1 
> {e(@) +} = = {g(i + y#)}’ mod p. [1] 
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Since y“/ = 1 mod ρ, it follows that 
xf—1= (x -- 1)( — γ)ί — γ3) -+ - (ὦ — , γ ἢ mod p. 
Then if S = Ley + yr+---f-yF-Dr 


it follows that s, is congruent to f or 0 modulo p according as λ 
is or is not divisible by f. Therefore if 0 < 7 « ἢ, we have 


:- : | 
ye + = > (Δ) τ =f {e@O¥ mod p. I 
Writing h(x) for {g(x)}" and employing Taylor’s formula 
h(x + 3) = h(x) Ἔ 7 + ye @) Ἔ 


(the functions h™ (x) /X! being polynomials with integral coeffi- 
cients), we have 


Tait =fni) +5, 7045504... 


μϑόο 


AW pees) 
=f ὦ + 4 A +...) mod p. 


Then from [1] and [2] we have 


“GE tap ἘΠ =O mod p. @=0,1,+--,p—1) 


Then the function 


ne) i: se) i 
fi (2f)! 


is divisible modulo p by x? — x. If kr < p and if this function 
does not vanish identically, then its degree is kr —f. Hence a 
number kr — f, where 7 belongs to the set 1, 2, ---, f—1, is 
either negative or greater than —1—f; in particular, if f>1 
it follows that k — f is negative, since k < p. 

We shall now show that k=1. If f=1, we have aj4 
=a;+1 modulo p, whence a;=ao+7 mod p; therefore 
k=1. Then suppose f>1. Let s be the least integer such 
that ks =f. Then, if k> 1, we have s<f, while ks > p—1 
and k < f by a result at the end of the preceding paragraph. 
Then k(s—1)>p—1—k>p-—1-—f. But p—1l=ef and 
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e>1. Hence p—1=2f, whence p—1—f=f. Therefore 
k(s — 1) > f, contrary to the hypothesis on 5. Since this con- 
tradiction is reached on supposing k > 1, it follows that k = 1. 
Then g(x) is of degree 1. Hence A is induced by a linear sub- 
stitution modulo p. Therefore Γ is contained in the metacyclic 
group. This result implies the theorem as stated. 


EXERCISES 


1. Construct the p irreducible nonequivalent representations of a 
group of prime order p. 

2. Construct the p? irreducible nonequivalent representations of 
an Abelian group of prime-power order p? and type (2, 1). 

3. By means of the theory of group characteristics prove that a 
group of order p?, where p is a prime, is an Abelian group. 

4. Show that an irreducible representation of a group of order 28 
or p*, where p is a prime, involves one variable or p variables. 

5. By means of the theory of group characteristics prove that a 
group of prime-power order p” (m > 1) is composite. 

6. Determine all possible groups G each of which has just two or 
three or four complete conjugate sets of elements. 

ἡ, Determine all possible groups G each of which has just five 
complete conjugate sets of elements. 

8. Prove that the order of a transitive group of odd prime degree p 
is of the form (kp + 1)pu, where kp + 1 is the number of Sylow sub- 
groups of order p and μ is some factor of p— 1; prove that & is zero 
or an odd number. 

9. Show that the number of Sylow subgroups of order p in a 
transitive group G of odd prime degree p is completely determined 
by the order g of G. | 

10. Show that there is no group of degree 31 which is 3-fold but 
not 4-fold transitive. 

11. If G is a transitive group of degree 13 or 61 not containing the 
alternating group of its degree, show that G is not triply transitive. 

12. If Gis a finite Abelian group of linear homogeneous transforma- 
tions, show that a linear homogeneous transformation S exists such 
that the elements of S~!GS are all multiplications. 
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13. Let G be a group of finite order and let the commutator sub- 
group of G be of index a; show that there are just a nonequivalent 
representations of G each in a single variable. 


14. Let H be a self-conjugate subgroup of a finite group G, and let 
p be the number of complete conjugate sets of elements in G/H. Show 
that there are at least p nonequivalent irreducible representations of 
G in each of which the identity corresponds to every element in H. 


15. Prove that the group {s, ¢} whose sole defining conditions are 
δ = (7 = 32: τἰς = 1 


has just 15 complete conjugate sets of elements and that its irreducible 
representations consist of 9 on a single variable and 6 on 3 variables. 


MISCELLANEOUS EXERCISES 


1. The number of abstract finite groups each having just a given 
number 7 of complete conjugate sets of elements is finite. 


2. Let » and q be different primes such that p is not a factor of 
_q?—1. Let 5 and ¢ be elements subject to the sole defining relations 
sP=1P?=1, {τς 1ἰς τοὶ. 

Show that {s, /} is a group of order pg? having just 42 representations 
in a single variable. If p < g?, show that the other irreducible represen- 
tations are p — 1 in number and that each of them is on 4 variables. 
Show that the number of complete conjugate sets of elements is 

41} --ΑἹἸ. 

8. The only substitution of zero determinant which is permutable 
with every element of an irreducible group of linear homogeneous 
transformations on the same variables is the substitution which re- 
places each variable by zero. 


4. Let x1, X2, : - -, Xn be the variables operated on by an irreducible 
group G of linear homogeneous transformations. Show that kx, kxe, 
--+, kX,, where & is an arbitrary constant different from zero, are the 
only linear functions of the x’s which, for every element of G, undergo 
the same linear transformation as the x’s undergo in that element. 


5. Show how to form the most general group of linear homogeneous 
transformations on a given set of variables each of whose elements is 
permutable with every element of a given finite group G of linear 
homogeneous transformations on the same variables. 


Groups of Linear Transformations 241 


6. Let I; have the meaning assigned to it in Theorem XIII of 
ὃ 57. Show that I; and I’; are equivalent representations of when 
and only when each group characteristic for I’; is real. 


7. Employing the notation of the latter part of ὃ 57, show that 
Qjik = ijk = δ κ) = δ, ki = δι) 7} κ' = ξδεκ"7, = Qjr's'- 


Show also that r 
> Ligkkket 
k=1 


is unaltered by any permutation of the symbols 1, 7, 8. 
8. Employing the notation of the latter part of § 57, show that 
1 
2% =2Z> το’ 
>, ~ he 
9. Let s be an element of order m in a group G, and let x, be the 
characteristic of s in an irreducible representation of G. Then x, may 
be written in the form _ 
X= OF Ol eee 
where w is a primitive mth root of unity and the a’s are integers. The 
characteristic x,, of 55 in the same representation is then 


XH ΞΞ μαι Gye fee ee of wt, 

If s and s* are conjugate under G, then these characteristics must be 
equal, so that in each irreducible representation of G it is true that x, 
is unchanged when w# is put for w. Show, conversely, that if this last 
condition is satisfied, then 5 and s“ are conjugate elements of G. 

10. In a group of odd order no element other than the identity is 
conjugate to its inverse. 

11. In a group of odd order some of the characteristics of every 
conjugate set must be imaginary. 


12. In a group of odd order the number of conjugate sets of elements 
is odd. 


18. For a group of odd order no irreducible representation, other 
than the identical one, is equivalent to its conjugate imaginary. 


14. A group of linear homogeneous transformations of odd order 
with real coefficients is necessarily reducible. 


15. If G is a group of odd order g, and 7 is the number of complete 
sets of conjugate elements in G, then g =7 mod 16. 


CHAPTER IX 
Galois Fields 


61. Introduction. There exist certain remarkable doubly 
transitive groups of prime-power degree p” by means of whose 
properties many interesting results in the theory of finite 
groups may be obtained. They are contained as subgroups in 
the holomorph of the Abelian group of order p” and type 
(1,1,---,1). Instead of undertaking a direct proof of their 
existence, based on this fact, it seems more convenient to de- 
velop first the auxiliary theory of finite fields (defined in the 
next section) and then to employ the tool afforded by this 
theory as a means of facilitating the proof of the existence of 
these groups and of deriving their properties. Consequently 
this chapter is devoted to the theory of these finite fields and 
to some of its immediate applications to the theory of finite 
groups. | 

62. Finite Fields. Let uo, m1, ue, - - -, U1 be a set of s (s > 1) 
distinct symbols or marks or elements which may be combined 
by addition in accordance with the formal laws 


Ui Uj = Uz + Uz; Us (Uy + Ue) = (Us + U;) + UE 


Let the sum of any two of these marks be a mark of the set. 
Let the set be such that for every pair u; and μ of the marks 
there exists a single mark u; such that u;+u;=u,; then κι; is 
said to be determined by subtraction, and we write u; = τές — u;. 
We call u; the difference of uw, and u;. The set then contains 
every difference u;—u;; such a difference has the additive 
property of zero, since u; + (u; — u;) = τι). From the last equa- 
tion we have u;—u;=u;—u;. Hence all the differences 
u; --- u; are equal; we shall suppose that the notation is so 
chosen that u;—u;=uo; then u is the (unique) mark hav- 
242 
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ing the additive property of zero, since the relation u; + u’ = 4; 
requires that u’ = με το μέ Ξε uo. Two marks are said to be 
equal if their difference is uo; otherwise they are said to be 
distinct. It is obvious that the s marks form an Abelian group 
of order s, the law of combination in the group being that of 
addition as here defined. The identity in this group is %. 
This group is called the additive group of the field (presently 
to be defined). 

Let us next suppose that the marks uo, m1, " " "» Us—1 may be 
combined by multiplication in accordance with the formal laws 


UjU; = UjU;, U;(UjUx) = (UM; )Un, Us(Uz ΞῈ Ue) = UU; He UM. 


Let the product of any two marks of the set be itself a mark of 
the set. From the relations 


Upu; = Ηρ = u;(u; = U;) = Μ{ — U,U; = Uo 


it follows that wo has the multiplicative properties of zero. 
Let us suppose that the marks u have the further property 
that if any two marks uw; and m, are given such that τ; + uM, 
then there exists one and just one mark u; of the set such that 
μι; = Uz. We say that u; is determined by division, u; = uy/U:; 
and we call u; the quotient of με by u;. The set contains every 
quotient u;/u; where u; uo; such a quotient has the multi- 
plicative properties of unity, since u,u;/u;=4u;. From this 
equation we see also that u;/u; = u;/u; if u;~ uo and u; ~ Uo. 
If eu; =u; or use =u; and u;¥ uo, we have e= u;/u,;, so that 
there is only one mark in the set having the multiplicative 
properties of unity. We suppose that the notation is chosen 
so that this mark is μι. It is evident that the s—1 marks 
U1, U2,***, Us-1 form an Abelian group in which the law of 
combination is that of multiplication as here defined. The 
identity in this group is #;. This group is called the multiplica- 
tive group of the field (presently to be defined). 

A set of s distinct marks uo, #1, U2,- +, Us—1 Satisfying the 
conditions named in the two preceding paragraphs is said to 
form a finite field of order s. A finite field is characterized by 
the property that the rational operations of algebra may be 
performed upon the marks in the field and that they lead in 
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every case to marks of the field. We may therefore take over, 
without further definition, many terms of algebra and the cor- 
responding notations and employ them for finite fields. 

We may observe that the conditions named imply that a 
product of two factors is % when and only when one of the 
factors 15 uw. For uj =U, as we have seen; moreover, if 
U; ¥~ Uo, Up Σέ Uo, and uu, = Uo, then we have 


UU; = UU; + Uo = UU; + UM, = τος (μι; + Ux) 


so that u,v; gives rise to two distinct quotients, u; and u; + u,, 
when divided by u;, contrary to the hypothesis that division by 
a nonzero element is unique. 

We exhibit an example of a finite field. Let p be a prime 
number and let us write wm =0, m=1, we=2, ---, Μέρ..1 
=p—l1. Let addition and multiplication of these marks be 
the ordinary addition and multiplication of the numbers to 
which they are equal followed by a reduction modulo p to a 
number of the set. It is easy to see that the marks so defined 
constitute a finite field of order p. We may easily verify the 
property of division, the divisor being different from uo, by 
observing that the congruence 


ax=bmodp (a@a#0mod p) 


has always a unique solution x when a and 0 are given. 

In the general case the marks mw and 4, have the properties 
of zero and unity, respectively, as we have already seen. Every 
sum of the form uw, + 1. - - -- - 4; is a mark of the field. The 
marks defined in this way are called the integral marks of the 
field. Consider the infinite sequence of symbols 


Ua) = M1, Ua) = 141 + Mm, Ua) =Mm +a tm, -+>. 


Since there is only a finite number of marks in the field, two of 
these symbols must be equal, say uy) =u.) (r>s). Then 
Uo = Ur) — Us) = Ur—sy. Hence the named sequence contains 
the zero mark uw. Let p be the least integer such that τῳ) = uo. 
Then uo) (=u), Ua), U2), °° *, Mp—1y are all distinct, while 
Ua) = Up) 1f ἃ = B mod p. Hence there are just p integral marks 
in the field. We suppose that the notation is so chosen that 
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U; = Uy (i =0, 1, -- +, Ὁ -- 1), 80 that the integral marks of the 
field are uo, U1, °°, %p—1. When there is no danger of ambiguity, 
we shall write 0, 1, - --, ἢ — 1 for these marks in the order given. 
These integral marks obviously combine by ordinary addition 
and multiplication with a reduction modulo p. Moreover, if p 
is a prime, they form a field of order p, as we have already seen. 


I. The number p of integral marks in the field is 
a prime number. 

For if p=pipe (p> fi), we have uy, ¥ uo, while upp, 
= Up.p,) = Up) = Uo; Whence it follows that τῳ) = Uo 80 that 
p2 must be a multiple of 2, and hence equal to p since po = p. 
Hence p: = 1. Therefore the only factors of p are 1 and p. 

Il. The number s of marks in the field is a power 
of the prime p, say s = p”. 


Let v, be any mark of the field different from w#. Then 


7101 (γι = 0, 1, 2,1. Ῥπτ- 1) 


give p distinct marks of the field. If s > p there is a mark 2 in 
the field and not in the foregoing set. Then 


101 + Yo2ve2 (V1; Y2 = 0, 1l,---,p—1) 
give p? distinct marks of the field. If s > p? there is a mark v3 
in the field and not in the last-named set. Then 
Viti + γοῦο + y303 (γι, Yar ¥3 = 9, 1,-+-, τ 1) 


give p? distinct marks of the field. We may continue similarly 
till all the marks are exhibited in the form : 


γιῦι + Vote +: ΣΡ Ἔ γηη» (y¥:=0, 1,2, aaa .}»--ὶ; 2Ξ:1,2, δὲς .. 5) 
and these give p” marks, so that s = p”. 
In § 64 we shall show that a finite field exists of every order 
p” where p is a prime and x is a positive integer. 
III. The additive group of a field of order p” is 
an Abelian group of type (1, 1, ---, 1). 
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We have seen that this group is Abelian. Its order s is p* by 
Theorem II. It remains to be observed that each element 
(besides the identity) in the group is of order p; and this is 
obvious, since u;+tu;+---+u;,=mu;+ τος -Ἐ 6 0. ταῖς 
= U;(u - τι -Έ - . Ἔ 14.) and this is ο when the number of 
terms in the parenthesis is p. 

A rational integral function in any number of variables x1, x2, 

- +, Xn 1Β Said to belong to the field if its coefficients are marks of 
the field. It is crreducible in the field if it is not identically the 
product of two functions belonging to the field, each involving 
One or more of the variables x;. An equation between functions 
which belong to the field is itself said to belong to the field. Let 
u be any mark of the field and form the z + 1 marks 


U0, ui, 42, -- +, um. 


These, as we have seen, may be expressed in the form 
u* = (101 Ἔ Ο;ο). + ree + CinVns (2 = 0, 1, “τ n) 


where 11, v2, -- -, 0, are the marks denoted by these symbols in 
the proof of Theorem II and where the c,; are integral marks of 
the field. Hence integral marks po, p1,---, pn, not all zero, exist 


Such that pgu0-+ pitll + pau? +++ ++ pau” =0, 


as one sees by eliminating 11, v2, - - -, 0, from the foregoing m + 1 
equations. Therefore we have the following theorem: 


IV. Any mark wu of a finite field of order p” sat- 
isfies an equation of degree k = n, 

Οὐχ + cpeix®-1 +--+ +01x +09 =0, (c, τέ 0) 
where Co, Ci, - " -, Cy are integral marks of the field. 


If k is taken to be the lowest possible degree for such an equa- 
tion satisfied by a given mark uw, then the equation is evidently 
irreducible in the sense that the first member cannot be 
separated into factors of positive degrees and with coefficients 
which are integral marks of the field. The term irreducible 
equation, when used without_qualification, will have the mean- 
ing here assigned to it. 
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As we have already seen, the marks m1, us, ---, Ue—1 form an 
Abelian group if the law of combination of symbols is that of 
multiplication of the marks of the field. The order of this group 
is s—1=p*—1. The order of an element u of this group is 
therefore a factor of p” — 1; this order is called the order of the 
mark u in the field. Every mark wu of the field, different from 
Uo, satisfies the equation 

xp™—l -- 1, 
as one sees from the properties of the multiplicative group of 
the field. Hence, 


V. Every mark of a field of order ῥ᾽ satisfies the 
equation | xP" — x =0;_ 


n—1 


and we have χρῇ -- χι-ς [| (x -- μὴ. 
#=90 


As in algebra, one may prove the following theorem: 


VI. If an equation of degree & (and not an iden- 
tity) belongs to the field it has at most k roots in 
the field. 

VII. If dis a divisor of p" — 1, the equation 

x4—1=0 
has exactly d roots in a field of order p”. 


For we have an identity of the form 
χρῖτι. 1 = (x4 — 1) (x D4 4 go Pd... + x44 1), 


where 4 =(p"—1)/d; the last factor is zero for at most 
(u — 1)d marks of the field while the first member is zero for 
every nonzero mark of the field; whence it follows that χά -- Ἰ 
is zero for ὦ marks of the field. 


Let us write pr 1 = pi%ipo% +++ Ppt, 


where p1, po,---, Px are the distinct prime factors of 2" — 1. 
Then the equations 


χρ --- 1=0 and xp} —1=0 
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have p,;” and p;“' as roots respectively. Hence there are 
ΓΞ 5 ] 
ps,” . 1-- 
Ρ Ρ OP ( Dd: 


marks of the field having the order p;*. Let w; be a mark 
having the order pp, (¢=1, 2,---,k). Then wwe: -- a, has 
for its order pi"'po™?- -- p,e*, or Ρ" —1. A mark of the field 
having p” — 1 for its order is called a primitive mark of the field. 
If w is a primitive mark of the field, then the marks 
ω, w, ωϑ, ves, qP”-1 
are all distinct. They are therefore in some order the marks 
U1, U2,°* +, Us_1. 
VIII. All the marks of the field except the mark 
Uo are powers of any given primitive mark of the 
field. Hence the multiplicative group of the field 
is cyclic. 
Let w be any primitive mark in a field of order p”. Then 
(Theorem IV) it satisfies an equation of the form 
EX + Cy_1X*-1 +--+ axt+o=0, (k=; 1 ¥ 0) 
where Co, C1,- °°, ὧς are integral marks of the field. Then w*, 
and hence every power of w, can be expressed in the form 
Verio 4+ ---+ yw + Yo, 
where Yo, 71,°°°, Ye-1 are integral marks of the field not all 
equal to zero, as one sees readily by repeated multiplication 
by w and reduction of the degree by means of the relation of 
degree k satisfied by w. The number of expressions of the 
named form is p*—1 and the number of distinct powers of 
wis p*—1; hence, since k = n, we see that k=n. From this 
result and the remark following Theorem IV we have the 
following theorem : 
IX. A primitive mark of a finite field of order p” 
satisfies an irreducible equation of the form 
xP ext h es + ey =O, 
where ¢1, C2, ---, C, are integral marks of the field. 
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Cor. I. A primitive mark satisfies no equation of 
degree less than n the coefficients of which are inte- 
gral marks of the field. 

Cor. II. The quotient 

xP" — x 
x™ xP ee tly 
can be expressed as a polynomial in x with coefficients 
which are integral marks of the field. 


In order to establish this corollary let us apply to the func- 
tions in the numerator and the denominator of the fraction 
Euclid’s process for finding the greatest common divisor. Every 
quotient and every remainder obtained by this process will 
be a polynomial in x with coefficients which are integral marks 
of the field. Hence the greatest common divisor is either a 
constant or a polynomial with integral coefficients. But it can- 
not be a constant, since the two given functions have the com- 
mon factor x — w. Since it is a polynomial with integral coeffi- 
cients, it must be the denominator polynomial itself, owing 
to the fact that that polynomial is irreducible. The named 
quotient can then be expressed in the form described in the 
theorem. 


Cor. III. The equation in the theorem has 7 dis- 
tinct roots in the field. 
This follows at once from Corollary II and the fact that the 
equation x?” — x =0 has p” distinct roots in the field. 
Let p be any root of the equation in Theorem IX. Then 
every power of p can be expressed in the form 
Yn-1p™ 1- “05 τ-Ὲ γιρ + Yo» 


where Yo, Ύ1, "" “ Yn-1 are integral marks of the field, the 
method being that employed in the proof of Theorem IX. 
Likewise every power of w can similarly be expressed in the form 


Ὑπ τῶ} -Ἐ +--+ 910+ Yo- 
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The ordered set of coefficients in the expression for p*‘ is the 
same as that in the expression for w‘, as is evident from the 
way in which the expressions are formed. But the p*—1 
ordered sets of coefficients y corresponding to the powers w, 
w?,---, w?"—! are distinct, since ὦ is a primitive mark. Hence 
the p” — 1 ordered sets of coefficients - corresponding to the 
powers p, p2,---, p®’—! are distinct. Therefore if any two of 
these powers of p are equal, the mark p satisfies an equation 
(not an identity) of degree at most as great as m — 1 and with 
integral coefficients. But this 15 impossible, since p satisfies an 
irreducible equation of degree m with integral coefficients and 
therefore satisfies no such equation of degree lower than n, as 
may be shown by means of Euclid’s algorithm for finding the 
greatest common divisor. Hence the powers p, p?,:--, p?”—} 
are all distinct. Therefore p is a primitive mark of the field. 
Hence, 


X. Every root of the equation in Theorem IX is 
a primitive mark of the field. 


We are now in a position to prove the following fundamental 
theorem : 


XI. Any two finite fields of the same order are 
abstractly identical. 


Let F[p"] and F[p"] be any two finite fields of order p”. 
Each of them has the integral marks 0, 1, 2,---,;p—1. We 
make each of these marks in one of the fields correspond to the 
same mark in the other field. Their laws of combination in 
the two fields are evidently the same. Let w be a primitive 
mark of F[p”]. Then (Theorem IX) ὦ satisfies an irreducible 
equation of the form 


W,(x%) =a" +toex"-1+---+¢,=0, 


where ¢1, C2, - “ -, C, are integral marks of the field. The function 
W,(x) (Theorem IX, Corollary II) is a factor of x°”— x, the 
complementary factor having integral coefficients. The only 
marks of the field F[p”] which are employed in effecting the 
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en eee 
division of x®"— x by W,(x) are the integral marks. Hence 
the same division may be effected, and in the same way, in the 
field F[p”], since that field has the same integral marks as 
F[p”] with the same laws of combination. Hence W,(x) 18 a 
factor of x?” — xin F[p”]. From Theorem V it follows then that 
the equation W,,(x) = 0 has n distinct roots in the field F[p”]. 
Let @ be any one of these roots. Then we establish a corre- 
spondence between the two fields F[p”] and F[p"] by making 
each power of w correspond to the like power of ὦ and by making 
the zero element in one field correspond to the zero element in 
the other. We have to show, among other things, that this is 
consistent with the correspondence of integral marks already 
set up. If a given power of w is expressed in the form 


Yn-10" 1 Ἢ 5 + 10+ Yo 
and the like power of @ in the form 

Ὑ.. 1 1 po 10 Yo 
as in the proofs of Theorems IX and X, then it is evident that 
7i,=7:(i=0,1,---,2—1). From this it follows that the 
integral marks correspond in the way already described. As in 
the proof of Theorem X, it may now be shown that ὦ is a primi- 
tive mark of F{p”]. Moreover, since the integral marks in the 
two fields have the same laws of addition, it follows from the fore- 
going expressions for the powers of w and ὦ that all the corre- 
sponding marks have the same laws of addition in such a way 
that the indicated correspondence exhibits the additive groups 
of the two fields as simply isomorphic. This correspondence 
evidently exhibits the multiplicative groups of the two fields as 
simply isomorphic. Since these two simple isomorphisms are 
exhibited by one and the same correspondence of marks in the 
two fields, the two fields are said to be abstractly identical ; and 
the theorem is proved. 

From this theorem it follows that a particular finite field, so 
far as its abstract properties are concerned, is completely 
specified by its order. 

- 63. Galois Fields. In order to prove the existence of finite 
fields we develop, in this section and the next, the properties of 
a particular form of finite fields known as Galois fields. 
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Let P(x) be a given polynomial in x of degree n with integral 
coefficients not all divisible by the given integer p. Let F(x) be 
any polynomial in x with integral coefficients. On dividing 
F(x) by P(x) we obtain a quotient Q(x) and a remainder of 
degree 2 — 1 at most, which remainder may be written in the 
form f(x) + pq(x), where 


F(X) = do + ax + aox? +--+ tay 1x7}, 


each of the coefficients a; belonging to the set 0, 1, 2, - - -,» -- 1, 
and where q(x) is a polynomial with integral coefficients. Then 


we have FQ) - 70) Ἐ2- 46) + P(x) 20). 
We call f(x) the residue of F(x) modulis p and P(x) and we write 
F(x) =f(x) [modd 9, P(x). 


This is said to be a congruence with a double modulus. The 
totality of functions F(x) which can be obtained by holding 
f(x) fixed and varying g(x) and Q(x) in all possible ways subject 
to maintaining the named properties of g(x) and Q(x) constitutes 
a class of residues which is completely determined by f(x) and 
the given » and P(x). Two polynomials in x with integral 
coefficients will be called congruent modulis Ὁ and P(x) when 
and only when they belong to the same class of residues modulis 
pb and P(x). The number of distinct classes of residues modulis 
p and P(x) is equal to the number of functions of the form f(x) 
with the stated restrictioris, and hence this number is p”, since 
each of the m independent coefficients a4; may have any one of 
p-values. If each a; is zero, we shall denote the corresponding 
class by Co; Co is said to be the zero class. 
If we have 


F(x) =fi(x) + p+ qi(x) + P(x). Q:(x),  (¢=1, 2) 


then it is obvious that the class to which any one of the func- 
tions Fi(x) + Fe(x), Fi(x) — Fe(x), Fi(x)Fe(x) belongs is com- 
pletely determined by the corresponding function f,(x) + 8.6), 
fi(x) — fa(x), fi(x)fe(x). Hence classes of residues modulis p and 
P(x) combine uniquely under addition, subtraction, and multi- 
plication. In order that the division of an arbitrary class by any 
class C different from the zero class Co shall lead uniquely to a 
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third class, it is necessary that the equation C;,C = Cp shall imply 
that C;= Co. In order that the equation C;C = Co shall always 
imply that C; = Co, it is necessary that p shall be a prime num- 
ber, as one may see readily from a consideration of those classes 
for which the coefficients σι, @2, - " +, @n—_1 Of the corresponding 
f(x) are all zero (compare the proof of Theorem Tin ὃ 62). Itis 
also necessary that P(x) shall be zrreductble modulo p, that is, 
shall be incapable of verifying an equation of the form 
P(x) = Pi(x)P2(x) + pPa(x) 

where the P;(x) are polynomials in x with integral coefficients, 
- the degrees of P(x) and P2(x) being positive and less than the 
degree of P(x); for, if P(x) is reducible modulo p, so that we 
have an equation of the foregoing form, then the classes corre- 
sponding to Pi(x) and Pe(x) are both different from Co while 
their product is Co. Hence if the classes of residues are to con- 
stitute a finite field it is necessary that p be a prime and that P(x) 
be irreducible modulo p. We shall show that this condition is 
also sufficient. 

It is convenient first to introduce a definition and demon- 
strate a theorem needed in the proof. 

If F(x) is a polynomial in x with integral coefficients, and if 
polynomials Gi (x), G2(x), Gs(x) in x with integral coefficients ex- 


ist such that = F(x) = G(x) Go(x) + PGs(x), 
then F(x) is said to have modulo p the factors or divisors G1 (x) 
and Go(x) and we write F(x) = Gi(x)G2(x) mod p. 
XII. If F(x) and G(x) are two polynomials in x 
with integral coefficients, and if they have modulo a 
prime p no common factor containing x, then poly- 
nomials F(x) and G,(x) in x with integral coefficients 
exist such that 
F(x) F(x) — Gi(x)G(x) = 1 mod p. 
For every integer a prime to p there exists an integer B 
such that af =1 mod p. Hence we have congruences of the 
form F(x) =aA(x), G(x) = B(x) mod p 
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where the coefficient of the highest power of x in A(x) and in 
B(x) is unity and where the remaining coefficients are integers. 
For definiteness, suppose that the degree of A(x) is not less 
than that of B(x). Now apply to A(x) and B(x) the usual 
process for finding the greatest common divisor, modified by 
a reduction modulo p, writing each remainder in the form 
TR(x), where 7 is an integer and the leading coefficient of R(x) 
is unity. Then we have modulo a set of congruences of the 
form A=BQ+nR, 

B= RiQ2 + 72Ra, 

si Noa = = RoQ@s + 755, 


Κι. 2 = aie τῶι + ΜῊ (Κρ = 1) 
From these congruences we derive readily congruences mod- 
ulo p of the following form: 
7 111 = =A,A— BiB, 
nrke = = aca eens 


1172 " pipe = Aes _ B,B, 


where the A; and B; are polynomials in x having integral 
coefficients. 

Now 71, 72,-:-, 7 are all prime to p, since otherwise A(x) 
and B(x) would have modulo p a common divisor containing x, 
contrary to hypothesis. Hence an integer 7 exists such that 
Yr: abrit2--+7,=1mod p. Then we have 

1 = rabrire - - - Υρ = ΤΑ — rabB,B mod p: 
or 1bA,F — 70B,6 = 1 mod D. 


This result implies the theorem stated. 


Cor. If pisa prime and P(x) is irreducible modulo 
p and if F(x) #0 [modd p, P(x)], then a polynomial 
F(x) with integral coefficients exists such that 
F(x) F(x) =1 [modd p, P(x)]. 


Let us now return to the classes of residues modulis p and 
P(x), where p is a prime and P(x) is irreducible modulo p. 
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Let C denote any one of these classes different from the zero 
class Co. Then from the preceding corollary it follows that a 
class I’ exists such that CT is the class 1, that is, the class of 
polynomials congruent to 1 modulis and P(x). Hence if C is 
any one of the classes, we have 


Since CI’ belongs to the class of residues, it follows that the quo- 

tient class C/C always exists when C is different from the zero 

class Co. If C = CQ: and Ὁ = 005, then Co = C — Ὁ = C(Qi — Q:), 

whence it follows that Q,; — Q2=I'Co = Co; therefore division 

of these classes is unique, the divisor being different from Co. 
We have thus proved the following theorem: 


XIII. The classes of residues modulis p and P(x) 
form a finite field of order p” when and only when 
p is a prime and P(x) is a polynomial with integral 

— coefficients which is irreducible and of degree ἡ 
modulo p. 


The finite field formed by these p” classes of residues is 
called a Galois field of order p*. It is denoted by the symbol 
GF[p"]. 

It is evident that the GF[p”], when existent, contains the 
marks 0, 1, 2,---,—1 and that these constitute the ΟΕ] 
formed by taking x for P(x). 

The absence of the symbol P(x) from the symbol GF[p”] 
for the field is justified by the following fact, a consequence of 
Theorem XI: If a second polynomial P(x), irreducible and of 
degree modulo p with integral coefficients, is used in the 
formation of a Galois field of order p”, that field is abstractly 
identical with the field formed by means of the given poly- 
nomial P(x); whence it follows that a particular Galois field, 
so far as its abstract properties are concerned, is completely 
determined by its order. Moreover, it is abstractly identical 
with any finite field of the same order. 
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64. Existence of Galois Fields. It remains to establish the ex- 
istence of Galois fields of every order p” by proving the follow- 
ing theorem : 


XIV. A Galois field of order p” exists for every 
prime p and positive integer n. 

For the proof of this theorem it is sufficient, in view of 
Theorem XIII, to demonstrate the following theorem: 

XV. For every prime p and positive integer n 
there exists a polynomial P(x) with integral coeffi- 
cients which is irreducible and of degree m modulo p. 

When n= 1, we may take x+ 1 for P(x). Hence the GF[p] 
exists. We may therefore employ this field in the proof. 
Theorem XV will be proved by aid of a sequence of theorems 
which will be given next. 

XVI. If F(x) and G(x) are polynomials belong- 
ing to the GF[p] and if they have no common divisor 
containing x and belonging to the GF[p] and if G(x) 
is a factor of E(x)F(x), then G(x) is a factor of E(x). 


From the hypothesis we have an equation of the form 
E(x) - F(x) = G(x) - S(x). 
But from Theorem XII we have in the GF[p] the equation 
F(x)Fi(x) = 1+ G(x)G1 (x). 
From these two equations we have 
E(x) = G(x) [S(x)Fi(x) — E(x)Gi(x)], 
whence the conclusion of the theorem follows. 
XVII. A polynomial F(x) in x belonging to the 


GF[p] can be separated into factors belonging to and 
irreducible in the GF[p] in just one way. 
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It is evident that there exists a factorization of the sort 
described; for a reducible polynomial may be separated into 
factors, and a reducible factor may again be so separated, and 
soon. If we have 

F(x) = FiF2°+- Fx=fife+++Su 
and the F,(x) and f,(x) are irreducible in the GF[p], then Εἰ must 
(by Theorem XVI) be equivalent to one of the ἔς, say fi. Then 
we have Fo--- F, equivalent to fo---f,. Thence we find F2 
equivalent to fe in a similar way, and so on. It is now obvious 
that A= μ. 


XVIII. If F(x) is a polynomial in x of degree n 
which belongs to and is irreducible in the GF[p], then 
F(x) is a factor of x?” — x, and the complementary 
factor belongs to the ΟΡ]. 

Since F(x), by hypothesis, has integral coefficients, is of degree 
n, and is irreducible modulo p, it may be employed in the forma- 
tion of the GF[p”]. Let « be any mark of this GF[p”] different 
from the zero mark. Then (Theorem V) 
ue” —u=0Q; 
uP” —u=0 mod F(x), 
the congruence being taken in the GF[p]. Taking x for u, we have 


the result stated in the theorem, since actual division obviously 
leads to a complementary factor of the form stated. 


that is, 


XIX. Let f(x) be a polynomial in x belonging to 
the GF[p] and let ¢ be any positive integer; then in 
the GF[p] we have 

for) =D) F*. 
If we write f(x) = ao +ax+---+ a,x", then we have 
(f(x) ]? = ao? 4+ ayPx? +--+ a,PxPh 
= do + ax? +--+ + a,x?! = f(x?). 
Raising to the pth power successively for ¢ times, we have 
[7 )]΄ = αὐ + ain?! +++ + + ax = f(x’). 
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XX. If F(x) is a polynomial of degree m belong- 
ing to and irreducible in the GF[p], and if F(x) isa 
factor of x? — x in the GF[p], then ὁ is a multiple 
of m. | 


If we write t=sm+7r(O=r<m) and employ Theorem 
XVIII, we have in the GF[p] 


0 Ξξ χρ΄ -- χ = (x°"")"” — x = χρῇ — x mod F(x). 
Then if f(x) is any mark of the GF[p”] formed with F(x), 
we have, by aid of Theorem XIX and the congruence 
x?" =x mod F(x), the relation 
[[(Χ)]Ρ΄ = f(x?") = f(x) mod F(x). 
Hence every mark of the GF[p”] satisfies the congruence 
u?” —u=O0 mod F(x). 


Now this congruence is satisfied by p” distinct marks, while 
p’ < p™. Hence (Theorem VI) the congruence must be an 
identical congruence. Therefore 7 = 0, and hence ¢ is a multiple 
of m. 

From the foregoing theorem we have readily the following: 


XXI. A factor of x?" — x which belongs to and is 
irreducible in the GF{p] will be of degree m if and 
only if it is a factor of no function of the form 

xP” — x, 
where ν is a proper divisor of n. 
We next prove the following theorem: 


XXII. The function x?" — x contains no repeated 
factor belonging to and irreducible in the GF[p]. 
To establish this proposition we suppose that x?’ — x con- 


tains modulo p a factor [F(x)]2, where F(x) is a polynomial of 
positive degree belonging to and irreducible in the GF[p], and 
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then show that we are led to a contradiction. Let G(x) be a 
polynomial of degree p* such that [F(x)]? is a factor of G(x) in 
the ordinary sense of algebra while at the same time G(x) 
= x?’ x mod ». Then the derivative G’(x) of G(x) with re- 
spect to x is divisible by F(x) in the ordinary sense of algebra, 
as one sees from the usual theory of multiple roots of poly- 
nomials. Hence G’(x) is divisible by F(x) in the GF[p]. But 
G’(x) =—1 mod 9, so that G’(x) =—1in the GF[p]. But — Lis 
obviously not divisible, in the GF[p], by a polynomial of the 
form of F(x), for we should then have a contradiction with 
Theorem XVII. Since we are thus led to such a contradiction, 
we conclude to the truth of the theorem. 

We are now able to determine the number of polynomials in 
x of degree n each of which belongs to and is irreducible in the 
GF[p]. For this purpose let 41, g2, ---, gx be all the distinct 
prime factors of 2, and form the expression 


μη |]. π| ut | his 
q:4j qi95QrG ᾿ 


π[5}.π| ὦ ] - 
qi 4 :j9k 


where [u] denotes the expression [u] = χρ' — x and where the 
products II are taken for all the combinations of distinct q's 
in the numbers indicated, each product Π in the numerator re- 
ferring to an even number of the 4᾽8 and each one in the de- 
nominator to an odd number of the q’s. Let F(x) be a factor of 
xP" — x of degree ν (v <n) belonging to and irreducible in the 
GF[p]. Then v is a proper factor of m (Theorem XX). Let ¢ be 
the number of the primes g; each of which enters into n to a 
higher power than that to which it enters into ν. Then F(x) 
enters into the numerator of the expression for V, to a power 
whose exponent is 


Ῥ, ΞΞ 


1+CetCat::: 
and in the denominator to a power whose exponent is 
Co tCix3t+ Cu τ τ. 


where C,, denotes the number of combinations of ¢ things 
taken & at a time. The last two sums are equal, since their 
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difference is equal to (1—1)*. Hence (Theorem XXI) every 
factor of V, which belongs to and is irreducible in the GF[p] 
is of degree n. If N, denotes the number of such factors, each 
with leading coefficient unity, then nN, is the degree of V,; 
hence 


nN» = ὃ" — Σ pr/4i + > pr/4i4; ἃς ch tis + (— 1)9p"/%192°°*%, 


The number in the second member is not zero, since its quo- 
tient by its last term is congruent to 1 modulo p. Therefore 
N, > 0. Hence there exists a polynomial in x of degree m which 
belongs to and is irreducible in the GF[p]; and N, is the num- 
ber of such polynomials, as one sees by aid of Theorems XXII 
and XVIII. 

This conclusion contains the proposition stated in Theo- 
rem XV. Therefore a Galois field exists of order p” for every 
prime p and positive integer m. But we have seen that the 
order of any finite field is of the form p” (Theorem IT) and that 
any two fields of the same order are abstractly identical (Theo- 
rem ΧΙ). From these considerations we have the following 
theorem : 


XXIII. A finite field of order p” exists for every 
prime p and positive integer 2, and every such field 
is abstractly identical with the Galois field of the 
same order. 


Hereafter we shall use the symbol GF[p”] to denote indiffer- 
ently the Galois field or the abstract field of order p*. 

65. Inclusion of One Finite Field within Another. We shall 
now prove the following theorem: 


XXIV. A finite field of order p” contains a finite 
field of order p* when and only when & is a factor of n. 


The larger field is said to contain the included field as a 
subfield. | 
If wis a mark of the field F[p”] of order p” and is a primitive 
mark of an included field F[p*] of order p*, then wu is of order 


Galois Fields 261 

p*—1, and therefore p*—1 is a factor of p*—1. Write 

n=ak-+ B, where a and β are integers δηά 0 « 6=k. Then 
p*—l=p*té—-1l= (p*)*p§ — 1 = 28 — 1 mod p* — 1. 


Hence k = B, since p* —1 is a factor of ρ" — 1 and therefore 
of p? —1; hence k is a factor of 3. 
Let # and w be marks of F[p”] such that 


υρῖ τευ, = wr = w, 
Then (ow)? = ow, (o+ w)r* = yr 4. we =» τ. 


Moreover, if »~ 0 and 2; is the mark of the field F[p”] such 
that vv, = 1, then we have 


ΠΥ Ὁ ἘΞ 
y?*~1y,P"-1 = 1, whence yjP*-1 = 1, 


From these results it follows that the zero mark and the 
marks whose orders are factors of p*—1 constitute a field. 
This field contains a mark of order p* —1, since p*—1 is a 
factor of p* —1; and it does not contain any mark of order 
higher than p* — 1. Hence the field is of order p* 

These results imply the truth of the theorem. 


Cor. The integral marks in the field constitute a 
field of order p. 
EXERCISES 

1. For the case of the field GF[22] show that the function P(x) of 
§ 64 is χ +-2%+1. 

2. For the case of the GF[32] show that for the function P(x) of 
ὃ 64 we may take x? + 1, x7+%+42, or x?+2x+4+2. 

3. Construct addition and multiplication tables for the GF(2?], 
GF{[5], and GF[3?]. 

4. The number of primitive marks in the GF[p”] is 6(p* — 1), where 
φ denotes Euler’s ¢-function. 


5. If ὦ is a primitive mark of the GF[p”] and d is any factor of 
pb" — 1, then w‘?"- /4 is a mark of order d; and the number of marks 
of order d is (@). 
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6. Anonzero mark of the GF[p”] is called a square if it is the square 
of some mark in the field; otherwise it is called a not-square. Prove 
the following propositions: 

(1) If p = 2 every nonzero mark in the field is a square. 

(2) If p is odd the even powers of a primitive mark are squares and 
the odd powers are not-squares; and the reciprocal of a square 
[not-square] is a square [not-square]. 


7. Show that a root w of the equation x5 — x + 1=0 in the GF[3°] 
15 a primitive mark in the field. 


8. In the GF[2°] show that a root x of the equation x®+*+1=0 
is of order 73 while x + x* + x®§ + x7 + x8 is of order 7, and thence 
show that x(x + x4 + χθ + «7+ x8), or Ltax+x%2+%5+2%7+ x8, isa 
primitive mark in the field and that it satisfies the equation 


PPT H +r Tye ry Flo. 


9. In the Galois fields indicated below, the given equations have 
as roots primitive marks of the corresponding fields, m in each case 
denoting the degree of the given equation: 


GF[2"): x2 =x4+1, 88=x4+-1, x¢#= x41, = χΞ -ΕἘΊ, χε χ +1, 

χτεχ-ἘἸ, χϑεε χε x8 χϑΕἹ, 8 = χϑ χε ἢ 434424441; 

GF[3"]: x? =2x41, χϑτεχ ἘΠ, χέξΞ 2 χϑ- 2 χο +441, χξε χ Ἑ 2, 
Pu  Ἕ; 

GF(5"): χιτ 2 χ - 2, χβεξεδχτϑ, χίξεχϑ-  χτ , χε χ 2, 
x8 = x — χε + χϑ --δχ-- 2; 

GF[7"]: x2 =x —3, =x -- 2, χι = 22842442, 45 =6244+3; 

GF[11"]: x2 =4x—-2; 

GF[13"|: x2? =x+1. 


Verify at least a part of this table of equations having primitive marks 
as roots. 


10. Show that the group G generated by the transformations 
fSet1, oar. 2 Hse 


in the GF[3?] permutes the 24 nonintegral marks of the GF[3?] accord- 
ing to an imprimitive (transitive) group of degree 24. 


11. Consider the totality of transformations of the form 


x’ == P(x) 
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in the GF[p"] (n> 1), where P(x) is a polynomial in x whose coeffi- 
cients belong to the included field GF[p’], v being a proper divisor of 
n, and P(x) is such that the transformation induces a permutation 
on the marks of the GF[p”]. Show that this totality of transformations 
induces a permutation group on those marks of the GF[p”] which are 
not in the included field GF[p’], and prove that this cannot be a 
primitive group. 


12. Show that the transformations x’=x+1, χ' Ξ -- χϑ -- 2 x? in 
the GF[7] generate a group which permutes the seven marks of the 
field according to a doubly transitive group of degree 7 and order 168. 

13. Using oo to represent 7/0 when 7 0 and adjoining © to the 
GF[7], show that the transformations in Ex. 12 and the transformation 
x'=-—1/x induce on the eight symbols named a triply transitive 
group of degree 8 and order ὃ - 7.6. 4. 

14. Show that in the GF[11] to which o has been adjoined to stand 
for 1/0, where 1 σέ 0, the transformations 


x’=x4+1, χ' = 4 χϑ -- ὃ χῖ, χ' τε -ἰ 


induce a quintuply transitive group of degree 12 and order 
12-11-10-9-8, and that this group contains as a subgroup a 
triply transitive group of degree 12 and order 12-11 - 10-6 induced 
by the first and third of the given transformations and the square 
of the second, namely, the transformation x’ = 7 x* — 6 x9. (Compare 
Ex. 12 on page 151 and Ex. 17 on page 165.) 

15. Show that in the GF[23] to which oo has been adjoined to stand 
for 1/0, where 1 0, the transformations 


wa=xtl, vr =—-3xb 44x, x= -ἰ 


induce a quintuply transitive group of degree 24 and order 
24-23 -22-21-20-16-3. (Compare Ex. 9 on page 164.) 


66. Analytical Representation of Permutations. Let uo, 241, 22, 
++, Us_1 (5 = p”) denote the marks of the GF[p”]. Let any given 
permutation on these marks be denoted by the symbol 


es U1 U2 "5 Us_1 ) 
Ugo) Uei1y Us) " "" Ug(s—1) 


An analytic representation of this permutation is afforded by 
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the Lagrange formula for interpolation. In fact it is easy to 
verify that the equation 


Ha) = 5 ae, 


(x — (μὴ 
where F(x) = Tl (x — μὴ 
1=0 


and F’(x) denotes the derivative of F(x) with respect to x, 
defines a function ¥(x) such that the transformation x’ = (x) 
induces precisely the given permutation of marks of the field. 
It is obvious that ¥(x) is a polynomial in x, of degree less than 
pb”, whose coefficients belong to the GF[p"]. A polynomial 
¥(x) belonging to the GF[p"] and such that the transformation 
x' = W(x) induces a permutation on the marks of the field is 
called a substitution polynomial in GF[p”]. We shall always 
suppose that the degree of such a polynomial is less than p”, 
since any polynomial in GF[p”] may be reduced to one of such 
degree by means of the relation x?” = x, which is verified by 
every mark in the field. 


XXV. Two distinct substitution polynomials, 
¥i(x) and ye(x), both belonging to the GF[p”], can- 
not induce the same permutation on the marks of 
the field. 

If we assume yi (u;) = Pe(u;) (ἢ ΞΞ Ο, 1,---, p*— 1), then the 
equation (x) — ~e(x) =0 has p” roots in the field, while its 


degree is less than p”; a result in contradiction with Theo- 
rem VI of § 62. 


XXVI. A necessary and sufficient condition that 
y(x) shall be a substitution polynomial in the GF[p"] 
is that y(x) shall be a polynomial in the GF[p”], of de- 
gree less than p”, such that each of the equations 

V(x) =u; (¢@=0,1,2,---,p" —1) 
shall have a solution. 
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For in this case the marks W(uo), Y(u1),---, W(us_1) are in 
some order the marks wu, m,--°-,M%s—1, since the former set 
contains at most s distinct marks and contains all the s marks 
in the second set. 


Cor. I. The condition in the theorem is equiva- 
lent to the requirement that the marks y(wo), W(u1), 
-+, W(us—1) Shall all be distinct. 
Cor. II. If mis less than p” — 1, then a necessary 
and sufficient condition that x” shall be a substitu- 
tion polynomial is that m shall be prime to p” — 1. 


᾿ς When m and p"—1 have a common divisor greater than 
unity, the marks wo”, m4”, ---, Us-1” are not all distinct 
(Theorem VII, ὃ 62). If mand 25 — 1 are relatively prime, then 
integers a and B exist such that am + 8(p"—1)=1. Then if 
£ and ἡ are nonzero marks of the field such that &" = 7”, 
we have &™" = 7°", whence &2+8@"-1) = yom+6@"—D, whence 
£= η. Thence the required result follows by aid of Corollary I. 

67. Linear Groups in One Variable in GF[p"]. Let us con- 
sider the totality of transformations of the form 


x’ Ξε αχ- ὃ (a ~ 0) 


on the marks of the GF[p”], the coefficients ὦ and ὃ being marks 
of this field. Each of these induces a permutation of the marks 
of the field (Theorem XXVI), since the equation ax+b= 8 
obviously has a solution x in the GF[p”] whenever a, ὃ, 8 are 
marks of this field and a # 0. The product of two transforma- 
tions of the given set obviously belongs to the set. Since the 
number of transformations in the set is finite, it follows that the" 
named totality constitutes a group. The order of this group is 
p(p” — 1), since a and ὃ range independently over all the marks 
of the field except that a must not be the zero mark. 
Now if a and β are any two given distinct marks of the field, 

the transformation χ' =(B—a)x+a 


replaces the values 0 and 1 of x by the respective values a and β 
of x’. Therefore the permutation group induced on the p” marks 
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of the field by the transformation group in consideration is a 
doubly transitive group. The subgroup leaving the mark zero 
unchanged is induced by the transformations x’=ax; and 
this is a cyclic group, since it is generated by the transformation 
χ' = wx, where ὦ is a primitive mark of the GF[p”]. Hence we 
have the following theorem (generalizing a result obtained in 
§ 40): 


XXVII. For every prime p and positive integer n 
there exists a doubly transitive group of degree p” 
and order p”(p" — 1) which contains a cyclic sub- 
group of degree and order p” — 1. 


68. Linear Fractional Groups in One Variable in GF[p"]. Let 
us now adjoin to the GF[p”] the symbol oo to represent any 
formal quotient u/0, where uw is a nonzero mark of the field. 
Then we have all told p” - 1 symbols. It is easy to show that 
these symbols are permuted among themselves by every trans- 
formation of the form 

x = EE (ad — bc X 0) 

where a, ὦ, c, d are marks of the GF[p”] and x and x’ are variables 
ranging over these marks and the symbol oo. The number of 
transformations of this form is obviously finite, while it is easy 
to show that the product of any two of them is also a transforma- 
tion of the same form. Hence the totality of transformations 
of this form constitutes a group; and this group induces a 
permutation group on the named p” + 1 symbols. 

The order of the transformation group is readily determined. 
If c= 0 we may take ὦ = 1 without loss of generality ; then we 
obtain the p"(p” — 1) transformations employed in the previous 
section. If c+ 0 we may take c = 1 without loss of generality. 
Then a and d may range independently over the p” marks of the 
field, while for each pair of values of ὦ and d the symbol ὃ may 
take just p” —1 values, since ad—bc~ 0; thus, when c+ 0 
we have just p”-p"(p"— 1) transformations. Adding this 
number to the number of linear transformations, we obtain the 
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sum (p* + 1)p*(p" — 1); and this number is the order of the 
transformation group. 

Now the corresponding permutation group G on the p” + 1 
symbols is transitive, since it is transitive on the symbols ex- 
clusive of co and contains the element x’ = 1/x which replaces 
oo by 0. The largest subgroup of G each element of which leaves 
oo fixed is the doubly transitive group described in the preceding 
section. Hence we have the following theorem (generalizing a 
result obtained in § 40): 


XXVIII. For every prime p and positive integer 
n there exists a triply transitive group of degree 
p" +1 and order (p* + 1)p*(b* — 1) which contains 
a cyclic subgroup of degree and order p” — 1. 


69. Certain Doubly Transitive Groups of Degree p”. Let us 

consider the totality of transformations of the form 
χ' =axr'+b, (a¥0;t=0,1,---, 2-1) 

where a and ὃ are marks of the GF[p”] and x and x’ are variables 
running over the marks of the GF[p”]. It is easy to see that 
each of these transformations induces a permutation on the 
marks of the field, that the product of two transformations in 
the set is a member of the set, and hence that these transforma- 
tions form a group which induces a permutation group G of 
degree p” on the marks of the field. It is evident from § 67 that 
this group is doubly transitive and that its order is p”(p* — 1)». 
The elements prsgaey.. Gres igh 
where w is a primitive mark of the field, obviously generate the 
group G; for the last two generate a group of order (ῤ" — 1)n 
which is transitive on the nonzero marks of the field, whence it 
follows that the three elements generate the entire group. The 
last generator transforms each of the others into itself. There- 
fore, if a is any factor of n, the first two of the given generators 
and the ath power of the last generate a group which is con- 
tained in G as a subgroup of index a, and this subgroup is doubly 
transitive. Hence we have the following theorem : 
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XXIX. In the GF[p"] the transformations 
Harel, Lar, x =x", 
where ὦ 15 a primitive mark of the field and a isa 
factor of m, generate a group of order p"(p” — 1)n/a 
whose transformations consist of the totality 


x’ = ax?’ +b, (a0; ἐ-- α, 2, --. Ξ αἱ 


where a and 0 are marks of the field. This group in- 
duces on the marks of the field a doubly transitive 
group of degree p” and order p"(p" — 1)n/a. 


When a=~7 this is the doubly transitive group of degree 
p” and order p”(p” — 1) described in Theorem XXVII. We 
shall now determine the other doubly transitive groups of this 
degree and order contained in the group of Theorem XXIX 
for the case a= 1. Such a group contains a regular permuta- 
tion group M of degree and order p” — 1 on the nonzero marks 
of the field. It is obvious that the corresponding transforma- 
tion group T consists of transformations of the form 


x! = a,x’, (1ΞΞ 1,2,.... ῆ-- 1; 05 ἢ; « n) 


Such a transformation replaces the mark x =1 by the mark 
x’ = a;. Since M is regular on the nonzero marks of the GF[p”], 
it follows that the coefficients a; are in some order the nonzero 
marks of the field without repetition 

Now the totality of linear transformations in Τ᾽ constitutes 
a subgroup of 7; and this subgroup is contained in the cyclic 
group generated by the transformation S, | 


9. tS χ, 


where ὦ is a primitive mark of the field. Then there exists ἃ 
least positive integer o such that this linear subgroup is gen- 
erated by 55. It is clear that o is a factor of the order p” — 1 of 
S. If o=1 we recover the case of § 67; therefore, in what 
follows, we shall suppose that o> 1. Then some of the ex- 
ponents ¢; are positive. 
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Let ¢ be the least positive value of ¢; appearing among the 
exponents ἐ; in the transformations of T; and let the transfor- 
mation U, 


U: x! = ax’, 


be one of the transformations in which ¢;=?. By taking suc- 
cessive powers of U we obtain transformations with the ex- 
ponents i, 2t,3%,--- on p. Since these are to be reduced 
modulo m (on account of the equation u?" =u for marks of 
the GF[p”]), it follows that ὦ is a factor of nm. Moreover, since 
t is the least positive value of an exponent #,, each ¢; must be 
a multiple of ¢; whence one concludes that the exponents ἐς 
are t, 2t,3t,---. If Τὶ and 72 are two transformations in T 
with the same value of the exponent /;, then Τὶ ΤΩ is a linear 
transformation and hence is in {55}. Therefore all transfor- 
mations in T having a given value of ¢; are products of the form 
T1S;, where S; is in {55}. Therefore T is generated by S’ and 
U. The smallest positive value of ἃ such that ὕ is in {55} is 
A=n/t. Since T and {55} are of orders p* — 1 and (p" — 1)/o, 
it follows that o = n/t and hence that σ᾽ is a factor of n. 

We have now to determine the further conditions on σ, ἰ, 
and a such that the group {S’, U} shall indeed induce a per- 
mutation group of the type prescribed for M. If d is the great- 
est divisor of o such that a is a dth power of a mark in the 
GF[p"], then every coefficient in {S*, U} is a dth power. Since 
d is a factor of p* —1 and every mark of the GF[p”] occurs 
among the coefficients in the transformations belonging to 
{55, U}, it follows that d=1. Therefore if y is such that 
a= wy’, we must have y prime to σ. We may now combine 
the transformation U with an appropriate power of S* such that 
in the resulting transformation U;,, of the form U (with the 
same value of #) we shall have the corresponding coefficient of 
the form οἱ, where 0 < ἰ < o and lis prime too. Then we have 


Uit: χ' = wile”, (0<l<oa; /prime tog; σί ΞΞ ἢ) 


Then {S’, U} = {S*, Ui:}. 
The sth power of U;,, may be written in the form 


ti pmets... s8—1)t t 
ies χ' = ght tptepttr.-- +p@—09 χρεῖ 
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The least positive value of 5 for which this is in {55} iss=n/t 
=o. In order that the induced permutation group M shall be 
regular, it is further necessary that the least value of s for which 


1+ ptt ptt... + peeve 


shall be a multiple of o is s=a, since otherwise at least one 
mark of the GF[p"] would occur as a coefficient in two trans- 
formations belonging to {S’, U;,:}. 

When the necessary conditions now obtained are satisfied, 
we shall easily show that {S’, U;,:} permutes the nonzero marks 
of the GF[p”] according to a regular permutation group M. 
The coefficients in the transformations belonging to {S*, U;,:} 
are the marks 


wre . qiite te pepe) (k=1,2,---,(p"—-1)/o; 
s=1,2,---,0—1) 
together with the oth power marks appearing as coefficients 
in the transformations of {55}. No two of these coefficients 
are equal, since the second exponent on w in the foregoing 
expressions is not a multiple of o and no two such exponents 
have their difference a multiple of o. Therefore no two trans- 
formations in {S’, U;,,} have the same coefficient, and hence 
that group replaces the value 1 of x by every nonzero mark 
of the field; whence it follows that {S7, U;,.} induces a regular 
permutation group M on the nonzero marks of the field. 
Since ¢ > 1 it is easy to verify that the group {S’, U,,:} is 
non-Abelian; for the equation 5: Ὁ 40S? = = U;, would imply 
that σ(ρ' — 1) =0 mod p* — 1, and this is impossible, since 


a(p'—1)< pr —-)O’-)=@”"-)@-1)<p"-1 
when o < ἢ. 
Among the results now established we have the following: 
XXX. Every noncyclic group T which is con- 
tained in the transformation group G, 
x’ = ax” + ἢ, (a#~0;t=0,1,2,---,n—1) 
where a and ὃ are marks of the GF[p"], subject to 
the condition that 7 shall be of order p* —1 and 
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shall permute according to a regular permutation 
group M the nonzero marks of the GF[p”], is a non- 
Abelian group {S’, U,,,3, where σ (o > 1) is a com- 
mon factor of m and ῥ᾽ —1 such that s=a 15 the 
least value of s for which 1 + p'+ p?'4+---+ p¢-! 
is divisible by σ, where !=n/o; and every such 
group {S’, U;,, ,} is such a group T. 


The following corollary is now immediate : 


Cor. I. If the elements of {S’, U,,,} are the trans- 

formations 
x =ax"*, (¢=1,2,---,p"—-1) 

then the transformations 

x =axP*+b, G@=1,2,---,p*—1) 
where for each value of ὦ the symbol ὃ; runs over all 
the marks of the GF[p”], induce a doubly transitive 
group of degree p” and order p”(p” — 1) on the marks 
of the GF[p”], in which Μ΄ is the largest subgroup 
each element of which leaves zero fixed. 

Cor. II. If ἢ = at (o > 1) and p is a prime of the 
form oz+1, then there exists a doubly transitive 
group of degree p” and order p"(p” — 1) whose sub- 
groups of degree and order p” — 1 are non-Abelian. 

Cor. III. Whenever n and p”—1 are not rela- 
tively prime, there exist * at least two doubly tran- 
sitive groups of degree p” and order p”(p” — 1). 


* This is in contradiction with a conjecture of Burnside (Messenger of 
Mathematics, 25 (1896): 147-153; see also the footnote on page 184 of the 
second edition of his Theory of Groups) to the effect that, with an exception in 
the case when p” = 32, there is always one and just one doubly transitive 
group of degree ῥ᾽ and order p"(p" — 1), and in particular with the cases 
n==2 and n =3 in which he offered a supposed proof of the conclusion. 
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The existence of one of these groups is asserted by Theo- 
rem XXVII of § 67. The existence of another is asserted by 
the foregoing Corollary I, as may be seen by taking for σ a 
common prime factor of m and p*—1. For if p‘ — 1 1s divis- 
ible by the prime σ, it follows that p‘ = p= 1 modo; whence 
s =o is the smallest value of s for which 1 + p‘ + p?#*+.-..- 
+ p—* is divisible by o. 

From this corollary it follows that there are at least two 
distinct doubly transitive groups of degree ρὲ and order 
p?(p2 —1) for every odd prime p. (See Ex. 15 on page 152 
and Ex. 12 on page 286.) For every p of the form 3 z+ 1 there 
are at least two distinct doubly transitive groups of degree 25 
and order p?(p? — 1). 

70. Certain Doubly and Triply Transitive Groups of Degree 
p" +1. The totality of transformations of the form 


t 
ge τοῦ (ad — be #0; t=0,1,2,---,n—1) 
cx? +d 

where a, 0, c, d are marks of the GF[p"] and x and χ' are vari- 
ables running over these marks and the symbol οο, constitutes 
a group G which induces a permutation group [ on the p”+ 1 
symbols involved. It is easy to show (compare § 68) that 
the order of G is (p+ 1)p"(p" — 1)n and that the induced 
group Γ is a triply transitive group of degree "+ 1 and order 
(pb? + 1)p"(p" —1)n. Moreover, if ¢ is confined to the mul- 
tiples of a divisor a of n, then we obtain a subgroup of G or "ὶ 
of index a, this subgroup of I’ being triply transitive. The 
corresponding doubly transitive subgroups of degree p” are 
evidently those defined in Theorem XXIX of § 69. Hence we 
have the following theorem : 


XXXI. The transformations 
yf -- oe +, (ad — be #0; t= α, 2 α,--- 2a) 
cxP +d a 
in the GF[p”] induce on oo and the marks of the field a 
triply transitive group I, of degree p” + 1 and order 
(p" + 1)p"(p” — 1)n/a, a being a given factor of n. 
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When > is odd each of these groups I',, contains transforma- 
tions having determinants which are not squares of marks in 
the field. In such a case just half the elements have determi- — 
nants which are squares, since the product of an element with 
a square [not-square] determinant by one with a not-square 
determinant is an element with a not-square [square] de- 
terminant. The elements in I',, each of which has a square 
determinant, then constitute a subgroup of I’, of index 2. It 
is easy to see that the elements in such a subgroup may be 
written so that ad—bc=1; for if ad — bc = k?, then on re- 
placing a, ὃ, c, d by k7!a, k~1b, k~1c, k~!d, we have a transfor- 
mation of the named form. Moreover, it is easy to see that 
such a subgroup of index 2 in I’, induces a doubly transitive 
group on the p” + 1 symbols, since 0 and oo may be replaced by 
any given elements ἃ and yu respectively by a suitably chosen 
element of the group. Hence we have the following corollary : | 


Cor. When p 15 an odd prime each of these groups 
I, contains a subgroup of index 2 whose transfor- 
mations have square determinants; such a subgroup 
induces a doubly transitive permutation group of 
degree p” + 1 and order $(p” + 1)p"(p” — 1)n/a on 
oo and the marks of the field. | 

For the case when m is even and p is an odd prime the per- 
mutation group induced by the group [ΓῚ of Theorem XXXI 
contains one or more additional triply transitive subgroups in 
accordance with the following theorem: 

XXXII. Let p be an odd prime and u be an even 
integer, and let p be any factor of 4. Consider the 
totality of transformations of the two forms 
(1) a= eee, (2) x= ai 

οχΡ 4. eye FOr gd 
where 2 sp and (25+ 1)p together run over all the 
multiples of p in the set 0, 1, 2, - - -, ἢ — 1 and where 
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ad — bc is a square in case (1) and is a not-square in 
case (2). These transformations form a group H, of 
index 2 in the group I, of Theorem XXXI. This 
group H, induces on oo and the marks of the field a 
triply transitive permutation group of degree p” + 1 
and order 4(p” + 1)p"(p” — 1)n/p. 


That these transformations form a group H, follows from 
the readily verified fact that the product of any two of them 
is a transformation of the set. It is obvious that H, is a sub- 
group of I',; to see that it is of index 2 it is sufficient to ob- 
serve that H, contains just half the elements of I’, of each of 
the forms (1) and (2), a fact which is readily verified. To show 
that the permutation group induced by H, on οὐ and the 
marks of the field is triply transitive, we observe first that it is 
at least doubly transitive, since it obviously contains the sub- 
group of index 2 in I2, described in the preceding corollary. 
Then there is an element of the group which takes any two 
distinct symbols ἃ and μ to zero and oo respectively, and hence 
an element which takes any three distinct symbols A, μ, v to 
Ὁ, οὐ, # respectively, where 7 is some symbol distinct from 0 
and oo; then there is an element in H, which leaves Ὁ and οὐ 
fixed and replaces » by 1; hence there is an element in ἢ, 
which replaces ἃ, μ, v inorder by 0, 00, 1; and therefore the 
induced group is triply transitive. It is now obvious that this 
permutation group has the named order. 

It is obvious that each of the groups H, contains H;,. In 
the case of H;, we have a triply transitive group of degree 
p” +1 and order (p" + 1)p"(p" — 1). The subgroup of degree 
and order p* — 1 contained in this group and leaving Ὁ and 
οὐ fixed is induced by the elements 


(1) x’ =ax, (2) x= axP*”, 


where a is a square in case (1) and a not-square in case (2). 
That this subgroup is non-Abelian is readily verified. Hence 
the triply transitive group induced by H;, is different from 
the triply transitive group of the same degree and order de- 
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scribed in Theorem XXVIII of § 68. But it is easy to verify 
that the two groups have a common subgroup of index 2, this 
subgroup in each case being induced by the transformations 
having square determinants. 

From these conclusions we have the following theorem : 


XXXIII. When p is an odd prime and 7 is an 
even integer, there exist two triply transitive groups 
of degree p* +1 and order (p"+1)p"(p" — 1). In 
one of these the regular subgroups of degree and order 
p" —1 are cyclic; in the other these subgroups are 
non-Abelian and contain cyclic subgroups of index 2. 


We shall now prove the following theorem : 


XXXIV. The triply transitive groups described 
in Theorems XXVIII and XXXIII are the only 
triply transitive groups of degree p” - 1 and order 
(p” + 1)p"(p" — 1) contained as subgroups in the per- 
mutation group induced by the group I; of Theo- 
rem XXXI. 


Let G be a triply transitive group of order (b” + 1)p"(p” — 1) 
contained as a subgroup in the permutation group induced 
by the group I; of Theorem XXXI, and let σι be the sub- 
group of G which consists of the elements of G each of which 
leaves oo fixed. Then G; must contain the cyclic group in- 
duced by the transformation x’ = wx, where w is a primitive 
mark of the field, or it must contain a group M described in 
Theorem XXX. 

Now elements exist in G, which are of order p and replace 
Ο by w and by 1 respectively, where ὦ is a primitive mark of 
the field. The corresponding transformations have the form 


χ' = ἀχρήέ.-ω, x’ = lee" +1, 


where u and m are non-negative integers less than m. Since 
these must be permutable (Theorem V of § 40) it follows read- 
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ily that m=0. Then /??=1 and hence /=1. Therefore CG, 
contains the permutations induced by the transformation 
x’ =x-+1 and its inverse x’ = x-—1. 

Now G contains an element which interchanges 0 and oo 
and leaves 1 fixed. The corresponding transformation is of the 
form x’ = 1/x?’. This transforms the transformation x’ = x —1 


into the transformation - 


~ —x+1 
from which τ is absent. Forming the product of the transfor- 


mations ng 


| ar | ᾽ / —_— 
=e 1... 2 esa χ' Ξεχ- 1, 
we find that the transformation group by which G is induced con- 
tains the transformation 1 
= 
x 


Hence G is generated by the permutation which corresponds 
to this transformation and any suitable doubly transitive group 
σι of degree p” and order p”(p” — 1). 

If σι contains a cyclic subgroup of order and degree p” — 1, 
then we have the triply transitive group described in Theo- 
rem XXVIII. Otherwise G, contains a group {S’, U,,} of 
Theorem XXX. Since the transformation x’ = —1/x inter- 
changes 0 and oo, it must transform the last-named group into 
itself. Now this transformation transforms U,,; into the trans- 
formation τ, 
In order that this shall be in the group {S’, U,,.}, an in- 
teger & must exist such that ωἱτῆσ τε ὠσὶ, whence /+ ko 
ΞΞ --- ἰ mod p”—1. Since σ is greater than unity and is a fac- 
tor of pb” — 1, while 0 < 1 < o and 1 is prime to a, the foregoing 
congruence requires that we must have σ = 2 and/=1. Hence 
σι is uniquely determined by Theorem XXX and its first cor- 
ollary. Then G is uniquely determined as the second group 
described in Theorem XXXIIJ. Thus we have established the 
given proposition. . 

71. A Class of Simple Groups. We shall now prove the fol- 
lowing theorem: 
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XXXV. The group consisting of all the transfor- 


mations of the form ν. ἀκ τ b 


cx+d 
where a, ὃ, c, d are marks of the GF[p”] such that 
ad — bc is the square of a nonzero mark of the field, 
is a simple group when p” > 3. 


When p” = 2 or 3 this group has a self-conjugate subgroup 
of order p* + 1. 

When p” > 3 we denote by G either the named transforma- 
tion group or the induced permutation group on o and the 
marks of the field. This permutation group is doubly transi- 
tive when p is odd and is triply transitive when p = 2 (see 
Theorem XXXI and its corollary, § 70). Let H be the largest 
subgroup of the permutation group G each element of which 
leaves οὐ fixed, and let K be the largest subgroup of H each 
element of which leaves zero fixed. 

Let P be any element in G other than the identity, and let 
L be the group generated by P and its conjugates in G; we 
consider L both as a transformation group and as a permuta- 
tion group. Since G is doubly transitive, the group L contains, 
as a conjugate of P, an element which replaces 0 by 0. The 
conjugates under H of such an element replace oo by each 
other symbol in G, since H is transitive on its p” symbols. 
Therefore the permutation group L is transitive. Since K is 
not the identity, it follows that L has more than one element 
replacing 0 by 0; if 5 and T are two of these, then 57} 
leaves 00 fixed and is not the identity. Hence the largest sub- 
group L; of L each element of which leaves oo fixed is of order 
greater than unity. Let Q be an element of 11 other than the 
identity ; if Q leaves fixed two symbols of G, then a transform 
of Q by some element in H displaces one of these symbols; 
therefore 11 is of degree p”. | 

From this it follows that Z; contains an element R replacing 
O by some other symbol, and hence elements replacing Ὁ by 
each of the other symbols when p = 2 and by at least half of 
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them when ᾿ is odd, as one sees by transforming R by the 
elements of K. Similarly it may be shown that Z; replaces 
any mark of the field by the same number of symbols. Thence 
it follows that ZL; is transitive on its p” symbols, since any 
transitive set contains all the symbols when p = 2 and at least 
4(p"— 1) -Ε 1 of them when p is odd. Therefore L is doubly 
transitive. Its order is then a multiple of p”. Hence LZ contains 
a Sylow subgroup of G of order p”, and therefore all the Sylow 
subgroups of G of this order, since these subgroups form a 
single conjugate set. Therefore Z contains every element of 
order p in G. = 
In particular, L contains the transformation x’ = x +a and 
the transform of x’ =x— 8 by x’=-—1/x, where a and β are 
any marks of the field. Then Z contains the product of these 
transformations, namely, 
χ' = X+a : 
βχ- αβ- ΕἸ 


Then it may be shown that L contains the transformation 
χ' = w?x, where ὦ is a primitive mark of the field; for this 
purpose take the product of the two transformations gotten 
from the foregoing by putting a=—w 1, B=w-—1 for one 
and a= 1, 8 = w~!—1 for the other. Since L is doubly tran- 
sitive and contains this transformation, it follows that L co- 
incides with G. Hence G is a simple group. The theorem is 
therefore established. 


XXXVI. Let T and S,, where ἃ ranges over the 
p” marks of the GF[p"], be abstract elements subject 
to the sole defining relations 


T2 = 1, So = 1, 5,9. = Spies [1] 
TS μ-175- μ-75.λ- TS, TS, = 1, [2] 
λμ--1 λμ-- 1 


where p, σ, A, μ range independently over all the 
marks of the field except that \yu + 1. Then the ab- 
stract group I generated by these elements is simply 
isomorphic with the group G of linear fractional 
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transformations in the GF[p"] whose elements have 
their determinants equal to squares of nonzero marks 
in the field. 


We shall denote this linear fractional group by LF(2, p”). 
By means of the concrete forms, 


Τ᾽: = S,: x =x+ p, 


of T and S, it may be verified directly that the given defining 
relations are consistent. That G is the group generated by 
these concrete elements may be seen by observing that oo and 
the marks of the field are permuted according to a doubly 
transitive group and then employing the argument used in 
the last paragraph preceding the theorem. Therefore, in order 
to prove the theorem, it is sufficient to show further that the 
order of Γ is not greater than that of 6. 

For this purpose we consider the following sets of elements 


inl: TS,TSaTS,, Sa-1TSeTS;, (a0) [3] 


where o, a, τ run independently over all the marks of the field 
except that a ~ 0. 

We shall first show that these two sets contain all the ele- 
ments of Γ by proving that the elements in these sets are 
permuted among themselves on multiplication on the left by 
T and by each of the elements S,. 

On multiplying the second set on the left by T we obviously 
have part of the first set. If in the first set we take o=a™! 
and then multiply on the left by 7 we obtain the second set. 
When o ¥ a! the first set, when multiplied on the left by 
T, gives rise to the elements 


S,TSaT Sr (ao #1; aX 0) [4] 


If in [2] we take X\=—o, » =—avand solve for S,TS.TS,, we 
obtain these elements in the form of elements in the first set 
in [3]. Hence the elements [3] are permuted among themselves 
on multiplication on the left by T 

Since So = 1, we next multiply on the left by S,, with p # 0. 
The second set in [3] then gives rise to the set S,40-1TSaTS;; 
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this is of the type [4], since ap ~ 0, and hence the set is in the 
first set in [3]. Then consider the elements 


S,TS;TSaT Sr 
obtained by multiplying the first set in [3] on the left by S,. 
When ac ~ 1, we put 


τ ὦ τες _l-a 
uw=l—aco and ee 


and then obtain from [2] the relation 
S,+ TSeTSaT + Sp = S,+S_1-a TSae—1TSe-1 + δ᾽ 


1--αΑὺα 1-- Ἃασ 


= 3,-- 1-α TSac—1 TSo+7-1-a07. 


1--ασ 1--ασ 


1— 


is different from 1, the last member is of the form [4] and 
hence is in the first set in [3]; when this product is 1, the last 
member is of the form of the second set in [3]. Hence the 
named multiplication of the elements [3] by S, permutes these 
elements when ag ~ 1. 

In the excluded case o = a! we have to consider the prod- 


uct elements S,TSe—TSeT Sr. 
We shall prove that these elements belong t to the first set in [3] 
by establishing the equation 
S,TSa- TSaT = TSa-:TSaTSya- ὁ [5] 
We consider separately the two cases ρ:ξέ a and p=a. 
When p# a we put \= ρα 2 and » =a in [2] and thus 
obtain the equation 
TS a-1 ΤΟ. (pa-t— eee 17: TS2 -i1T Sy TS,e-2 = 1, 


ρα 1--} ἃ 351} 


When (p— 1— =) (ae — 1) 


as one easily verifies by replacing T? by 1 and then combining 
the two adjacent S’s. Thence it follows that [5] is verified if 
the following relation is true: 

TS a-1 ΤΆ. (pa-1— oe 1-7: 5,15.- 171 5.71 =1. 


pa~1—] a-i—1 
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Taking \ =a! and w= ρ in [2], one readily verifies this 
relation. 

Taking p=a in [5], we interchange the members of the 
equation and make obvious reductions to obtain the following 
relation to be established : 


S Το. 1 = TS ATS,TS 42 [6] 


This is relation [5], with p=— a, and hence it is established 
by the argument in the foregoing paragraph when —a¥x a. 
Since a0, it follows that [6] is established except when 
p=2. But we may write [6] in the form 


Sa-1TSaTSa-1T = TSaTSa-1TSa. 


This is the special case of [5] when α is replaced by a! and 
p =a; and hence the relation is established except when 
a-1=a and p=2; but in this case we have a=1. Then 
[6] follows from the fact that (7S,)3 = 1, a relation which fol- 
lows from [2] by taking \ = 1 and np =0. 

Therefore all the elements of Γ are in the sets [3]. 

Now in [3] o and 7 may range over the 25 marks of the field 
and a over all these marks except 0. Hence the number of 
distinct elements in the sets [3] is not greater than 

p?"(p" — 1) + p*(p” — 1) = (b" + 1)p*(b" — 1). [7] 
When p = 2 this is the order of G; and therefore I‘ and G are 
simply isomorphic when p= 2. When p > 2 the order of G is 
just half the number in [7], while the order of I’ is a multiple of 
that of G and is not greater than the number in [7]. Hence G 
and Γ are simply isomorphic when p > 2 in case it is true that 
two notationally distinct elements in [3] represent the same 
element of Γ΄; and this is true of the two elements 


TS,|TS,TS,; and TS_1TS_1TS-1, 


since these are notationally distinct when p > 2 but both denote 
the element 1 since (7S,)3 = 1, as we have seen, whence (S_iT)? 
= 1 and (TS_1;)3=1. Hence Γ and G are simply isomorphic in 
all cases. 

When = 1 the group G is generated by two elements of 
orders 2 and 3 respectively ; and in terms of such elements an 
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abstract definition of considerable interest may be given as in 
the following theorem : 
XXXVII. Let p bean odd prime, let p bea primi- 
tive root modulo, and let σ be such that pr=1 mod p. 
In terms of two abstract elements 7 and S define R 
by the relation 
R = T(TS)T(TS)T(TS). 
Then if Z and S satisfy the sole defining relations 
T?2 = 58 = (TS)? = R-1(TS)-1R(TS)” 
= R-’. T(TS)"T(TS)’T(TS)" = 1, 
for y= 2,3,---,p—1, they generate an abstract 
group {S, T} which is simply isomorphic with the 
group G of linear fractional transformations of de- 
terminant unity in the GFT]. | 


Consider the concrete elements 


ti gaat ands: of = x—1. 
x x 
then we have is: x’=x+1. 
Form 7, γ = U(is)Pt(ts)t(ts)?: x’ = p2x. 


Then it is easy to see that {s, 7} is the group G of order 
4(p+1)p(b — 1). Moreover, s and ἐ satisfy the conditions on 
S and T in the theorem, as one may readily verify ; whence it 
follows that {S, T} is simply isomorphic with {s, 7}, or G, if it 1s 
true that the order of {S, 7} is not greater than $(p+1)p(p-1) ; 
and we shall establish the theorem by showing that this condi- 
tion is indeed satisfied. . 

Let H be the subgroup {R, TS}. From the given conditions 


we see that = (royp 1, R-1(TS)R = (TS)*. 


Taking v = 4(p— 1) in the conditions of the theorem and re- 
membering that ρὲ 1") = — 1 mod 2}, we find that 


Ri-) — 1, 
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But 7 and ts are of orders 4(p— 1) and p respectively; and 
therefore these are the orders of R and TS. The conditions now 
established for R and TS imply that H is of order 4 p(p — 1). 

Now consider the p+ 1 sets of 4 p(p— 1) elements each, 
namely : 


HT, H(ST)*. (¢=0,1,---,;p—1) 


These are distinct, since the corresponding elements of {s, ἢ) 
are distinct. Now AT-ST=HTS:-T=HT, H(ST)':ST= 
H(ST)'t+!; hence these sets are permuted among themselves 
on multiplication on the right by ST. That they are also per- 
muted among themselves by multiplication on the right by T 
follows from the relations 


HT-T=H=H(ST), H- T= HT, 
H(ST)"T = H(ST)’T(ST)” (TS) (TS)—” (ST)-” 
= HT(TS)’T(TS)’T(TS)” - (TS)—°"(ST)~? 
= HR*(TS)-*"(ST)-” 
= H(ST)-”. 
Hence these p + 1 sets contain all the elements {S, T}. There- 
fore the order of {S, ΤῈ is not greater than $(p+ 1)p(p—1),a 


proposition from which the theorem follows, as we have already 
seen. 


EXERCISES 
1. Show that each of the groups LF(2, 5) and LF(2, 2?) is simply 
isomorphic with the alternating group of degree 5. 


2. Show that LF(2, 32) is simply isomorphic with the alternating 
group of degree 6. 

3. Show that the fourfold transitive group of degree 11 and the 
fivefold transitive group of degree 12 are both simple groups. (See 
Ex. 12 on page 151.) 

4. Show that Mathieu’s fivefold transitive group of degree 24 and 
the fourfold and threefold transitive groups of degrees 23 and 22 con- 
tained in it are all simple groups. (See Ex. 9 on page 164.) 

5. Show that the totality of linear transformations of the form 


xe=axitdxetex (t=1, 2, 3) 
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in the GF[p"], with nonzero determinants A, 


Qi bi C1 
Q2 be Co 
a3 b3 C3 


A= 


᾽ 


constitute a group and prove that its order is 

(p3” — 1)(p8" — p”)(p3" — p?”). 
[SUGGESTION. Show first that the number of transformations leaving 
x1 fixed is (ῥ᾽ + 1)p"(p” — 1)2p2", and then that x1 may be changed 
by the elements of the set into just p3" — 1 distinct linear functions 
Axi + px2 + νχϑβ.} 

6. Show that the totality of linear homogeneous transformations 
of the form ; 
px"; = A;X1 + Dix2 + Cixs (= 1, 2, 3) 
in the GF[p"], with nonzero determinants A (see Ex. 5), constitute 


a group of order (p3" — 1)p2"(p2" — 1)pr. 


If the determinants are further restricted to be cubes of elements 
in the field, show that the resulting transformations form a subgroup 
(denoted by H(3, p”)) whose order is 


e(p®* — 1)p?*(p** — 1)p*, 
where ¢ is 1/3 or 1 according as p” — 1 is or is not divisible by 3. . 


7. Consider the p2"+ "+1 distinct symbols (A, μ, v), where 
A, μ, ν range independently over the marks of the GF[p”] except that 
they are not simultaneously zero, and where (X, μ, v) and (pA, pp, pv) 
are considered identical if p is a nonzero mark of the field. Show that 
these symbols are permuted by the group H(3, p”) of Ex. 6 according 
to a simply isomorphic doubly transitive group of degree p2" + p? +1 


and order e(p2” + pb” + 1)(p2” + p")p2"(p” mae 1)2, 
where e = 1/3 or 1 according as p* — 1 is or is not divisible by 3. 


8. It is known that the group H(3, p”) of Exs. 6 and 7 is simple in 
all cases. Verify this for the cases in which the order is less than 
1,000,000; that is, for p” = 2, 3, 22, 5. Show that H(3, 2) is simply 
isomorphic with LF(2, 7), and that H(3, 2?) is not simply isomorphic 
with the alternating group of degree 8. [SUGGESTION. Show that the 
elements of order 2 in H(3, 2?) form a single conjugate set, while this 
is not true of the alternating group of degree 8.] 
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9. Dickson (Linear Groups, pp. 309-310) has given a list of the 53 
known simple groups of composite orders less than 1,000,000. By 
means of the foregoing exercises and of Theorems XXXV of ὃ 71 and 
IX of § 42 form a list of 48 of these simple groups. Then complete 
a list of 53 by establishing the following five propositions : 

(1) In the case p” = 3? just 28 of the symbols (A, μ, v) of Ex. 7 
satisfy the equation λέ + w4+v4=0. The largest subgroup of the 
group H(3, 32) of Ex. 6 which permutes these among themselves in- 
duces on them a doubly transitive group of degree 28 and order 
28 - 27 - 8, and this group is simple. 

(2) In the case p” = 24 just 65 of the symbols (A, μ, v) of Ex. 7 
satisfy the equation 45+ uw5+v°=0. The largest subgroup of the 
group H(3, 24) of Ex. 6 which permutes these among themselves in- 
duces on them a doubly transitive group of degree 65 and order 
65 - 64 - 15, and this group is simple. 

(3) In the case p” = 5? just 126 of the symbols (A, μ, v) of Ex. 7 
satisfy the equation \®+ u®+v6=0. The largest subgroup of 
H(3, 5?) of Ex. 6 which permutes these among themselves induces 
on them a doubly transitive group of degree 126 and order 126 - 125 - 8, 
and this group is simple. 

(4) In the GF[2?] just 45 of the symbols (A, μ, ν, p), where A, μ, ν, ρ 
are not simultaneously zero and (A, μ, ν, p) = (oA, on, ov, op) if 
o #0, satisfy the equation \3+ u3+ v3+ p?=0. Show that the 
totality of linear homogeneous transformations of the form 


4 
ox’; = > ΠΧ) (2 ΞΞ i, 2, 3, 4) 
j=l 


in the GF[22], and of nonzero determinant, each of which permutes 
these 45 symbols among themselves induces on them a transitive group 
of degree 45 and order 25920, and prove that this group is simple. 

(5) Consider the totality of transformations 


4 4 

x= > Aix}, Wi= >» Bij; (7 = 1, 2, 3, 4) 
j=1 j=l 

of nonzero determinants, in the GF[2?], each of which leaves formally 

invariant the function yox1 + yixe + y4x3 + yax4. Show that this 

totality constitutes a simple group of order 


979200 = (28 — 1)26(24 — 1)2? = 256 - 255 - 15. 


10. Show that each of the 53 known simple groups of composite 
order less than 1,000,000 (see Ex.9) is simply isomorphic with a 


286 _ Groups of Finite Order 


multiply transitive permutation group, with the possible exceptions 
of the groups named in parts (4) and (5) of Ex. 9. 

11. Prove the existence of two triply transitive and four doubly 
transitive groups of degree 28, and of four triply transitive and three 
doubly transitive groups of degree 65. 

12. Show that there are three and just three doubly transitive 
groups of degree 49 and order 49 - 48. 

13. For every positive integer L and prime p there exists a positive 
integer ” such that the number of triply transitive groups of degree 
p” + 1 is greater than L. 

14, For every positive integer L there exist a prime p and a positive 
integer 7 such that the number of doubly transitive groups of degree 
p” and order p”(p” — 1) is greater than L. [SUGGESTION. Let 2 bea 
product of suitably chosen distinct primes and take p to be of the form 
nx +1. Use Theorem XXX and consider the centrals of the groups 
whose existence is asserted by that theorem. ] 


15. For every integer m greater than 2 prove, by aid of the GF(2?], 
the existence of a non-Abelian group of order 3” which contains an 


Abelian subgroup of order 35:1 and type (1, 1, - - -, 1). [SUGGESTION. 
Let the Abelian subgroup of order 3”—! consist of the transformations 


px’; = a,x; for i= 1, 2,---, m.] 


MISCELLANEOUS EXERCISES 

1. If ὦ is a primitive mark of the GF[p”], show that w, w?, w?’,--:, 
w?"-! are roots of the same irreducible equation of degree n and with 
integral coefficients. 

2. If ὦ is a primitive mark of the GF[p”] satisfying the equation 
wy" = €,W"—1 + cow? 2 +--+ 0,, where the coefficients c; are integers, 
and if we define the sequences mo, u1, ue, us, --- by means of 
the relation ey Wyyn-1 ey Deyn? +e Hu, 
where the uw,‘ have integral values, show that we have modulo p 
the relations, teri) = cru, + u,°), 

Urs1 feast Coz) + uz), 


Uz 16?) = Cy 14? + uz, 
Ux + 1”) - Collz?, 


Galois Fields 287 


and that for 0 =x <n we have u, equal to zero except when 
x == n — i, in which case the value is 1. Show, moreover, that each of 
the functions u,“ of x satisfies modulo p the recurrence relation 


Uren = CiUsgn—1 te Ἔ Cn-1Ur41 + Calle 
3. Consider a recurrence relation of the form 
Uran = Cisse n—-1 be  Ἔ Cn 141 + nts (x= 0, 1, 2, -- ὃ 

in which the coefficients c; are integers belonging to the set 
0, 1, 2,---, ἢ -- 1, where p is a prime; and let uw,“ (i= 1, 2, ---, 2) 
be the solution satisfying the initial conditions u,‘” = 0 forO Sx<n 
except that u,‘"-® =1. Let R,“ be the least non-negative residue 
of u,“) modulo p. Suppose that c,~ 0. Show that the sequence 
Ro, Ri, Re --- is periodic for each 1 of the set 1, 2, ---, m, and 
prove that for just (p” — 1)/n sets C1, C2, -- +, Cn the period of each 
of these sequences is p” — l. 

4. Let F,(x) be the polynomial with leading coefficient unity whose 
roots are the primitive mth roots of unity without repetition. Let 
pi, pe, +++, ἢν be the distinct prime factors of x. Show that 


(χ" —1)- IT (x"/ iP) — 1) . Π(χ" ΠΡΊΡ)ΡΕΡΙ — 1). .- 
Th (x"/?i — 1) - ΠΡ —1)--- 

where the products II are taken for all the combinations of distinct p’s 
in the numbers indicated, each product II in the numerator referring 
to an even number of the p’s and each one in the denominator to an 
odd number of the p’s. Thence show that the coefficients in the 
polynomial F,,(x) are integers. 

δ. With the notation of Ex. 4 show that 
x" —1= II F a(x), 


9 


F,(x) = 


where the product II is takén for all divisors d of n. 


6. Show that the irreducible factors modulo p of x?” — x are x and 
the irreducible factors modulo p of the polynomials F,(x) (see Ex. 4), 
where 7 runs over the divisors of p” — 1. 

7. In the GF[p”] there exists a mark p such that F,(p) = 0, r being 
any factor of }" —1 (see Ex. 6). A mark p such that F,(p) = 0 is of 
order 7. It is therefore primitive when and only when r= p* — 1. 


8. Let w be a mark of the GF[p”] satisfying the equation 
A(x) =a" + aqyx™-14.---+a,=0, 
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where the a; are integral marks of the field. A necessary and sufficient 
condition that w shall be a primitive mark is that A(x) shall be a 
factor modulo p of Fyn_1(x) (see Exs. 4—7). 


9. Let gi(a, 8) and ge(a, B) be the polynomials 


g(a, 6) -- (6) - ΚὮ, g(a, β) -- FO YO), (γα) =F ys(x)) 


where a+ 6=—a and ab= 8B. Show that a necessary and sufficient 
condition that the polynomial x? + ax + 6 with integral coefficients 
shall be irreducible modulo p and shall have for a solution in the 
GF[p?] a primitive mark of that field is that both g:(a, 8) and ge(a, B) 
shall be congruent to zero modulo p. . (See Exs. 4-7.) 


10. Show that a necessary and sufficient condition that the se- 
quences in Ex. 3 shall have modulo p the period p* — 1 is that 


x” — CX") — χη 2 — ee CY 


shall be a factor modulo p of the polynomial F,»_1(x) (compare Ex. 4). 


11. Let p and q be odd primes such that p=2q+1. Let g bea 
primitive root modulo p; and let m and n be primitive roots modulo q. 
Let 8 be any odd integer. Let x, (¢=0, 1, 2, ---, p—1) bea set of 
p letters. Consider the transformations | 
Ὡς {ἐ Ξε -1, 

So: = 5 {(g8p—myn—m +1) — (gB(p—n)pn—m _ L)imtay 

in the GF[p] and the ped eae S and So induced by them on the 
x’s. Let 5. Ξ S~*SoS* (k=0,1, ---, p—1). Show that each permu- 
tation 5, leaves three x’s fixed while each x is left fixed by just three 
of the permutations So, Si, -- -, Sp_1. 


12. When p= 11, g=m=n=2, B=3, show that the permuta- 
tion group {S, So} of Ex. 11 is the Mathieu fourfold transitive group 
of degree 11. 


13. In the same case (Ex. 12) show that {S, 502} is the doubly 
transitive group of degree 11 and order 11 - 10 - 6. 


14, When p= 23, g=— 2, m=n=2, B=1, show that the per- 
mutation group {S, So?}, and hence {S, So} of Ex. 11, is the alternat- 
ing group of degree 23. 


15. When p = 23, g=5, m=n=2, B=1, show that the permu- 


tation group {S, 502) of Ex.11 is the Mathieu fourfold transitive 
group of degree 23. 


CHAPTER X 


Groups of Isomorphisms of Abelian Groups 
of Order p" and Type (1, 1,---, 1) 


72. Analytical Representation of Elements and Subgroups. Let 
σας)», OF G, be an Abelian group of order p“t+" and type 
(1, 1,---, 1), where p is any prime and k+ 1 and n are any 
positive integers. We shall represent the elements of G and 
certain subgroups of G by a sort of “systems of co-ordinates” 
based on the Galois field GF[p”], thus generalizing certain rep- 
resentations employed in § 29. 

Let us denote a particular set of (k + 1)m independent gen- 
erating elements of Ga+iyn by 


οι, &2, Q03; “δ ς αρη» 
11, “12, @13, °° *y 015» 


κι, G2; a3; το τῷ Akn- 


Then any given element in G may be written uniquely in the 
form 


k 

ς. 5. 5. 
Ϊ Ι Qi; ἢ aig 2... Ain ™, 
#=0 


where the exponents s are integers taken modulo p. The ele- 
ment denoted by this product for a fixed set of exponents s 
will be represented by the symbol 


{ uo, Mi, μῶν " "5, Miss 
where μὲ (¢=0, 1, 2,---, Χ) denotes that mark of the Galois 
field GF[p”] which may be written in the form 
Mi = Sa + Siow + Sigw? + +++ + Sinw"™!, 
w being a fixed primitive mark of GF[p”]. This correspondence 
of elements and symbols is unique in the sense that to each 


element there corresponds a single symbol and to each symbol 
289 
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there corresponds a single element. The marks μὲ in the sym- 
bol ᾧμο, “1,°° +, Mx} are obviously analogous to nonhomogene- 
ous co-ordinates, while the elements of G represented by these 
symbols are analogous to points in a Euclidean space of k+ 1 
dimensions. 

For the multiplication of these symbols, corresponding to 
the multiplication of elements in G, we have the following obvi- 
ous formula: 


{μο, Mis"; Mx} {vo, »1,5. 5) Vr} = {Mo +- Vo, M1 + Viyg***, Me+ Vy}. 
Now suppose that wo, ui1,---, με is any fixed set of k+1 


marks of GF[p”], at least one of them being different from 
zero; and consider the set of elements 


ἵμμο, μμ1, " +» Mix}, 
where yu is a variable running over the p” marks of GF[p”]. It 
1s Obvious that the p” elements in this set are all distinct. 
Moreover, the product of any two of them is in the set, as one 
sees immediately from the law of multiplication and the prop- 
erties of the marks of a Galois field. This set of elements 
therefore constitutes a subgroup of G of order p”. The elements 


{a* Uo, οἷμι, ore w* Uz} (ἢ ΞξΞ 0, l, 2, soy 5, το 1) 
constitute a set of independent generators of this subgroup. 


If o is any nonzero mark of GF[p”], the same subgroup consists 
of the set of elements 


ΐἵμσμο, μσμι, " -"» MOpr}, 
where uw varies as before. The subgroup itself may therefore 
be represented by the symbol 


(Ko, μι." "5, μα)» 


where μὸ, μι, ‘°°, Me are interpreted as the ‘‘ homogeneous 
co-ordinates’”’ of the subgroup. On multiplying each of the 
co-ordinates by one and the same nonzero mark of the field, we 
have merely proportional homogeneous co-ordinates of the same 
subgroup. To each ordered set of co-ordinates, at least one of 
them being different from zero, there corresponds a subgroup of 
G of order p”. [The geometric interpretation which is implicit 
here will be developed in the next chapter.] 
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The number of subgroups in the total set denoted by 
(μο, μι, " ““» Me) for varying sets of w’s is readily determined. 
The symbols μ may be chosen independently, each in p” ways, 
except that they cannot all be zero in any given set. Hence 
the number of choices is p*t!"—1. To obtain the number 
of subgroups we must divide this by the number p” — 1 of 
possible factors of proportionality in the various notations 
for the same subgroup. Hence the number of subgroups 


(Mo, Miy***, μα) 1S 
pera -1 
pel 


Once G has been given, this selection of subgroups depends 
on two things: the ordered set of (k-+1)n independent gen- 
erators and the primitive mark w by means of which the 
marks μὲ were first introduced. With reference to this selected 
basis of determination we shall call the set of subgroups just 
determined a geometric set of subgroups. The reason for this 
terminology will appear in the next chapter. By means of 
other sets of generators and other primitive marks we might, 
in cases not too restricted, select other geometric sets of sub- 
groups of G. Since we shall have no occasion to change the 
basis in any particular discussion, we shall speak of the fore- 
going geometric set of subgroups without reference to the basis 
on which it has been defined. 

For the case when x = 1 a geometric set of subgroups con- 
sists of all the subgroups of order p. 

No two subgroups of a geometric set of subgroups have any 
element in common except the identity, as one readily shows 
by means of the symbols which represent their elements. More- 
over, any given element of G occurs in some subgroup of a 
geometric set, as is obvious from the way in which such a set 
is defined. 

73. The General Linear Homogeneous Group GLH(k + 1, p”). 
Let us consider the totality of linear homogeneous transforma- 
tions 


» or 1+ p*+ p?*+---+ pe. 


k | 
x’; = > Q5jXj; (2 = 0, l, 2, oy k) 
j=0 
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where the coefficients a;; are marks of the GF[p”] such that the 
determinant [σα] is different from zero. The product of any two 
of these transformations is in the set, whence it follows readily 
that the totality constitutes a group. It is called the general 
linear homogeneous group on k+ 1 variables with coefficients 
in the GF[p”]. We shall denote the group by GLH(k+1, p”) 
and its order by GLH[k + 1, p”]. 

Let us determine the order of this group. The number of 
distinct linear functions ao%o + ax) +--+ +--+ ax, by which the 
transformations of this group can replace xo is p*+?" — 1, since 
the coefficients may be chosen independently, each from the p” 
marks of GF[p”], except that they cannot all be simultaneously 
zero. Let Ri, Ro, - - -, Rn be all the transformations in the group 
each of which leaves x fixed, and let T be any transformation 
of the group. Then the transformations TR, TRo, - - -, TRy all 
replace xo by that linear function by which T replaces xo. If Ὁ 
is any transformation in the group which has the property of 
replacing xo by the same linear function as that by which T re- 
places xo, then Το 1 leaves xo fixed and hence is some R; so that 
U=TR,, and hence U is in the set TR1, TRe, ---, TRy. There- 
fore the order of GLH(k +1, p”) is 


GLH[k + 1, p"] = N(p@tb" — 1), 
The transformations R, have the form 


k 
Ko = Xo, Xx’; => α:)Χ)» (7Ξ]1,2,--.., R) 
j=0 


where the coefficients a0, deo, ---, Qo are arbitrary while the 
remaining coefficients are such that their determinant is dif- 
ferent from zero. Therefore 
N = p™GLH[k, p”], 
whence it follows that 
GLH[k + 1, p"] = pr (p&tin a 1)GLH[R, p”}. 

Now GLA[1, p"]= p* — 1. From this fact and the preceding 
recursion relation we have 
GLH[k + 1, p”] | 

= p™ (pet -1)ρη τ (pr τας 1) tree b"(p2” zt 1)(p” Ἂς 1) 

ΞΞ-: (»".  Ἐ}..---1Ὁ) (prety — pp) (prety — p?”) pg (prety — prr), 
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If in a particular transformation of GLH(k+ 1, p”) the 
symbols Χο, %1, - - :, Xx Vary so that {χο, %1, +--+, x:} runs over all 
the elements of the group Ga+1)n of the preceding section, then 
{xo’, x'1, «+ -, x’x} likewise runs over all the elements of 6. The 
transformation thus establishes a one-to-one correspondence of 
the elements of the group to its elements in some order. The 
identity (0, 0, ---, 0) corresponds to itself. Moreover, if 


{μο, μι, " -“» Me} and {vo, νιν ---, ¥,$ correspond respectively to 
{u'o, wi, - +, we} and {v'o, νη, ---, vx}, then the product 
{uo + vo, - - “Ὁ, Be + ve} Of the first pair of elements corresponds 


to the product {u’o+ v0, ---, Me +x} Of the second pair. 
Hence the correspondence of elements brought about by the 
given transformation effects an isomorphism of the group with 
itself. It is obvious that two distinct transformations effect 
different isomorphisms. Hence the group GLH(k+1, p”) 
induces a set of isomorphisms of σα 61). With itself, and this set 
constitutes a subgroup of the group J of isomorphisms of G with 
itself. This is a proper subgroup when and only when n > Il, 
since (§ 28) the order of J is 


(pete = 1) ῤ τι" — p) (pets — p?) see (petys — petyn-t), 


Let us consider more closely those isomorphisms of G with 
itself which are thus induced by GLH(k +1, p”). Let {μο, μι, 
--, Me} be any element of G other than the identity and let 
{u’'o, μ'1, - + +, Me} be the element to which it corresponds under 
a given transformation belonging to GLH(k+ 1, p”). Then 
the element {μμο, μμι, ---, Mee} Corresponds to the element 
{up'o, MM'1,***, Μμ'μ} Under the same transformation. Hence the 
subgroup (Mo, M1, - - "» Me) corresponds to the subgroup (y’o, μ΄, _ 
--+, /,). Therefore every transformation in GLH(k+1, p”) in- 
duces an isomorphism of G with itself such that every subgroup 
in the geometric set of subgroups corresponds to a subgroup 
of this set. Moreover, the multiplication of each coefficient @;; 
in the transformation by one and the same nonzero mark σ 
of the field gives a new transformation in which the correspond- 
ence of subgroups in the geometric set is unaltered, whereas any 
other modification of the transformation leads to a different 
correspondence of these subgroups. 
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Then consider the transformations 
k 
ρχ'; => aiyx;, (t=0,1,---,k; |a,;| 0) 
j=0 


where two transformations are treated as identical if it is 
possible to write them with the same coefficients a;; even though 
in order to do this it is necessary to have different values for p. 
Then two distinct transformations of this set induce different 
correspondences of subgroups in the geometric set of subgroups. 
This transformation group, and the simply isomorphic permu- 
tation group induced by it on the symbols (Χο, %1, - - -, xz) for 
subgroups, will be denoted by P(k, 6"). From the foregoing 
paragraph it follows that GLH(k + 1, p*) has (p* — 1, 1) isomor- 
phism with P(k, p"). Hence the order of P(k, p”) is 


k 
roa I (petyn 2) pi”). 


As a permutation group on the symbols (xo, 1, - - -, x,) the 
group P(k, p”) is of degree 


1+ pr + pp... + phn, 


When k=0 it consists of the identity alone. When ἃ is 
positive we shall show that it is doubly transitive. The 
transformation 


k 
px’; = > QijX; (2=0,1,---, R; |a,;|¥ 0) 
j=0 


replaces (1, 0, 0,---,0) and (0, 1, 0, - - -, 0Ο) by 
(200, το, 20, " " +, Qo) and (01, G11, G21, " " +; κι) 


respectively. It is evident that the a’s may be chosen so that 
these symbols represent any two distinct subgroups belonging 
to the geometric set. Therefore the permutation group is 
doubly transitive. That P(1, 2") is triply transitive follows 
from the readily verified fact that P(1, p”) is identical with 
the group ΓΤ, of Theorem XXXI of § 70; or the result may 
be easily established directly. 
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In the next two chapters the group P(k, p”) will be treated 
in detail from another point of view. 

74. Analytical Representations of the Group J of Isomorphisms 
of the Group Gce+1n With Itself. Let us now consider the 
transformation 


n k 
= > Σ σιν" (Ϊ =0,1,2,---, R) 


s=1j~0 


where the coefficients a@,;, are marks of GF[p”] such that these 
transformation equations have a unique solution for the sym- 
bols x; in terms of the symbols x’,;. (See Ex. 12 on page 305.) If 


x’; =< > > δι,» ora (t= 0, Ἱ; 2, δ k) 


s=1j=0 


is a second transformation of the same kind, the product of 
the two may be written in the form 


δὲ 
“ao 
| 
3 
oo 
Q 
&: 
Co 
a 


a 
Il 
μ- 

wa, 
Ι 
[- 


li 
x 
ἂν» 
Θ 
Q 
$s 
[“ 
ae, 
M: 
M- 
a 
[4 
3 
2 
Ι 
[- 
δὲ 
ss) 
εἕο 
τὰ 
Ι 
[1 
| 
Qa 
eee” 


a 
" ἢ 
= 
oy 
». ἢ 
3 
ἂν: 


2n~-8—o 


—s 
Xy? 


8 
ll 
μ"-- 
» 
ll 
Θ 
an 
i! 
—_ 
tne 
I 
Θ 
Q 
e, 
ωἱ 
& 
> 
8 
3 


ἂν" 


(4=0, 1, 2,---, R) 


ἢ 
1}: 
Ἷ 
Θ 
8 
SI 
2) 
3 


the a’s being defined in a way which is obvious from a com- 
parison of the last two members of the equation in the light of 
the fact that x?” =%x,. Thus the product of two transforma- 
tions of the class in consideration belongs also to the class. The 
named class of transformations therefore constitutes a group. 
This we shall call the group Τ. We shall show that T induces 
the group 1 of oes of Gu + ah with itself. 

Let {u'0, μ'., - “-» Me} and {v’o, v'1,---, ν΄} be the elements 
Of Gasiyn correstonding to {μο, Mis "" *s a and {vo, ¥1,-- +, Ve} 
respectively, under the given transformation with coefficients 
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a;;. Then under the same transformation we have 


μὴ. Ἔ ν΄: ΞΞ συείμ, *° + vj?” *) 


~ Ms uM: 


ἿΣ 
k 
Diels +". =O, 1, 2+ yh) 
Hence ee v’o,°++, Me + v’,} corresponds to {uo+ vo, -+*, Me vx} 
under the same transformation. Thence we see that if two 
given elements of G correspond respectively to two other given 
elements of G under a given transformation belonging to 7, 
then under the same transformation the product of the first 
pair of elements of G corresponds to the product of the second 
pair. Hence the transformation sets up an isomorphism of G 
with itself. Therefore Τ induces on G a group which is contained 
in the group 1 of isomorphisms of G with itself. It remains to 
be shown that every element of J is in this induced group. 

For the latter purpose it is convenient to represent the 
group 7 in a different form. We retain the symbol w to denote 
a primitive mark of the GF[p"]. Then any mark of GF[p"] 
may be written in the form 


Yo γιὼ + Yow? +--+ +> + Ya-10"7! 


where each γι is a mark of the GF[p] and hence is an integer 
taken modulo p. Then we may write | 


n—~1 η-- η--]} : 
<a fo = ; — 
4, = Σ Exw, χ'; Ξξ Σ ξ ano, Qijzs = > τελῶ, 
A=0 A=0 A=0 


where the &, ξ΄, @iz, are integers taken modulo p. Then the 
transformation τ of T which has the coefficients a,;, may be 
written in the form 


n—1 n n—1 n—1 naar 
᾿ ἘΞ 
>, Haw Ξε Σ᾽ >, Gijanw( > Eon)” 
A=0 s=1j7=0A=0 w=0 
n k n-in-l 
-- n—8 n—8 
= > Σ ijsrk jar” oer” δ ἘΔ 
s=1j7=0A=0n=0 
n—-1ln-1 


AijenEjywrr” ἘΝ, (2 = 0,1, 2, oy k) 


I 
iM: 
‘M 


* 
Ι 
b= 
oy 
tl 
oS 
> 
Ι 
Θ 
Ἐ 
il 
Θ 
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Now every power of w can be expressed linearly in terms of 
ωθ, wi, w?,---, w"—! with coefficients which are integers taken 
modulo p, since w satisfies an equation of degree n with coeffi- 
cients which are integers taken modulo p. On effecting this 
reduction we may write the last equation in the form 


n—-ln— 


> δ’ ων = Σ Σ Σ᾿ enn” (¢@=0,1,---, 1) 


μΞοσΞξῦ 7ΞΞ- 0 


where the a;;,. are integers taken modulo p. Equating coeffi- 
cients of like powers of w, we have 


fa Σαιξν, (¢=0,1,---. 2; A\=0,1,---,n2—1) 


B=O7= 


Thus we have a linear transformation on the (k-+ 1)” quan- 
tities £,, the coefficients of the transformation being integers 
taken modulo p. Since the x; are uniquely expressible in terms 
of the x’,, it follows that the £, are uniquely expressible in 
terms of the ξ΄ and thence that the transformation on the 
£’s is nonsingular. Now the condition that the transformation 
on the é’s shall be nonsingular is equivalent to the condition 
that the determinant of that transformation shall be different 
from zero. 

The totality of such linear transformations on the & 15 simply 
isomorphic with the group 1 of isomorphisms of G with itself, 
as we see from a result in ὃ 73 when z of that section is 1 and 
k+1 is our present (k-+ 1)». Hence in order to complete the 
proof that T induces the whole group 7 it is sufficient to prove 
that each nonsingular linear homogeneous transformation on 
the £ with coefficients in the GF[p] is equivalent to a corre- 
sponding transformation in 7. 

In order to attain this end let the last foregoing transforma- 
tion now be any nonsingular linear homogeneous transforma- 
tion on the & with coefficients which are integers taken 
modulo p. Change ἃ to a, in the resulting equation (for fixed σὴ) 
multiply both sides by w’, then sum as to σ from 0 ton—1. 
Thus we have the preceding system of equations. From it we 
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may go to the one which next precedes provided that we are 
able to write 
n-1ln— n—- 


n—1 
Σ, διραξι ον "+, 
μΞ.0 
(7 ΞΞ Ο, i ng k) 


where the coefficients @;;., are integers taken modulo p. If we 
have this relation we may readily continue the reverse trans- 
formations through the equations written till we reach a trans- 
formation in the group 7, with the coefficients a,,;,, these being 
marks in GF[p”]. Hence in order to show that every transforma- 
tion on the &,, of the type now in consideration, leads to an 
equivalent transformation of the group 7, it is sufficient to prove 
the existence of integers a@;;., modulo p such that the last fore- 
going system of equations reduces to an identity in the é,,. For 
this purpose it is necessary and sufficient to show that integers 
Qi; Modulo p exist such that the equation 


n—1 nn—-l 

Ὧπ 8 
Σ Οἰτημσωδ = > Σ @ijeneo”” +a 
o=0 s=1aA=0 


1 
A=0 


k n k 
> Οἰὐὐμσξημω = > > 
7Ξ0 s=1j=0 


1 
¢=0 


is valid for each set of values of 7, 7, u. Let us write 


n—1 


Qyup™ “Ἐλ = > βμσελώΐ, 
στο 
where the coefficients ρμσελ are integers taken modulo p. Then 
for the existence of the quantities @;;., it is necessary and suffi- 
cient that we have the relations 


n n—-l 
> > βμσελ 76. = Hijuo 
s=1LaA=0O 


for every 1,7, μ, o. If zand 7 are held fixed, these become n? 
equations in the m? unknown quantities @,,;., (ὃ =1, 2,---, ; 
A\=0,1,---,2—1). Inorder that they shall have a solution, it 
is sufficient that their determinant D shall not vanish modulo p. 

In order to prove that D does not vanish modulo p, we show 
that we are led toa contradiction if we suppose that D=0 mod p. 
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If D=O mod ῥ, then integers f,, exist, not all congruent to zero 
modulo p, such that 


> Yt Pr = 0. (μ, σ-π-εθ, 1,.-..,5. -- 1) 
5:-Ξ-1 A= 


For fixed o multiply both members by w’; then, summing as to 
a, we have a result which may be put in the form 


Σ pin Porn" =Q; (u=0,1,---,n—1) 


or, in view of the definition of the quantities p, 


mn -- 

N—S4+y Ξ 
2 >! sy WH? =O; 
s=z=1A=0 


or 
n n—-1 
> aorta 'S ine) — (. (μ = 0, 1, Nn 1) 
s=l1 A=0 


Now no given one of the sums in the parenthesis can be zero un- 
less every f,, in that sum is zero. Hence, since not every /,) is 
zero, one at least of these sums in the parenthesis is different 
from zero. Then the consistency of the foregoing system of 
equations requires that the determinant 


1 1 .ο [1 es 1 
ΞΞΞῚ ροῦν > ὠϑρῖ 7 wee Gy? 
gyn Dr gy(n—1)p"— 2 oe qy(n—1)p 


shall vanish. But this determinant is, apart from a nonvanish- 
ing factor, equal to a product of factors each of which is of the 


form 
G@?P -- ὦ 


n—a pee 


where α and β are distinct numbers from the set 1, 2,---,m—1. 
Since ὦ is a primitive mark of GF[p”] it follows that no one of 
these factors can vanish. Hence A ~ 0. We have been led to 
this contradiction by assuming that D=0 mod p. Hence this 
congruence is not valid. 
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Summing up the argument, we have the following result: 

_ The transformation group T, defined at the be- 
ginning of this section, induces the group J of iso- 
morphisms of Ga+1n With itself, and the two groups 
are simply isomorphic. 


If G is an Abelian group of order p” and type (1, 1, - - -, 1), 
then we have an analytical representation of the group J of 
isomorphisms of G with itself for each factorization of m in the 
form m = (k+1)n. For the group 1 itself we have the simplest 
representation when m= 1. The different possible representa- 
tions, however, will furnish varying information concerning 
certain subgroups of 7. 

75. On Certain Subgroups of J. When the group 17 of isomor- 
phisms of G is written in the form of the transformation group 
T of § 74, certain interesting classes of subgroups become obvi- 
ous. Let ὦ be any divisor of m and write m= dv. Then in the 
typical transformation of T put a;;, equal to zero when s is not 
divisible by d. Then the transformation takes the special form 


ν k 
χ᾽; = Σ > Gite”. (¢=0,1,---, R) 
t=1;7=0 

The product of this transformation by another of the same form 
may be written as a transformation of this form, the method 
of reduction being the same as that employed at the beginning 
of §74. The named transformations therefore form a group 
Τὰ which is a subgroup of T. It induces a corresponding simply 
isomorphic subgroup of the group J of isomorphisms of Gie41)n 
with itself. It is obvious that 7, is identical with T. 

That the group Τὰ is equivalent to a corresponding linear 
homogeneous group with coefficients in the GF[p*] may be 
shown by an easy generalization of the method employed in 
the preceding section to establish this fact for the case d= 1. 
It is sufficient merely to sketch the argument. By means of a 
primitive mark ὦ of the GF[p"] any mark of this field may be 
written in the form 


ΎγΎ0 Ἔ γιὼ -Ῥ - --Ἔ yw, 
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where each γι is a mark of GF[p*]; for these symbols are p” in 
number and no two of them represent the same mark, since if 
two of them represented the same mark the primitive mark w 
would satisfy an equation of order ν --- 1 at most with coeffi- 
cients in the GF[p“], and this is easily shown to be impossible 
(by the method used in proving the special case of this result 
given in connection with the demonstration of Theorem IX 
of § 62). Then we may write 


»- - 


v—l 
— > En, χ'; — > ξ' ἑλὼν 3 ait ΞΞ ya λων, 
A=0 


A= A=0 


where the £,, ξ΄, Gj are marks of GF[p7]. The argument 
now proceeds in the same way as in the previous case, and we 
find that 


v—l 


=> > αυμέν, (¢@=0,1,---,k; \=0,1,---, »—1) 


μΞ075Ξ 


where the @,;,, are marks of GF[p*]. Thus a given transforma- 
tion in Τὰ may be put into the form just written. Conversely, 
any transformation of the latter form may be put into the form 
of a transformation belonging to Tz, the method of proof being 
that employed in the preceding section. 

We have thus exhibited the group Τὰ as a general linear 
homogeneous group in the GF[p*]. 

We shall now determine certain subgroups of J the elements 
of which induce correspondences among the subgroups of 
Gue41yn Which belong to the geometric set of subgroups. Let 
us consider the transformation 


k 
x’; = Σ α;;5;»" (4 = 0, 1, aici" k) 
j=0 


belonging to the group T of § 74. On combining this transfor- 
mation with the similar transformation 


k 
=D Bint, G=0,1,-++%) 


j=0 
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k 
> ain( > Brot”) 


k 
t ptt? 
5, OLijtBjnr? Xy” 


we have 


Viney? *’, (2 ἘΞ 0, 1, "8%, k) 


Ι 
Mr tM> st 


0 


> 
ll 


where the definition of the yi is obvious and where the ex- 
ponent ¢-+-7, when not less than , is to be reduced modulo n. 

From this it follows that the foregoing set of transformations 
constitutes a group I if the coefficients αν are marks of GF[p”] 
and ¢ varies over the set 0, 1, 2,---,2—1. If dis any divisor 
of m and ¢ ranges over the multiples of ὦ in the set 0, 1, 2, - - ", 
nm—1, we have a subgroup I, of the group I. Thus we have 
a group I; for each divisor ὦ of n. Evidently ΓῚ is the same 
as I. We denote by Io the group in which ¢ has the value 0 
alone, this being a linear group. 

Now in any particular transformation beleaging to Γ the 
quantities x; enter homogeneously. Hence Γ has (p* — 1, 1) 
isomorphism with the group of transformations 


Rk 
px's= Σ᾽ ainxe’, (G=0,1,---,k; t=0,1,---,n—1) 
j=0 


where it is understood that two transformations are to be 
treated as identical if the exponent ¢ is the same in the two and 
if it is possible to write them with the same coefficients a;;, 
even though in order to do this it is necessary to have different 
values for p. This new group we denote by C(k, p”). The 
subgroup corresponding to the subgroup I, of I’ we shall de- 
note by Cu(k, p”). The group Co(k, p”) is identical with the 
group P(k, p”) introduced in § 78. 
It is easy to show that the element 


px’; = x,? (2 =0,1,-- *» k) 
transforms Co(k, p”) into itself. Hence C(k, p”) is generated by 


this element and Co(k, p”), while Ca(k, p”) is generated by the 
dth power of this element and Co(k, p”). Then from the known 
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order of Co(k, p”), or P(k, p”) (ὃ 73), it follows that the order 
of C(k, p”) is ᾿ 
ne (k+I)n _ pin 

It is easy to see that C(k, p”), and hence each C,(k, p”), per- 
mutes among themselves the symbols (uo, μι, - - -» Mx) for the 
subgroups in the geometric set of subgroups, and hence induces 
on them a permutation group. Such a permutation group we 
shall denote by the same symbol as the corresponding trans- 
formation group. Since Ca(k, p”) contains P(k, p”), it follows 
that Ca(k, p”) is triply transitive when k=1 and is doubly 
transitive when k > 1. 

In the next two chapters the groups Cz(k, p”) will be treated 
in detail from another point of view. 

76. The Holomorph of G. The set of transformations of the 


form 
| χ; = 454+ 4, (2 =0,1,---, &) 


where the a; are marks of GF[ p”], clearly form an Abelian group 
Ὁ of order p“+” and type (1, 1, - - -, 1). It is therefore simply 
isomorphic with the Abelian group Gu+41. and may be taken 
as a representation of it. The group generated by this group 
and the group 7 of § 74 is a representation of the holomorph of 
Guin — a fact which generalizes a result obtained in § 29. 
The holomorph of Gu.41., may therefore be represented by the 
set of nonsingular transformations of the form 


Xi ie ΚΣ ΔΝ Ἔα; @=0,1,:--, k) 


750 


where the a’s are marks of the GF[p"]. The transformation 
group so defined will be represented by the symbol H. 

It is evident that the group G is a self-conjugate subgroup 
of H. It is therefore a self-conjugate subgroup of every sub- 
group of H which contains G. In particular, G is transformed 
into itself by the group 7, defined in § 75. Hence the group 
{Tz, G} is a subgroup of H of the same index as that of Tq in T. 
We thus have a ready means of constructing it. An analytical 
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representation of {Tz, G} is afforded by the set of nonsingular 
transformations 


ν k 

V= > Yaga +a, G=0,1,--2) 
t=17=0 

where the a’s are marks of GF[p”] and d is any factor of m and 

v=n/d. 

Again we may form other subgroups of H in a similar manner 
by taking the groups Ig of ὃ 75 and combining each of them with 
G. The forms of the analytical representations of these groups 
are obvious. | 

EXERCISES 


1. By means of the groups C(2, 2?) and P(2, 2?) show the existence 
of four doubly transitive groups of degree 21, their orders being 
21-20-16-9-2, 21-20-16-9, 21-20-16-3-2, 21-20-16-3, 
respectively. 

2. The powers of the permutation (ABCDEFGHI J KLMNOPQRST U) 
replace the quintuple A, B, G, I, S by a set of 21 quintuples. Show 
that the largest permutation group on the 21 letters each element of 
which permutes these quintuples among themselves is conjugate to 
the permutation group C(2, 27). 

3. The permutation group P(3, 2) is a doubly transitive group of 
degree 15 and order 15-14-12-8=4(8!). Prove that this group is 
simply isomorphic with the alternating group of degree 8 by showing 
that the latter group has a conjugate set of 15 triply transitive sub- 
groups of order 8 - 7-6-4 and that these are transformed by the ele- 
ments of this alternating group according to a permutation group 
which is conjugate to P(8, 2). 

4. Employ the results of the foregoing Ex. 3 in constructing four 
primitive groups of degree 15, their orders being 15-14-12-8, 
15-14-12, 15-48, 15 - 24, respectively; show that the first two are 
doubly transitive and that the last two are singly transitive. (See 
Ex. 10 on page 162.) 

5. Prove the existence of at least twelve transitive groups of de- 
gree 31. 

6. Prove that P(2, 5) is generated by any two elements in it of 
order 31, provided that neither of them is a power of the other, and 
show that there are 7,198,200,000 such pairs of generators of P(2, 5). 
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7. Construct four doubly transitive groups of degree 121. 


8. When ῥ᾽ is a prime of the form p= 2" -- 1 (v > 2), show that there 
exists a doubly transitive group of degree p and order 


ν--Ἱ 
Τ| ὦ’ -- 29. 
i=0 


Show that the number of Sylow subgroups of order p in this group is 
v—l 
p Il (2 = 2), 


i=2 
where p is a factor of p — 1. 
9. When p is a prime of the form p = 22” + 1, show that there 
exist m+ 1 triply transitive groups of degree p, their orders being 
pip — τ) — 2)2*. (4= 0, 1, 2,---, m) 
Show that the number of Sylow subgroups of order p in each of these 
groups is Σῴ — 3) + 1. 
10. Construct at least thirteen doubly (but not triply) transitive 


groups of prime degrees less than 1000, no one of them being the meta- 
cyclic group of its degree. 


11. Construct ten transitive groups of degree 17. (See Ex. 10 on 
page 162.) 

12. Determine a necessary and sufficient condition on the coeffi- 
cients a;;, such that the transformation at the beginning of ὃ 74 shall 
have a unique solution for the x; in terms of the x’; [SUGGESTION. 
From the given equations form new equations by successively raising 
both members to the pth power, and thus make the determination of 
the condition depend on linear equations in the symbols 


2 n—-1, 
Xi» τι ΧΡ 2, 5 ἢ) χοῦ ’ 


express the condition by means of a determinant.] 


13. The Abelian group of order 5% and type (1, 1, 1) has 31 sub- 
groups of order 5 and 31 subgroups of order 25; each subgroup of 
order 25 contains 6 of these subgroups of order 5; form the 31 sets 
of six subgroups thus indicated and show that these sets constitute a 
configuration of the 31 symbols such that P(2, 5) is the largest per- 
mutation group on these 31 symbols each element of which leaves this 
configuration invariant. 

14. Formulate and solve a similar problem for the Abelian group 
of order 3° and type (1, 1, 1). } 
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15. Show that there exists a triply transitive group of degree 32 
and order 32.-31-30-28-24-16. (SUGGESTION. Consider the 
group I of isomorphisms and the holomorph of the Abelian group 
of order 25 and type (1, 1, 1, 1, 1) and the relation of J to the permu- 
tation group P(4, 2).] 


77. Doubly Transitive Groups of Degree 25 and Order p"(p”—1). 
Let G be a doubly transitive group of degree p” and order 
p"(p" —1). Then (Theorem V of ὃ 40) G contains a single 
Sylow subgroup H of order p”, and this subgroup is Abelian of 
type (1, 1, ---, 1). Let a, σι, ---, Gn (m= p"— 1) be the p” 
symbols permuted by G. Then H permutes these symbols 
among themselves according to a regular group. Hence there 
is one and just one element h; of H which replaces do by any 
given symbol a;. 

Let us denote by M the subgroup of order p* — 1 in G each 
element of which leaves a fixed. It 1s a regular group on qa, do, 
- ++, @m. Hence there is one and just one element m; of M which 
replaces a; by any given symbol q;. 

Now each element of M transforms H into itself. Hence the 
correspondences h; ~~ m,;—'h,m;, where in a particular correspond- 
ence j is fixed and 7 runs over the set 0, 1, ---, m, exhibit an 
isomorphism of H with itself. On giving to 7 the values 1, 2,---, 
m, we have thus m distinct isomorphisms of H with itself; for 
ifm; hm; = mi |him, we have h; = (mim;—1)~"h;(mam;—1) and 
hence mm;—1=1 and therefore t = 7. 

The totality of these isomorphisms of H with itself constitutes 
a subgroup J; of order m of the group J of isomorphisms of H 
with itself. Since m;—1h:m,; = h,, it follows that the isomorphism 
induced by 72; replaces h; by h;. If we represent the isomorphism 
(in the usual way) as a permutation on ἦι, he, ---, hm, then the 
isomorphism induced by m; is transformed by the permutation P, 


p=( ἦι, 50, re 


Qo, G1, ° ++, am 


into a permutation σ᾽ which replaces a, by a;. Now the cor- 
respondence m; ~ a; sets up a simple isomorphism between M 
and the group consisting of the permutations σι, σα, ---, Om, 
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while both m; and o; replace a, by a;. Hence the permutations 
m,; and σ; are identical for each ὦ of the set 1, 2, ---, m; for ifm, 
replaces a, by αι, we have m; = m,~!mi, whence o; = σι 'σι and 
therefore o; replaces a, by a. Therefore the permutation group 
on ἦι, he, - - -, hm, induced by the group J; of isomorphisms, is 
conjugate to the group M. Now the holomorph of H contains a 
single subgroup of order p”(p" — 1) generated by J, and H, each 
being written in the usual way as a permutation group on ho, 
hi, +--+, 4m. This subgroup is transformed into G by the permu- 
tation P, since its regular subgroups on ho, ἦι," - -, Am and hy, he, 
- ++, Am are transformed into the corresponding subgroups of G. 
Thus we are led to the following theorem: 


I. Every doubly transitive group G of degree p” 
and order p”(p” — 1) is contained in the holomorph of 
the Abelian group H of order p” and type (1, 1, -- -, 1) 
when that holomorph is written in the usual way asa 
permutation group. Moreover, the regular subgroup 
M of G, consisting of those elements which leave one 
symbol fixed, is contained in the group J of isomor- 
phisms of H. 

Now let J; be any regular group of degree and order p” — 1 
contained in the group 1 of isomorphisms of an Abelian group 
Hi of order p” and type (1, 1, ---, 1). The holomorph of H has 
a (p”, 1) isomorphism with J. Let σι be the subgroup of this 
holomorph which corresponds to J; in the named isomorphism. 
Then G, is a doubly transitive group of degree p” and order 
pb"(p” — 1), such that its singly transitive subgroup of degree 
pb” — 1 1s conjugate to lq. 

Hence we have the following theorem : 

II. For every regular group 17. of degree and 
order p” — 1 contained in the group J of isomorphisms 
of an Abelian group of order p” and type (1, 1, - - -, 1) 
there exists a doubly transitive group G of degree p” 
and order p”(p” — 1) containing /; as a subgroup. 
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Let G and G be two permutation groups on ap, a, ---, @m 
(m = p™ — 1) each of which is doubly transitive and of order 
Ρ"(Ρ" — 1), and let them be such that their respective subgroups 
M and M of order p” — 1 on qh, de, + + +, @n are simply isomorphic. 
Let the notation be so chosen that G and G have a common 
Abelian subgroup H of order p” and type (1, 1,---, 1); and let 
h; be the element in H which replaces a@ by a;. Let 5; be the 
element in M which replaces a, by a;; then h; = S;—14,S;. Let 
S; be the element in M which corresponds to S; in M in the 
simple isomorphism postulated in the hypothesis; and let a, be 
the element by which δὲ replaces a;; then ἦι; = S;~14S;.. Now 
the permutation P, 

P= es ai, Akos ae Akm ) 
Qo, Qi, G2, ***, Am 


transforms δὲ into S;, as one sees from the proof of the corollary 
to Theorem XII in § 12. Also, P transforms H into itself; for 
we have 


hy, = SiS; = 5. 1: SiS; - Si = (50 15.) 1λ,(5.. 15), 


whence it follows that P belongs to the group of isomorphisms 
of H (when written on the a’s) and therefore transforms H into 
itself. From these results and from the relations G = {H, M} 
and G ={H, M} it follows that P transforms G into G. There- 
fore G and G are identical as permutation groups. 

Hence we have the following theorem: 


III. If G and G are two doubly transitive permu- 
tation groups of degree p” and order p”(p” — 1) whose 
regular subgroups of order p” — 1 are simply isomor- 
phic, then G and G are identical (conjugate) as per- 
mutation groups. 


A doubly transitive group of degree mw and order μίμ — 1) 
exists (Theorem V of ὃ 40) when and only when uz is a prime- 
power. From the results in this section it follows therefore 
that the problem of constructing all doubly transitive groups 
of degree w and order μίμ --- 1) is equivalent to the problem 
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of constructing all regular subgroups J; of degree p" — 1 con- 
tained in the group 1 of isomorphisms of the Abelian group H 
of order p” and type (1, 1,---, 1) when this group / is written 
in the usual way as a permutation group. (In § 103 it is shown 
that these problems are also equivalent to the problem of 
constructing all finite algebras of a certain type.) These equiv- 
alent problems have been only partially solved ; it seems to be 
difficult to effect a complete solution. 

78. Analytical Forms of M. Employing the notation of the 
preceding section, let 2 = kv, where k and ν are positive integers 
(either or both of which may be unity). Then (§§ 28 and 74) 
the group J of isomorphisms of H with itself is of order 


(p® — 1)" — p) (bY — p?)- +» Ὁ — PP") 


and is simply isomorphic with the transformation group T of 
all transformations of the form 


ν k 
Ks = > > ΜΝ ( ΞΞ 1, 2, τὴν k) 
s=lj=1l 
where the coefficients a;;, are marks of the GF[p”] such that the 
transformation equations have a unique solution for the symbols 
x; in terms of the symbols x’; 

There are two particular forms of the transformations which 
are of special use: the first is that in which k=1, and the 
second is that in which ν = 1. The advantage of the first lies in 
the fact that there is but one variable x (and related variable 
x’) and that we have at our disposal the largest possible Galois 
field. The advantage of the other lies in the fact that the trans- 
formations are linear. 

Now we have seen (§ 77) that the group M is simply isomor- 
phic with a subgroup J; of J. Therefore in the case when k = 1, 
and hence v = n, the elements of the group M may be represented 
analytically in the form 


Τὶ: x = Yan" *. (¢=0,1,2,---, 2" -- 2) 


a 
Ms 
—" 


Since the group M is regular, it follows that the mark 1 must be 
carried to any given nonzero mark by one and just one trans- 
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formation 7;. Hence we may (and we do). suppose the notation 
so chosen that 


ay + a, + γὼ + a, © = οἷ. (ἢ ΞΞ 0, 1, 2, “8 ty ῥ᾽" aa - 2) 


When v=1, and hence k= 4, the transformations may be 
written in the form 


So: χ'; = Σ᾽ aij χ;, (7ΞΞ1, 2,---, 5) 
7ΞῚ 
where a runs over the set 0, 1, 2, ---, p* — 2. 


In developing the theory of these groups we shall sometimes 
use the transformations 7; and sometimes the transformations 
Se 

79. On Certain Elements and Subgroups of M. The transfor- 
mation group T of ὃ 78, when k = 1 and hence v = n, contains 
the element x’ = wx of order p”*— 1, where ὦ is a primitive 
mark of the GF[p”]. Hence 7 has a cyclic subgroup of order 
pb” —1. Now let g (when existent) be any prime factor of 
pb” — 1 which is not a factor of any p‘'—1 for1=t<n, and 
let φὰ be the highest power of 4 contained in p*—1. Then 
g* is the highest power of g contained in the order of T. Hence 
the Sylow subgroups of T of order g* are cyclic. Therefore the 
group M contains a cyclic Sylow subgroup of order q-. 

This result may be extended. Suppose, if possible, that M 
contains a noncyclic subgroup K of order p?, where p is a 
prime. If H is transformed by the elements of K, then the 
elements of H are permuted transitively in sets of p? elements 
each. So far as one of these sets is concerned, the generators 
of these isomorphisms of H may be written in the form 


= (1012 - + + G1,) (G21d22- + " Aap) "" " (Api@p2- + " App); 
= (11021 + " “ Mp1) (1222 " " " Ap2) ++ " (Aipap* " " App). 


Then in P;P2* the cycle containing @; is 
(2110144,20142:,3°°* Gi); 


the subscripts being reduced modulo p. The identity is the 
only element in A left fixed by any of these isomorphisms; 
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hence the product of the elements of H in any cycle must be 
the identity E. Therefore 


M102 αι =E, 

@1@21 ss Bo =—CL, 

110144,2°°'UN-i,,=E, (@=1,2,---, p—1) 
Hence 


ρ 
αι al aij = E, or ay°=E. 
i,j=1 

But this is impossible. Hence M contains no noncyclic sub- 
group of order p?. Therefore a Sylow subgroup of order p* in 
M contains only a single subgroup of order p; for it contains 
a self-conjugate subgroup of order p (Theorem I of § 32) and 
hence contains a noncyclic subgroup of order p? in case there 
is in it a second subgroup of order p. Applying Theorems X 
and XI of § 36, we conclude to the following result : 


I. If M is a regular subgroup of order p” — 1 in 
a doubly transitive group G of degree p” and order 
p"(p" — 1), then the Sylow subgroups of M of odd 
order are cyclic and those of even order are either 
cyclic or of the sole noncyclic type containing a 
single element of order 2. 


The part of this theorem which relates to elements of order 2 
is extended in the following theorem : 


II. The group J of isomorphisms of an Abelian 
group H of odd order p” and type (1, 1, - - -, 1), when 
represented in the usual way as a permutation group 
on the elements of H other than the identity, con- 
tains just one element of period 2 which leaves fixed 
none of the p” —1 symbols of 7. This element is 
therefore self-conjugate in J. The corresponding iso- 
morphism of H with itself is that in which each ele- 
ment corresponds to its inverse. 
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In order to prove this, we represent the group I, as in § 29, 
by the transformations 


x’; -- > σ᾽)Χ, (2 = 1, 2, mr fy n) 
j=l 
where the @,;; are marks of the GF[p]. Now let the transforma- 
tion +i 
x’; = Dd ix; (4 = 1, 2, or) n) 
j=l 


be of period 2 and let it leave fixed no element of H except the 
identity. The square of the transformation is 


x; = > ij > Ajele = > ib > ae) (¢=1,2,---, m) 
j 


Ξε 1 


Since this is to be the identity, we must have 


> ease 0 1{ ἢ γέ 5, 
A" |11|2555. 


~ Since the identity is the only element of H left fixed by the 
transformation under consideration, it follows that the system 


> (αν -- δια (=1,2,---,n) 
7Ξ1 


has no solution except that in which each x; is zero. Therefore 
the determinant | ας; — δ | is different from zero. Now we have 


> (iz — 9:53) (js + δ᾽.) = > QLijOljg — Lis + is — δὲς = 0. 
j=l j=l 


Therefore we must have a;,-+ 6;,=0. These conditions uniquely 
determine the transformation under consideration to be the fol- 


lowing : χ'; Ξε — Xi (¢=1,2,---,n) 
From this the theorem follows readily. 


The elements of H besides the identity are permuted transi- 
tively under transformation by the elements of M, as we have 
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seen: therefore if P is any element of order p in H and J) Is 
any primitive root modulo p, then there is an element S in M 
such that S-!'PS=P*. Then S”~! transforms P into itself, 
while no lower power of S transforms P into itself. Then the 
order of S is at least as great as p—1. But the identity is 
the only element in M which transforms P into itself. Hence 
S?-1 is the identity and the order of Sis -- 1. Therefore, 


III. The subgroup M of G contains a cyclic sub- 
group of order p — 1. 


Applying Theorem III of ὃ 77, we have the following 
corollary : 


Cor. There is one and just one doubly transitive 
group of degree p and order p(p — 1). 


This is a special case of the following theorem, which is an 
immediate corollary of results in Chapter XIII (see Ex. 11 
on page 402): 


IV. If a regular subgroup MM of order p” —lina 
doubly transitive group G of degree p” and order 
p"(p” — 1) is Abelian, then Μ is cyclic and the group 
G is uniquely determined (see Theorem XXVII 
in § 67). 


80. The Case of Certain Invariant Subgroups of M. Let us 
now consider those doubly transitive groups G of degree p” and 
order p”(p” — 1) in which it is true that a regular subgroup Μ 
of degree p” — 1 contained in G has an invariant subgroup of 
order φβ (8 > 0), where g is a prime factor of ρ΄" — 1 which is nota 
divisor of any p* — 1 for 1 =p <n. For this purpose it is con- 
venient to represent the elements of M analytically in the form 
T; of ὃ 78, namely : 


Τι: x’ => ax""", = (¢=0, 1, 2,--+, p* — 2) 
s=1 
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An invariant subgroup of M of order q® is contained in a 
Sylow subgroup of M of order q«. Since such a Sylow subgroup 
of M is also a Sylow subgroup of the group J of isomorphisms 
of H with itself (in the notation of § 77), and since Sylow sub- 
groups of a given order constitute a single conjugate set, it 
follows that we may without loss of generality suppose that M@ 
contains any given Sylow subgroup of order qg*, since any such 
case 1s conjugate to any other such case under J. Now if we 
write p” — 1 = φὰμ and if ὦ is any primitive mark of the GF[p”], 
then a Sylow subgroup of 1 of order qg* is generated by the trans- 
formation x’ = wx. We take this to be a Sylow subgroup of M, 
as we may without loss of generality. Then the invariant group 
of order ᾳβ in M is contained in this Sylow subgroup. Hence if 
we write p” — 1= 4), it follows that this invariant subgroup of 
order ᾳβ is generated by the transformation x’ = wx. 

Let T be a particular transformation Τὶ of M and let U be the 
transformation x’ = wx. Since {U} is invariant in M, it follows 
that ΤΟ ΊΌΤ = U" for a suitable value of στ. Hence UT= TU". 
Writing Τ in the form 


n 
1: x! = > asx?” *, 
s=1l 

we have for UT and TU‘ the transformations 

7 
UT: x’ = > aw xP” ἡ, 

s=1 

4} 

TU’: x’ = > ΩιωλτΡ᾿ "χρὴ 


These two transformations are to be identical. This requires 
that joe 

Aso) = A,u)"P (s=1, 2,---, 7) 
Now a, ~ 0 for at least one 5. Let J be such that a,;+ 0. Then 
we have 


a = w6P™—! or wp"—!-1) = 1, or λίτρη-! — 1)=0mod p*— 1. 
Since p”— 1= 4A, we then have rp”~!'—1=0 mod 4, or 


Tp” = p' mod ¢@, or τ = p' mod ᾳβ. If αι, ~ Ο for 4 # J, then 
we have also τ = p" mod ¢, and therefore p' = p" mod ᾳβ, where 
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both J and 1, belong to the set 1, 2,---,. But this is impossible, 
since q is a divisor of p* — 1, which is not a divisor of any p* — 1 
for l= p< n. 


From this it follows that T has the form 
x! = a,x?” 

Therefore the transformations 7; are all of the form x’ = ax”, 
Hence all the possible groups M of the class now under considera- 
tion (and indeed all those whose transformations are of the last 
foregoing form) are contained among those determined in § 69. 
There is just one case in which M is cyclic. All possible non- 
cyclic groups M are described in Theorem XXX of § 69. 

Thus we have a complete determination of all groups G 
whose subgroups M have the property stated at the beginning 
of the section. That there are other groups G besides those here 
determined is shown by the cases p” = 5? and p*=7?. The 
theorems of this section yield exactly two doubly transitive 
groups G of every odd degree p? and order p?(p? — 1). But for 
p" =5? and for p= 7? there are just three groups G (see Ex. 15 
on page 152 and Ex. 12 on page 286). 

In connection with the determination of certain finite alge- 
bras (see our Chapter XIII) Dickson (Gottingen Nachrichten, 
1905) has conjectured the following theorem : 


Any group G of order p”— 1, where p is a prime 
and n is an odd integer greater than unity, contains 
an invariant subgroup of order a power of a prime 4, 
where g is a factor of p*—1 but not of any p°—1 
forl =p <x. 


Dickson verified this empirical theorem for all groups of each 
of 144 orders of the named form p*—1. The author has ex- 
tended the verification to 15 additional orders. In so far as this 
theorem is true, the determination of the groups G is complete. 
In fact this determination is complete when the conclusion of 
the theorem holds for groups of the named order p* — 1 which 
are restricted to satisfy conditions developed in § 79. 
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The determination of groups G is also complete in so far as 
the following (extended) proposition is true: 


Let Καὶ be a group of order p” — 1, where p is a 
prime and x is an integer greater than two (the cases 
n= 4, 6 being excluded). Then K contains a self- 
conjugate subgroup of order g’ (8 > 0), where gq is 
a prime factor of p” — 1 but is not a factor of any 
number of the form p*?—1 forl= p< ἢ. 


That p” — 1 (in the cases named) always has such a prime 
factor qg is known from the theory of numbers (see Annals of 
Mathematics, 15 (1913), 30-70, especially page 61). The veri- 
fications of the next preceding empirical theorem afford 159 
verifications of this one. The latter has been verified in 24 addi- 
tional cases, no exception having been found. The presence of 
the exceptional cases in the theorem as stated indicates that it 
is probably not universally true. But it is true in a sufficiently 
wide range of cases to be significant for the present problem. 

Since these empirical theorems are of interest on their own 
account, and since no like theorem in the theory of groups seems 
to have been demonstrated, it may be well to record here certain 
related empirical results. The principal one is contained in the 
following empirical proposition : 


Let 7 and s be real numbers, not both numerically 
equal to unity, such that 7 +s and 7s are relatively 


prime integers. Let 7 be an integer greater than two. 


Let D,(7, s) denote the integer 
(ile δ᾽ 


D7, 8) = es 


and let ” be further restricted (see Aznals, loc. cit., 
Theorem XXI) so that D,(7, 5) shall have at least one 
prime factor g which is not a factor of any D,(7, s) 
for 1 = p <n. Then a group of order D,(7, s) has a 
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self-conjugate subgroup whose order is of the form 
ᾳ. (a > 0), where 4 is a factor of D,(r7, 5) subject to 
the conditions just named. 


This theorem has been verified for 285 orders D,(7, 5) and no 
case of exception has been found. From certain considerations 
arising from the theory of numbers it seems that the most 
probable cases of exception are those for which n= 6. But no 
such case of exception has been found. 

Another related empirical proposition is the following : 


Let 7, 5, m have the same meanings as in the fore- 
going proposition. Let F,,(7, 5) = (s*™)P,(r/s), where 
P,,(x) is the polynomial with leading coefficient unity 
whose roots are the ¢(n) primitive th roots of unity 
without repetition. Then a group of order F,(7, 5) 
has a self-conjugate subgroup of order g* (a> 0), 
where g is a prime factor of F,,(7, 5) but is not a fac- 
tor of ἢ. 


This theorem has been verified for 639 orders F,(7, s) and 
no case of exception has been found. 

For none of these empirical theorems have the verifications 
suggested any method of general proof. 

Let us next consider those doubly transitive groups G of de- 
gree p?” and order p?’(p?” — 1) in which it is true that a regular 
subgroup M of degree p?” — 1 contained in G has an invariant 
subgroup of order g® (8 > 0), where 4 is an odd prime factor 
of py —1 which is not a divisor of any p*—1 for 1 =p< ». 
We denote by H the regular Abelian subgroup of G of order 
p2” and by J the group of isomorphisms of H with itself. If 
gz is the highest power of 4 contained in p’ — 1, then q? is the 
highest power of g contained in the order of J, as one sees by 
inspection of the order of 1 (ὃ 78). 

We now make a further restriction, namely, that the invari- 
ant subgroup of order g? in M is contained in the group gen- 
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erated by the transformation x’ = wx, where w is a primitive 
mark of the GF[p?’]. If we write p?” — 1 = φβλ, then M contains 
self-conjugately the subgroup generated by the transformation 
x’ = wx. We denote this transformation by U. 

Any transformation T of M may be written in the form 


T: x! Σ ax’, 


where the coefficients are in the GF[p?’]. An integer 7 exists 
such that ΤΟ ΊΟΤ = U’, whence UT = TU". For UT and TU’ 
we have transformations similar to those denoted by the same 
symbols in the earlier part of the section. Proceeding as in 
the former case, we show that if a:~ 0 and a, 0, then we 
have p'=p4 mod q. From this relation and the assumed 
property of g we see that / and /,, when not equal, differ by ν. 
Hence 7 has the form 


ἘΝ y—l 
T: χ' = arr?! 4 hy?” 


Since M is of order 22’ — 1 and permutes the nonzero marks 
of the field transitively and hence must have just one element 
which replaces the mark 1 by any given nonzero mark ωἱ, the 
transformations of M may be written in the form 


5ι: x! =a? + Ba", (ας Ἔ Bi= ot; 1=0,1,---, p22) 


The coefficients a; and 6; are in the GF[p?’]. 

We shall now consider all the groups M whose transforma- 
tions may be written in the foregoing form 5; whether or not 
these groups M have the properties employed in arriving at 
this form. [If ν = 1 we have o; =0. Comparing with ὃ 78, one 
sees that we have here all cases M of degree p? — 1.] 

Let us consider the set I of all transformations of the form 


A: x! = xP” * 4. Br? 


where a and β range over the marks of the GF[p?’] and o runs 
over the set 0, 1, 2,---, »—1. The condition on @ and β in 
order that A shall be nonsingular is that 


ap’ tl x BP"+ 1 
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Since the product of two transformations of the form A is also 
of this form, the set I constitutes a group. There are ν pos- 
sible values for σι When a=O we have for 6 any one of 
pb?” — 1 marks; when 8 = 0 we have for a any one of p?”— 1 
marks; when αβ ~ 0 we have for a any one of p?” — 1 marks, 
while for each a we have for B any one of 22’ — p” — 2 marks. 
Hence the order of Γ is 


(p? — 1)(p?” — p’)v. 


If o is further restricted to be a multiple of d, where d is a di- 
visor of ν (ν = 4δ), then the resulting group is a subgroup of I 
of index 6. Each of these groups is in the group 1 of isomor- 
phisms of H. The corresponding subgroup of the holomorph of 
H, in its usual isomorphism with 1, is doubly transitive. Hence, 


For every divisor ὦ of v there exists a doubly tran- 
sitive group of degree p?” and order 


pb” (p?” — 1)(p?” — p*)d. 


The groups M under consideration here are subgroups of the 
group I. We shall not attempt a general determination of 
them but shall content ourselves with applications of the re- 
sults attained. 

In order to construct a doubly transitive group of degree 25 
and order 25 - 24, we seek a transformation of order 4 of the 


form 
x’ =ax5+ Bx. 


Its square (ὃ 79) must be x’=-— x. Hence we have a® + 8? 
= — 1, a6(64+1)=0. These conditions are satisfied by the 
transformation 

x! = wl2x5 + wx, 


where w2=w+3. Adjoining the transformations χ' = wx 
and x/=x-+1, we have the required doubly transitive group. 

In a similar way one may find doubly transitive groups of 
degree 22 and order p2(p2 — 1) when p is a suitable odd prime. 
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EXERCISES 


1. By the method of § 80 construct three doubly transitive groups 
of degree p? and order p?(p? — 1) for each value p of the set 7, 11, 23. 


2. Determine all the doubly transitive groups G of degree n and 
order n(n — 1) for which ἢ < 81. 


3. Show that there is just one doubly transitive group G of degree 
pb” and order p”(p” — 1) when p” = 27, 29,211. 213, 217, 219 35, 37. 39 313, 

4, Show that there are just two distinct doubly transitive groups 
of degree 81 and order 81 - 80. Show that each of them has a cyclic 
Sylow subgroup of order 16. 

5. Prove the existence of at least seven doubly (but not triply) 
transitive groups of degree 81. 

6. Show that there are just 25 - 1 conjugate sets of elements in 
the triply transitive group of degree 25 + 1 and order (2"7+4 1)2"(2"—1) | 
whose regular subgroups of degree 25 — 1 are cyclic. 

7. Show that the symmetric group of degree 8 contains 30 triply 
transitive subgroups of degree 8 and order ὃ - 7-6-4 and that in the 
alternating group of degree 8 these subgroups fall into two distinct 
conjugate sets of 15 each. 


8. Show that the alternating group of degree 8 may be represented 
as simply isomorphic with a transitive group of degree 15 in such a 
way that the subgroups each of which leaves just one symbol fixed 
constitute one of the conjugate sets of 15 subgroups mentioned in 
Ex. 7 while the other set of 15 subgroups of order 8-7-6-4 are 
permuted in two transitive sets of 7 and 8 symbols respectively. 


9. When the alternating group of degree 8 is represented as a 
transitive group of degree 15, as in Ex. 8, show that there is a set of 
seven of the 15 symbols which takes only 15 values under the permu- 
tations of the group. Construct this group of degree 15 and form the 
indicated configuration consisting of 15 sets of seven symbols each 
from the indicated 15 symbols. 


10. The Abelian group G of order 2* and type (1, 1, 1, 1) has 
15 subgroups of order 8. Show that the fifteen elements of order 2 
in G fall into 15 sets of 7 each so that each set of 7 with the identity 
constitutes a subgroup of G of order 8, and prove that this configura- 
tion is conjugate to that described in Ex. 9. 
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11. Show that any two sets of 7 in the configuration in Ex. 10 
have just three symbols in common and that these three symbols 
also occur in a third set of 7 in the configuration. There are just 35 
of these sets of three each. 


12. Represent the alternating group of degree 8 as simply iso- 
morphic with a transitive group of degree 35 (see Ex. 11). 


MISCELLANEOUS EXERCISES 


1. Discuss the number of ways in which it is possible to select a 
geometric set of subgroups of order p” in the group Gc.41)n Of § 72. 


9. The group of isomorphisms of an Abelian group G can always 
be represented in just one way as a transitive permutation group on 
letters corresponding to the elements of G except when the order of 
G is twice an odd number, in which case there are just two such tran- 
sitive representations. 


3. In order that the group of isomorphisms of an Abelian group G 
shall itself be Abelian it is necessary and sufficient that G shall be 
cyclic. 

4. If m is the highest order for an element of an Abelian group Ὁ, 
then the group of isomorphisms of G contains just ¢(m) self-conjugate 
elements, @(m) being Euler’s ¢-function. 


5. If G is a non-Abelian group, then G cannot be represented as 
simply isomorphic with a permutation group on symbols correspond- 
ing to a set of relatively permutable elements of G. 


6. If the group 1 of isomorphisms of a given group G is represented 
as a simply isomorphic permutation group on symbols corresponding 
to elements of G, then J is at most doubly transitive. 


ἡ, Exhibit a group G containing a self-conjugate subgroup H such 
that the group of isomorphisms of H is of greater order than the 
group of isomorphisms of G. 


8. If G is a group which admits an isomorphism with itself in 
which each element corresponds to the square of that element, then G 
is an Abelian group of odd order. 

9. If G is a group which admits an isomorphism with itself in 


which each element corresponds to its cube, then G is an Abelian group 
whose order is prime to 3. 
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10. The group of isomorphisms of an Abelian group cannot be a 
non-Abelian group whose only representation as a simply isomorphic 
transitive permutation group is that afforded by a regular group. 


11. The order of the group J of isomorphisms of an Abelian group G 
is of the form mk, where m is the number of elements of highest order. 
A necessary and sufficient condition that the order of 1 shall be m 
is that G shall be cyclic. 

12. Show that just two of the five groups of order 8, namely, the 
cyclic group and the quaternion group, have each the property that it 
cannot be the group of isomorphisms of any group with itself. 


CHAPTER XI 


Finite Geometries 


81. Definition of the Finite Projective Geometries. Abelian 
groups of order p“+!)” and type (1, 1, ---, 1) admit of an inter- 
pretation which affords a representation of the so-called finite 
projective geometries PG(k, p"); and these groups and these 
geometries throw light each upon the other. The object of this 
chapter is to develop that part of the theory of the finite geom- 
etries which will be useful to us in its applications to the theory 
of groups. 

Veblen and Bussey (Trans. Amer. Math. Soc. 7 (1906), 241- 
259) have defined a finite projective geometry in the following 
way. It consists of a set of elements, called points for sugges- 
tiveness, which are subject to the following five conditions or 
postulates : 


I. The set contains a finite number of points. It 
contains one or more subsets called lines, each of 
which contains at least three points. 

II. If A and B are distinct points, there is one 
and only one line that contains both A and B. 

III. If A, B, C are noncollinear points and if a 
line / contains a point D of the line AB and a point E 
of the line BC but does not contain A or B or C, then 
the line / contains a point F of the line CA. 

IV,. If m is an integer less than k, not all the 
points considered are in the same m-space. 

V,. If IV; is satisfied, there exists in the set of 


points considered no (k + 1)-space. 
323 
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The geometry so defined is said to be a geometry of a k- 
dimensional space. 

In the foregoing system of postulates the terms point and line 
are left undefined. A point is called a 0-space and a line is called 
a l-space. An m-space, or a space of m dimensions, may be 
defined inductively as follows. A point is a O-space. If Pi, Poe, 
ἐσ Pmi 1 are points not all in the same (m — 1)-space, then the 
set of all points each of which is collinear with P41 and some 
point of the (m—1)-space (Pi, Pe, ---+, Pm) is the m-space 
(Pi, Po, +--+, Pms1). A 2-space is called a plane. 

82. Representation of Finite Geometries by Means of Galois 
Fields. By means of the marks of a Galois field we shall now 
give a concrete representation of a finite &-dimensional projec- 
tive geometry. We denote a point of the geometry by the 
ordered set of homogeneous coordinates 


(Mo, μι, " + *y Mn) 


where Mo, Mi, °°, Me are marks of the GF[p”] at least one of 
which is different from zero, and where it is understood that the 
foregoing symbol denotes the same point as the symbol (uo, 
μμι, >: +, Mex), Where μὶ is any one of the p” — 1 nonzero marks 
of the field. Since the ordered set of marks wo, μι, °° +, με May 
be chosen in p “+))" — 1 ways, and since each point is represented 
in p” —1 ways by p*—1 sets of symbols in this totality, it 
follows that the number of points defined is 


1+ p™+pr+---+ph. 


For the line containing the two distinct points (uo, μι: " - “. Me) 
and (v0, V1, °° -, ¥%) we take the set of points 


(μμο + ννο, μμι + YM, - ++, ME t+ Ye); 


where uw and ν run independently over the marks of the GF[p”] 
subject to the condition that μ and ν shall not be simultaneously 
zero. The number of possible combinations of the μὶ and ν is 
then p?”— 1; and for each of these the corresponding symbol 
denotes a point, since not all the +1 coordinates are zero. 
But the same point is represented by p” — 1 of these combina- 
tions of μ and ν, owing to the factor of proportionality involved 
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in the definition of points. Therefore a line as so defined con- 
tains p” - 1 points. It is obvious that any two points on the 
line may be used in this way to define the same line. 

It must now be shown that the five postulates given in § 81 
are satisfied by the concrete elements thus introduced. The 
existence of lines containing p” + 1 points each is sufficient to 
show that Postulate I is satisfied. That Postulate II is satisfied 
is evident from the way in which a line containing two given 
points has been defined. 

Let (Xo, λι, a Nx) (Lo, Mi," * "s μι)» (Vo, μι, τ, Vr) be any 
three noncollinear points A, B, C. Let / be a line containing a 
point D, say (AAo + wo «+, AAg + Mux), Of the line AB and a 
point EZ, say (puo+ avo, --+, pux+ov), of the line BC, and 
suppose that / does not contain A or B or C, whence it follows 
that A, μ, p, σ are all different from zero. In order to prove that 
Postulate III is satisfied we have to show that / contains a point 
of CA. Now / consists of the points 


(αλλο- auMo + Bppo + Bavo,---, aA + ἀμμε- B pyr + Bore) 


where aw and β run independently over the marks of the GF[p”] 
subject to the condition that they shall not be simultaneously 
zero. Now, whatever nonzero marks μ and p may be, there exist 
nonzero marks a and # such that au +8p=0. For such 
values of a and β΄. we have the point 


(αλλο + βσνο, - - -, HAAR + Bove) 


on /; and this point ison CA. Hence Postulate III is satisfied. 

It is convenient, before verifying the other two postulates, 
to determine the number of points in an m-space belonging 
to the concrete representation of the geometry which we are 
considering. 

Let (Moo, μοι» " " “» Mok), (Mio, μ11» " " *s Mik)» (M20, μ21» " " "» Max) 
be three noncollinear points in the geometry, such points being 
surely existent if k>1. The first two of these determine a 
line 1; and this line and the third point determine a 2-space. 
It is obvious that the points on this 2-space are the points 


(μομοο + Mikio + Meke20, - " “,» MoMok + μιμικ + M2Mex), 
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where wo, μι, μὲ run independently over the p” marks of the 
GF[p"] except that they cannot be simultaneously equal to 
zero. The number of the sets po, μι, Me is therefore p?" — 1; 
taking out the factor p” — 1, due to the factor of proportion- 
ality, we have for the number of points in a 2-space the number 


1+ p" + p?*. 
It is obvious that any three noncollinear points in this 2-space 
define the same 2-space. 

In general, if the points (wio, Ma, “" +, Mix) (2 = 0, 1, 2, -+ -, m) 
are any m-+ 1 points not in the same (m — 1)-space (certainly 
existent in the geometry if m = k), they may be used in the same 
way to define an m-space consisting of the points 


(Swi ἜΣ > wan) 


where wo, μι, " ++, fm run independently over the marks of the 
GF[p”] except that they shall not be simultaneously zero. Then 
the m-space consists of 


1+ p+ p+-+-+p™ 


points, as one sees by noting that there are p(“+)" — 1 combi- 
nations of the μι and that these fall into sets of p*— 1 each 
such that all the symbols in a set represent the same point. 

Now the points of the m-dimensional geometry so defined 
may be represented uniquely by the homogeneous co-ordinates 
(Mo, Mi, ***, Mm), Once the base set of m+1 points has been 
chosen. Thence it is not difficult to see that this m-dimensional 
geometry is of the same general character as the k-dimensional 
᾿ς geometry which contains it. 

From the foregoing results it follows that if m< k there 
are points in the geometry which are not in any given m-space 
and that the geometry does not contain any (k+ 1)-space. 
Therefore the last two postulates in § 81 are satisfied by the 
concrete representation which we have given of the geometry. 

The concrete finite projective k-dimensional geometry so de- 
fined by means of the GF[p”] we denote by the symbol PG(k, p”). 
We shall also use the same symbol to denote any finite pro- 
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jective geometry which is abstractly equivalent to the concrete 
geometry so defined, that is, is such that a one-to-one corre- 
spondence may be established between the points of the two 
geometries in such a way that the points which form a line in 
one geometry always correspond to points which form a line 
in the other. 

Veblen and Bussey (loc. cit.) proved that when k > 2 every 
finite projective k-dimensional geometry satisfying the defini- 
tion reproduced in the foregoing § 81 is a geometry of points 
whose homogeneous co-ordinates may be taken as the marks 
of the GF[p”] in precisely the same way as we have used homo- 
geneous co-ordinates to represent the points of the PG(k, p”). 
Hence, when & > 2, we have in the PG(k, p”) geometries which 
are abstractly identical with all possible finite projective geom- 
etries of more than two dimensions. Since we do not require 
to make explicit use of this interesting theorem, we shall not 
give a proof of it here. (See § 108 for finite plane geometries 
of types different from the PG(2, p”).) 

It is convenient to insert here the determination of the 
number of m-spaces PG(m, p”) (m < k) contained in the given 
k-space PG(k, p”). The number of ways in which a given set 
of »ι- 1 base points for the PG(m, p”) may be selected in a given 
order from the points of the PG(k, p”), subject as they are to 
the condition that they do not all lie in any given (m— 1)- 
dimensional space, is 


(1+ p+ p+---+p'")(p" +p" +--+ +p) 
(per tes + phn) τ (πὴ + pmtDn $+ phn), 


the factors in this expression, in the order written, being the 
number of ways in which the first point, the second point, the 
third point,---, the (m-+1)th point, respectively, may be 
selected. The number of ways in which m+1 points of a 
given PG(m, p”) may be selected in a given order so that they 
do not all lie in any (m-—1)-dimensional space is similarly 
shown to be 


oy aan ὦ aaa ie Al 
(pm 1)n +. pm) (pm), 
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The number of m-dimensional spaces PG(m, p”) in the given 
PG(k, p”) is the quotient of the first of the foregoing two prod- 
ucts by the second; hence this number is equal to 


( Ἐς 1)(}"" = 1)(pe-Y" = 1) aie (pe-mtDn an 1). 
στον: — Tip" —1)--- GE] 


83. Representation of Finite Geometries by Means of Abelian | 
Groups. Let G be an Abelian group of prime-power order 
p&tv” and type (1,1,---, 1). In ὃ 72 we introduced a set of 
subgroups of G, each of order p”, and represented these sub- 
groups by the symbols (uo, wi,--:, Mx), where in each symbol 
the μ᾽Β are marks of GF[p”] and at least one of them is different 
from zero. Such a set of subgroups we called a geometric set 
of subgroups. | 

These subgroups (uo, μι», °°-, με) Of order p”, constituting 
the geometric set of subgroups of G, will be taken as the points 
of the finite geometry in the concrete representation of the 
geometry which is now to be set up. An m-space in this geom- 
etry will be defined as the set of points denoted by the groups 
of the geometric set which are contained as subgroups in the 
group generated by m-+.1 of the groups in the geometric set, 
these m + 1 groups being such that no one of them is contained 
in the group generated by the other m. Again we call a point 
a Q-space; a 1-space is called a line. With point and line thus 
defined, it is evident that the definition of an m-space here 
given is equivalent to the inductive definition given in § 81. 

If (uo, μι, " °°, με) and (vy, V1, " - +, νη) are two distinct points 
in this set, then the line determined by them consists of the 
pb" +1 points 

(μμο + ννο, μμι + ννι, - ++, Mie + Ye), 
where μ and ν run independently over the marks of the GF [p”] 
except that they are not simultaneously zero. | 

Since the points and lines of the geometry are now repre- 
sented by the same symbols as the points and lines in § 82, it 
follows readily that the elements here set up constitute the 
PG(k, p”). Hence every PG(k, p”) is capable of a concrete rep- 
resentation by means of an Abelian group G of order pt)" 
and type (1, 1, - - -, 1). 
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From this it follows that every abstract theorem relating to 
PG(k, p”) may be translated into a corresponding theorem 
about the group G. Conversely, a certain class of theorems 
about the group G are likewise individually capable of inter- 
pretation as theorems in the PG(k, p”). This interaction of 
two theories, in the first place apparently quite distinct, affords 
a matter of considerable interest. 

84. Euclidean Finite Geometries EG(k, »"). Let us consider 
the subset (uo, μι, - - ", με) Of points in the PG(k, p”), for each 
of which uo~ 0. Without loss of generality we take yuo = 1. 
Then the points considered are (1, μι, μὲ," - -, ux). Since the 
marks μι, μα, " " +, μκ May run independently over the p” marks 
of the PG(k, p”), it is evident that the points in consideration 
are p*" in number. They are said to constitute a Euclidean 
finite geometry; this Euclidean finite geometry is denoted by 
EG(k, p”). The excluded points (0, μι, μὲ, - - “.» με) Obviously 
constitute a PG(k—1, p”) the homogeneous co-ordinates of 
whose points are of the form (μι, μὲ, - "-, Mx). More generally, 
if we omit from the PG(k, p”) any given PG(k — 1, p”) contained 
init, the retained points are said to constitute a Euclidean finite 
geometry EG(k, p”); and this geometry contains just p*" points. 

The particular form of the EG(k, p”) first mentioned in the 
preceding paragraph has for the homogeneous co-ordinates of 
its points those of the form (1, μι, ue, - " ", με). When consider- 
ing the EG(k, p”) alone, it is therefore possible to represent its 
points by the nonhomogeneous co-ordinates 


{μι, μῶν """»; Mx}. 

But we have seen that the elements of the Abelian group of 
order p*” and type (1, 1,---, 1) may be represented by non- 
homogeneous co-ordinates μι, μὲ, ---, με). Hence the elements 
of this group afford concrete representations of the EG(k, p”). 

From the definition of points and lines of the PG(k, p”), given 
in ὃ 82, it follows that the PG(k, p”) is transformed into itself 
when its points (xo, x1, ---, x) are transformed in accordance 
with any transformation of the form 


k 
px’; = > Οαἡ)Χ)» (¢=0,1,---, R) 
j=0 
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where the a;; are marks of the GF[p"] such that the determinant 
[ας is different from zero. By such a transformation the 
PG(k—1, p”) defined by the equation x) =0, that is, the 
PG(k — 1, p”) consisting of the points (0, μὲ, Me, ---, με), 15 re- 
placed by a PG(k — 1, p”) whose equation is x’» = 0, or 


Qo0X0 + Ao1x%1 ++ +  Ἔ Cont, = 0. 


At least one of these coefficients ao; is different from zero. 
Conversely, if we have any equation of the foregoing form, with 
at least one coefficient different from zero, then there exists a 
transformation of the named type by which the PG(k — 1, p”) 
defined by the equation xo = 0 is transformed into the given 
equation. Therefore every equation of the named form defines 
a PG(k — 1, p”) contained in the given PG(k, p”). Furthermore, 
every PG(k — 1, p”) contained in the given PG(k, p”) consists of 
points (xo, %1, -- -, %,) whose co-ordinates satisfy an equation of 


een Boxo + βιχι +--+ + Bex, = 0; 
for (ὃ 82) such a PG(k — 1, p%) consists of a set of points of the 


form 

k—1 k—-1 

(Σ μιβιον * °°» > uss) 

ἥτε #=0 
where the points (μιο, ---, Mi) (ἦΞξ 0, 1, ---,R—1) area set of 
base points for defining the given PG(k — 1, p”), and for every 
such set of points the coefficients 6 exist such that these points 
are just the points (xo, x1, - " -, X,) whose co-ordinates satisfy the 
last foregoing equation. From these considerations it follows 
that a transformation of the named type exists by which any 
given PG(k — 1, p”) contained in the PG(k, p”) may be trans- 
formed into any other such PG(k—1, p*). Therefore all the 
EG(k, p”) contained in PG(k, p”) have the same structure. 

85. The Principle of Duality. In the postulates in § 81 the 
terms point and line are undefined. Therefore we may give 
these names to any entities having the properties assigned to 
point and line in the postulates. We shall establish the property 
of duality by showing that certain other entities in the PG(k, p”) 
have the properties of points and lines respectively. To prevent 
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confusion we shall temporarily use the terms punct and rect for 
the entities having the properties of point and line respectively. 
During the argument we shall suppose that k> 1. 

A (k—1)-space in PG(k, p”) we shall call a punct; and a 
(k — 2)-space we shall call a rect. We shall now show that two 
given puncts have one and only one rect in common. Let 
(Mio, Mit ++ *, Mix) (@=1, 2,-- -, k) be aset of k points in PG(R, p”*) 
which are not on the same (k — 2)-space. They may be used as 
the base points by means of which to define a (k — 1)-space, or 
a punct, as in § 82. Let a second punct be defined by the set 
(Vi0, Vit °° +, Vik) (2 = 1, 2, - - -, k) of & base points which are not 
on the same (Κ — 2)-space. Then the points contained in these 
two puncts are 


k k k k 
(> μιμιὸν © * "s Σ ust) and (> ViVidy 5» > vive) 
i=1 i=l i=1 i=1 


respectively, where the μ;, and likewise the v,;, run over the 
marks of the GF[p”] except that neither all the μι nor all the »; 
can be simultaneously zero. 

Let us consider the system of equations 


k 
Σάμου (G=1,2,--+2) 
j=0 


in the unknown quantities ao, αι, ---, @. Since the & points of 
the first system of base points do not lie on a (k — 2)-space, it 
follows that the matrix 


Mio Mil 5) Pik 
Meo M21 5 Pak 
Mero Mkt 55 = Mkk 


is of rank k. Hence the foregoing system of equations has a 
solution for the a’s which is unique except for a factor of pro- 
portionality belonging to the GF[p”]. Thence it follows that the 
points of the first punct are precisely the points (Xo, 1, - ++, Xx) 
for which the equation 


QoXo + 1X1 ++ +> + ax, =O 
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is Satisfied. We may therefore denote this punct uniquely by 
the ‘Shomogeneous co-ordinates” [do, a1, ---,@,]. Likewise there 
exists an equation 


Coxo + C1%1 +++ > + χε Ξε 


whose solutions (Χο, x1, - - -, x.) afford precisely the points of the 
second punct, whence we denote the second punct by [co, ¢1, 
---+, 0]. Then the common solutions of these two equations 
define precisely the points which are common to the two given 
puncts. Since the two given puncts are different (by hypothe- 
sis), it follows that the matrix 


ao Q eee ak 
Co Ci eve Cx 


is of rank two. Hence the common solutions of the two equa- 
tions can be expressed linearly and homogeneously in terms of 
k — 1 suitably determined solutions, and the k — 1 points de- 
fined by these particular solutions do not all lie on the same 
(k — 3)-space. Therefore the solutions define a (k — 2)-space, 
or a rect. Hence the two puncts have one and only one rect in 
common. 

We shall say that the puncts which may be used in thus de- 
termining a given rect are the puncts on that rect; and we 
shall say also that the rect contains these puncts. . 

Putting punct and rect for point and line, respectively, in 
the postulates of § 81, we see that the results just proved indi- 
cate that Postulates I and II in their new form are satisfied. 

In order to show that Postulate III in the new form is 
satisfied, let us consider three puncts A, B, C with the respective 
defining equations 


AX + 1X1 +--+ + a,x, =O, 

boxo + b1x%1 +---+ dpx, = 0, 

Coxo + 1X1 +--+ + cnx, = 0, 
no one of these puncts being on the rect common to the other 
two. Let / be a rect such that one of the puncts D on / is also 


on the rect AB which is common to A and B and such that one 
of the puncts E on / is also on the rect BC, while J does not con- 
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tain A or Bor C. There exist nonzero marks d; and dz of the 
GF[p”] such that the equation 


(άταρ + dbo) x0 ++ ++ + (diay + deb,)x, = 0 


is the defining equation for the punct D. Likewise nonzero 
marks e; and ée exist in the GF[p”] such that the equation 


(€1bo + €2€0)x0 +--+ + (10% + C2€x) x, = 0 


is the defining equation for the punct E. The puncts on the rect 
DE, this being the rect /, have defining equations of the form 


(α(άχαρ + d2bo) + B(e1b0 + e2¢0)}x0 +--+: =O, 


where α and β are marks of the GF[p”]. Now nonzero marks ἃ 
and 6 exist such that ad2+ Be: =0. For these values of a and 
β the last named punct ison CA. This is the punct F called for 
in the new form of Postulate III. Hence that postulate is 
satisfied. 

Now the rect which contains the two given puncts [ao, αἱ, 
-++, ax] and [Bo, Bi, ---, 8] consists of the puncts [Aao + μβο, 
-+ +, Xa μβμ], where ἃ and uw run independently over the marks 
of the GF[p”] except that they cannot be simultaneously zero. 
It is this fact on which the proof in the preceding paragraph 
rests: and that proof is evidently abstractly the same as a 
corresponding proof given in § 82. 

That the new forms of the Postulates IV; and V; are satisfied 
may now be proved by means of an argument which is ab- 
stractly the same as that employed in a corresponding proof in 
§ 82. This proof will not be given. 

Furthermore, we have incidentally given an analytical rep- 
resentation of puncts and rects which is in all abstract respects 
the same as that which we gave for points and lines in § 82. 

From these considerations it follows that the puncts and 
rects of a PG(k, p”) may be employed in place of points and 
lines in setting up a new representation of the same abstract 
PG(k, p”). 

Now a 0-space (or punct) in the new sense is a (Κ — 1)-space 
in the old sense, and a 1-space (or rect) in the new sense is a 
(k — 2)-space in the old sense. More generally, we shall show 
that an /-space in the new sense is a (k — ἰ — 1)-space in the old 
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sense. For an /-space in the new sense consists of the points 
(Χο, X1, °° *, Xx) Whose co-ordinates satisfy 7+ 1 aa aaa 
equations of the form 


Σ cue; = 0; ((=1,2,--+,J+1) 
j=0 


and these equations have k — / independent solutions in terms 
of which all their solutions may be expressed linearly and homo- 
geneously, whence it follows that these equations define a 
(k —1—1)-space of points in the old sense. 

From these considerations it follows that every theorem re- 
lating to PG(k, p”) may be translated into a new theorem 
relating to PG(k, p”) by replacing O-space by (k — 1)-space, 
1-space by (k — 2)-space, and, in general, /-space by (k — / — 1)- 
space for every value of J less than k. This is the principle of 
duality. We have established this principle for R> 1; it ob- 
viously holds (in a trivial way) when k = 1. 

Since the PG(k, p”) may be represented by means of a 
geometric set of subgroups of the Abelian group G of order 
p“+ and type (1, 1,---, 1), we see that any theorem concern- 
ing the geometric set of subgroups of G may be translated into 
a new theorem by means of the principle of duality. 

The new theorem obtained in either of these cases is called 
the dual of the original theorem. It is clear that the original 
theorem is then the dual of the new theorem. In case the dual 
of a theorem is that theorem itself, the theorem is said to be 
self-dual. In all other cases the truth of one of the theorems 
implies the truth of the other without further argument, so 
that the principle of duality gives rise to economy of thought. - 
It also exhibits clearly certain aspects of beauty which might 
not be realized without its aid. 

86. Finite Geometries Contained within Finite Geometries. Let 
us consider the finite projective geometry PG(k, p”), where 
n> 1. Let v be any proper divisor of ” (including the possi- 
bility that v shall be unity). Then the GF[p”] contains a sub- 
field GF[p’], as we saw in ὃ 65. Let us consider the set of points 


(po, Pl," °°, pk) 
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in PG(k, p”), where the p; run independently over the p’ marks 
of the GF[p’] except that they shall not be simultaneously 
zero. This set of points constitutes a finite projective geom- 
etry PG(k, p’), and this geometry is contained within the 
PG(k, p”) as a subgeometry. Therefore, when > 1 the 
PG(k, p”) always contains one or more subgeometries PG(k, p’), 
one for each proper divisor v of n. 

Let us consider as an illustrative example the PG(2, 2?) 
based on the GF[2?] defined by means of the function x? + x + 1. 
The marks of the GF[2?] may be denoted by 0, 1, w, wi, where 
Ww, =aw+1. Then we have the following relations: 


l+tw=a,, ltw=wo, wto=l, l+wt+ao;=)0, 
WW = Wy, W101=W, ww; = 1. 


The points of PG(2, 2?) are 21 in number, since 1 + 2? + 24 = 21. 
They will be denoted by letters in accordance with the follow- 
ing scheme: 


(001) (010) (11) (Olw) (Olw:) (100) (101) 
A B ς D E F G 


(10w) (10w,) (110) (111) (1lw)  (11e,) (10) 
H I K L M N 


" 
(11) (lww) (ἰωὼ}) (ἴω 0) (1ω1 1) (Ἰὼ) (Τωχω!) 
O P Q R S T U 


The 21 lines are those given in the following scheme, the letters 
in a given column denoting a line: 

AAAAABBBBCCCCDDdDOVDEE EE 
BF J NRFGHIFGHIFG#HIFGHiI 
CGKOS J KLMKIJMLLILMJKMLK 7 
DHLPTNOPQPQNOQ PONOWN®QP 
EI MQURS TUUTS RS RUTTURS 


The points A, B, C, F, G, J, K, in the junction into lines defined 
by this scheme, constitute the PG(2, 2) of 7 points whose lines 


336 Groups of Finite Order 


are denoted by the columns in the following scheme : 


A B F C J Κα G 
BF C J KG A 
C J K GAB FEF 


This is a subgeometry PG(2, 2) contained within the given 
PG(2, 27). 
EXERCISES 


1. Show directly from the postulates in § 81 that a two-dimensional 
finite projective geometry having just three points on a line consists 
of a set of seven points which may be labeled A, B, C, D, E, F, G in 
such a way that the lines of the geometry are the sets of three each 
in the columns of the following scheme: 


A BC DE F G 
BCDEFG4€A 
DEF GABC 


Show that the largest permutation group on A, B, C, D, E, F, G each 
element of which transforms this geometry into itself in the sense 
that points are replaced by points and lines are replaced by lines is 
the doubly transitive group {(ABCDEFG), (BD)(EF)} of degree 7 and 
order 168. Denoting the lines of this geometry, in the order in which 
they appear in the foregoing scheme, by a, ὃ, c, d, e, f, g, set up the 
dual form of the geometry; find the group ona, ὃ, c, d, e f, ginduced by 
the group {(ABCDEFG), (BD)(EF)} and examine the relation between 
these groups. Are the two groups conjugate as well as isomorphic ἢ 


2. Treat similarly the two-dimensional finite projective geometries 
having (a) just four points on a line, (δ) just five points on a line. 


3. Determine the 12 lines of 3 points each belonging to the EG(2, 3) 
of 9 points. Determine the largest permutation group on these nine 
points each element of which transforms this EG(2, 3) into itself. 


4, Denote the 15 points of the PG(3, 2) by the symbols A, B, C, 
-++, O, as follows: 


(0001) (0010) (0011) (0100) (0101) (0110) (0111) (1000) 
A B Cc D E F G H 


(1001) (1010) (1011) (1100) (1101) (1110) (1111) 
I J K L M N oO 
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Determine the 15 planes of 7 points each contained in this PG(3, 2); 
and then determine its 35 lines by means of the intersections of its 
planes in pairs. 


5. Show that the largest permutation group on the 15 points of the 
PG(8, 2), each element of which transforms this geometry into itself, 
is a doubly transitive group of degree 15 and order 15-14-12-8. 


6. Note that the points H, J, J, K, L, M, N, O in Ex. 4 constitute 
an EG(3, 2) of 8 points. Find the largest subgroup of the doubly 
transitive group named in Ex.5 which subgroup has the property 
that its elements permute among themselves the points of the named 
_ EG(3, 2). Show that this subgroup permutes the points of the EG(8, 2) 
according to a triply transitive group of degree 8 and order ὃ. 7.6. 4. 


7. Show that the doubly transitive group of degree 15 named in 
Ex. 5 can be represented as simply isomorphic with a transitive group 
on the 35 lines of the PG(3, 2). 

8. By aid of the principle of duality in the finite geometries show 
that an Abelian group of order p” and type (1, 1, ---, 1) has just as 
many subgroups of index p’, 0 < 1 < m, as it has subgroups of order p’. 

9. Arrange the 35 lines of the PG(3, 2) (see Ex. 4) in seven sets 
of five each so that each point appears once and just once in each set 
of five lines. 


10. Show how 15 girls may go walking in five sets of three each on 
each of seven consecutive days so that any whatever given two of the 
girls shall be together in a set of three on one and just one of the 
seven days. 

11. Show that successive powers of the permutation (%ox1%z - - - X12) 
change the set xo, x1, x3, X9 into 13 distinct sets defining the lines of 
the PG(2, 3) whose points are Xo, Χι, X2, °°, X12. 

12. Show that successive powers of the permutation (xox1%2 - - - X20) 
change the set x1, %5, 11, X24, X25, X27 into 31 distinct sets defining the 
lines of the PG(2, 5) whose points are Xo, X1, X2, ° + *, X30. 


87. Interrelations of Finite Geometries and Abelian Groups. 
We begin this section with a proof of the following theorem: 
THE THEOREM OF DESARGUES. Let ABC and abc 
be two triangles in the same plane in a PG(k, p”) and 
let them be perspective from a point O so that O, A, a 
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are collinear, 0, B, ὃ are collinear, and O, C, ¢ are 
collinear. Let y be the point of intersection of AB 
and ab, β that of AC and ac, and a that of BC and 
bc. Then the points a, 8, y are collinear. 


An analytical proof of the theorem may be readily developed 
by means of the analytical geometry of the PG(k, p”) exhibited in 
the preceding pages. But we prefer to give a geometric proof. 

Let Ai, Ao, A3, As, As be a set of five points in PG(k, p”) 
(k = 3) no four of which lie on the same plane. Then these 
points define 10 lines 4,4; and 10 planes A;A;A,. Let us take 
a plane section of this configuration of points and lines in such 
a way that the section contains no one of the points A;. If 7 
denotes the cutting plane, then π is pierced in 10 points by the 
10 lines A;A;; it is also cut in 10 lines by the planes A;A;Ax. 
We may suppose the figure so made that the points 43, 44, As 
project from A; into the points A, B, C, respectively, and from 
Az into the points a, ὁ, c, respectively, of the theorem, while 
the line 41.459. pierces 7 in the point Ὁ. Then the points a, β, y 
of the theorem are on the line in which the plane A3A4A5 cuts 
the plane 7. From these considerations the truth of the theorem 
follows. 

Let us translate this result into a theorem concerning the 
Abelian group G of order p@+!)” and type (1, 1,---, 1), viewed 
as in § 88 in the light afforded by the geometry PG(k, p”), it 
being assumed now that &> 1. 

Let A, B, C be three subgroups of a geometric set of sub- 
groups of G such that no one of them is in the group generated 
by the other two. We select other subgroups of the geometric 
set as follows, each of them to be in the group {A, B, C}: Ο 18 
any such subgroup which is not contained in any one of the 
subgroups {A, B}, {B, ΟἹ, {C, A}; a, ὃ, c are such subgroups 
different from O, A, B, C and contained, respectively, in the 
groups {0, A}, {0, B}, {0, C}. Let y, a, B be the subgroups of 
the geometric set of subgroups common to the respective pairs 
of groups 


{A, B}, {a, δ); {B, ΟἹ, {b,c}; {C, A}, {c, a}. 
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Then each of the subgroups a, B, y is in the subgroup generated 
by the other two. 

The generalizations of the theorem of Desargues to higher 
dimensions yield likewise interesting theorems concerning Abel- 
ian groups. As phrased abstractly, the theorems seem to be 
rather complicated; but in their geometric formulation they 
are easily comprehended and retained in mind. 

As affording another illustration of this method of translat- 
ing geometric theorems into theorems about Abelian groups, 
let us consider the following which gives rise to the configura- 
tion of Pappus (Veblen and Young, Projective Geometry, Vol. I, 
p. 98): If A, B, C are any three distinct points of a line /, and 
A’, B’, C’ are any three additional distinct points on another 
line /’ meeting / in O, then the three points y, a, 8 of intersec- 
tions of the respective pairs of line 

AB’, A’B; BC’, ΒΟ; CA’, CA 
are collinear. 

We shall not give a proof of this geometric theorem but shall 
content ourselves with translating it into a theorem concerning 
the group G. 

Let O, A, A’ be three subgroups of a geometric set of sub- 
groups of G such that no one of them is in the group generated 
by the other two. Let B and C be two additional subgroups 
contained in the group {0, A} and belonging to the geometric 
set, and let B’ and C’ be two additional such subgroups con- 
tained in the group {0, A’}, these groups being existent when 
and only when p” > 2and k> 1. Let y, a, 8 be the subgroups 
of the geometric set which are common to the respective pairs 
of groups 


{A, B’}, {A’, B}; {B, ΟἽ, {B’, C}; {C, A’}, {C’, A}. 


Then each of the subgroups a, β, y is in the subgroup generated 
by the other two. 
The analysis and development of projective geometry given 
by O. Veblen and J. W. Young (Projective Geometry, Vol. I, 
~ 1910; Vol. II, 1918) afford a convenient means of ascertaining 
what geometries have direct applications to the theory of 
Abelian groups by means of the representations of finite geome- 
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tries given in the foregoing pages. In Volume II (p. 36) of this 
work Veblen describes nine classes of geometries characterized 
by means of the assumptions which underlie them. Using capital 
letters to denote assumptions and employing the notation of 
Veblen and Young (see the index to Volume II under the word 
‘““assumption’’), we select for our purposes four of these geome- 
tries, as follows: A space satisfying assumptions 


A,E is a general projective space ; 

A, E,P is a proper projective space ; 

A,E,H isa modular projective space; 

A, E, H, Q is a rational modular projective space. 


It is easy to verify that the assumptions involved in these 
four geometries are all valid in the case of the geometry PG(k, p”), 
except that Q is valid when and only when x= 1. Since the 
points of this geometry have been represented by certain sub- 
groups of the Abelian group G (see § 83), it follows that every 
theorem in any one of the four geometries named is capable of 
immediate translation into a theorem concerning the given 
Abelian group. In many cases a given theorem is capable of 
being so translated in a variety of ways, there being at least one 
such translation for every factorization of the number (k + 1)n 
into a product of two factors k + 1 and m such that k and v are 
positive integers. 

Each of the four geometries may be divided into two parts. 
Inf’ one part we have the assumption Ho, namely: 

Ho. The diagonal points of a complete quadrangle are non- 
collinear. 

In the other we have the assumption that these diagonal 
points are collinear. The consequences of this latter assumption 
are not developed in detail by Veblen and Young, but many of 
the theorems given as dependent on A, E, P, Ho (so far as the 
given proofs go) are provable without the use of Ho (compare 
Vol. I, Ὁ. 261, exercise). We shall presently show that Ho is valid 
in PG(k, p”) when and only when the prime 9 is different from 2. 

Now in Volume I of the work named no assumptions are used 
except those which are valid for PG(k, p”). Hence every 
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theorem in Volume I may be translated, in the way indicated, 
into a theorem about Abelian groups. The same remarks may 
be made about certain parts of Volume II, and in particular 
about Chapter III and the first part of Chapter IV. It is thus 
apparent that the representation of the PG(k, p”) by means of 
Abelian groups carries at once a large part of the results of pro- 
jective geometry into the domain of Abelian groups and that 
they there become theorems about Abelian groups. Thus by a 
single act of thought a significant extension is given to the 
theory of Abelian groups and a method 1s made apparent by 
which the theory may be further developed. Conversely, a cer- 
tain part of the theory of Abelian groups can be translated into 
corresponding results in the finite geometries. 

In the finite projective geometries PG(k, p”), as we have 
already said, an important distinction is to be made according 
as the prime p is equal to 2 or is odd. This distinction will be- 
come apparent from an examination of the diagonal points of a 
complete quadrangle, that is, the figure formed by the six lines 
A:A; defined by means of four points Ai, 42, 43, As on the same 
plane but with no three on the same line. Anticipating The- 
orem I in § 92, we see that we may without loss of generality 
take k to be 2 and choose for the points A the following: 


Aj, (100); 42, (010); 45, (001); As, (111). 


The three diagonal points of the quadrangle are then the inter- 
sections of the following pairs of lines: 


A,A2, A3A4; A1A3, 4244; A1A4, A2A3. 


Hence they are the points (110), (101), (011). These are col- 
linear when and only when p = 2. Therefore, the diagonal points 
of a complete quadrangle in PG(k, p”) are collinear when and only 
when p = 2. Thus an important and simple geometric fact sharply 
distinguishes between two cases of these finite geometries, 
This difference in the geometries according as p 15 odd or even 
is reflected in an important way in the theory of Abelian groups 
of order p” and type (1, 1, ---, 1). Early in the development 
of the theory of these groups it became apparent that their 
properties differ according as p is 2 or is an odd prime. From 
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the geometric interpretation of these groups and the facts 
just adduced, the fundamental basis for this difference is ap- 
parent. Hence, in investigating these groups, one sees precisely 
from what place to begin for developing those features of the 
theory which depend on the odd or even character of p. 

For the case of the Abelian group G, with the geometry 
PG(k, p”) constructed from it in ὃ 83, the distinguishing differ- 
ence of the two cases may be stated in group-theory language 
as follows (it being assumed now that k> 1): Let A, B, C, D 
be four subgroups of a geometric set of subgroups of G such 
that no one of them is contained in the group generated by 
another two, while D is contained in the group {A, B, C}. Let 
E be the (unique) subgroup of the geometric set common to 
the groups {A, B} and {C, D}, F that common to the groups 
{A, C} and {B, D}, and G that common to the groups {A, D} 
and {B, C}. Then each of the subgroups EZ, F, G is in the group 
generated by the other two when and only when p = 2. 

A large part of the theory of the geometry PG(k, p”), as we 
have seen, may be developed independently of any hypothesis 
as to the collinearity or noncollinearity of the diagonal points 
of a complete quadrangle. These theorems will give rise to 
corresponding theorems about Abelian groups of order p” and 
type (1, 1,---, 1) which are independent of the odd or even 
character of p. 

88. Some Generalizations. Let us now consider more gen- 
erally an Abelian group A whose order is a power of a prime p 
and whose type is (71, 722, - - -, Ma4%+1)n). Let us denote a set 
of independent generators of A by 


Qo1, Ao2, G03, * * *» Bony 
G11, @12, G13, °* *, Ain, 
Aki, ακῶ, Ak3,° "5, Akny 


these being chosen so that a;; is of period p”’"+7. Then every 
element of A may be represented uniquely in the form 


k 
581 δὲ δὲ 
t1 42 in 
[aj ag? ++ ain’ 
i=0. 
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where the exponent δὼ; is a number of the set 0, 1, 2,--., 
prin +3 1. 
Consider the following subset of these elements, namely, 


k . σι, 
Lait af «afi 

where each o runs over the set 0, 1, 2,---,—1, or, more 
generally, the exponent o,; runs over the set /p*‘i for 1] = 0, 1, 2, 
---,p—1, the fixed integer a;; being non-negative and less 
than m;,,;. An element of this sort, for the fixed set of ex- 
ee σῃ = ἰῳῥρ'υ, 

the a,;; and the a;; having been chosen once for all, may be 
uniquely represented by the symbol 


{Ho, Μιν 5» Me}, 
_ where pu; (¢=0, 1, 2,---, Δ) denotes that mark of the GF[p"] 
which may be written in the form 
μὲ = Tia + bow + ἰὼ + °° + + linw™}, 

w being a fixed primitive mark of the field. 

Now let wo, μι», -:-, μκ be a fixed set of +1 marks of the 
GF[p”], at least one of them being different from zero; and 
consider the set of elements 


ΐμμο, Mia, " " "» MME}; 

where μὶ is a variable running over the }5 — 1 nonzero marks 
of the field. These elements generate a certain subgroup of A 
which we denote by the symbol (jo, 41,---, με). The same 
subgroup is denoted by the symbol (σμο, om1,---, ux), 
where σ is any nonzero mark of the field. The total set of such 
subgroups we shall call a geometric set of subgroups of A. 

The subgroups each of which is denoted by a symbol of the 
type (Mo, μι, " °°, Mx) will be taken as the points of the geom- 
etry we are constructing. The point corresponding to the 
subgroup (uo, M1,°:°, Me) Will be denoted by the symbol 
(Mo, μι, * °°; Mk), and Mo, μι, "9 Mk will be called the homo- 
geneous co-ordinates of the point. In the geometry thus con- 
structed the points are denoted by the same symbols as those 
employed in ὃ 82 in constructing the geometry PG(k, p”), and 
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the number system, namely’ the GF[p"], bears the same rela- 
tion to the geometry in the new case as in the old. Hence the 
two geometries are abstractly the same, provided we employ 
(as we shall agree to do) a definition of lines similar to that 
employed in § 82. That is to say, the geometry constructed in 
this section is but another concrete representation of the ab- 
stract geometry PG(k, p"). 

It follows that certain properties of the group A in the gen- 
eral case are identical with those for the special case when the 
type is (1, 1,---, 1); namely, those properties which may be 
expressed in terms of the points (and classes of points — lines, 
etc.) of the geometry PG(k, p”). For simplicity we shall deal 
with the special case when the group is of type (1, 1,---, 1); 
but the results will have the obvious extension indicated. 

89. Geometric Sets of Subgroups. In §§ 72 and 83 we have 
given an analytic method for determining geometric sets of 
subgroups of G. It is desirable to have such a set characterized 
by means of properties which are immediately group-theoretic 
in character. The subgroups of a given geometric set have the 
following properties, as we have already seen: 


I. Each of these subgroups is of order p”. 

II. No two of them have a common element ex- 
cept the identity. 

III. Any given element of G is contained in some 
subgroup of a geometric set. 

IV. If A, B, C are three subgroups of a geometric 
set such that no one of them is in the group generated 
by the other two, and if D is a subgroup of {A, B} 
and is different from A and B and belongs to the geo- 
metric set, and finally if E is a subgroup of the group 
{B, C} and is different from B and C and belongs to 
the geometric set, then the groups {C, A} and {D, E} 
have in common a group F which belongs to the 
geometric set. 
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Any set of subgroups of G which have these properties alone 
satisfy the postulates of § 81. They therefore afford a rep- 
resentation of a finite geometry. But Veblen and Bussey 
(as cited in ὃ 81) have shown that every finite projective 
k-dimensional geometry is a PG(k, p”), provided that k> 2. 
Hence one can introduce co-ordinates into this geometry by 
means of the GF[p”]. On doing this in the case of the given 
group-theoretic representation of the geometry, we may ex- 
hibit the geometric set of subgroups in the notation employed. 
in § 83. Therefore when k> 2 the properties I, II, III, IV 
furnish a complete group-theoretic characterization of a geo- 
metric set of subgroups. The conclusion will also hold for 
k=1 or 2 if we suppose that the geometric set of subgroups is 
so chosen that it may be taken as a part of the geometric set 
of subgroups in a group of order p*” and type (1, 1,---, 1) 
which contains the given group G for k= 1 or 2. 

90. Another Analytical Representation of PG (k, p"). Another 
analytical representation of PG(k,p”) may be obtained as 
follows. Denote the points of the geometry by the symbols (p), 
where p is a nonzero mark of the GF[p“*”] and where (p)= (ap) 
for every nonzero mark α of the included field GF[p"]. Since 
the symbols (p) are p+" — 1 in number, and since the factor 
a of proportionality has p* — 1 values, it follows readily that 
the number of points defined by the symbols (p) 15 


1Ἐρ" 55 Ὁ... +p. 


If (ρι) and (p2) are any two distinct points of the geometry, 
then a line of the geometry will by definition be the set of points 
(λιρι + Azp2), Where \; and dz are marks of the included field 
GF[p”] and are not simultaneously zero; then the number of 
points on a line is 1+ p*. Then one defines planes, 3-spaces, 
4-spaces, etc., inductively, as in § 81. Thus the points 
(μιρι + M2p2-+ M3p3) constitute a plane containing the non- 
collinear points (p1), (p2), (p3), provided that μι, με, μ8 run in- 
dependently over the marks of the included GF[p”] except that 
they shall not be simultaneously equal to zero. 

It is easy to show that the points and lines so defined lead to 
a finite projective geometry. That Postulates I, II, IV, V of 
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§ 81 are satisfied follows at once. That Postulate III is verified 
may be shown by a method in all respects similar to that em- 
ployed in ὃ 82. That this geometry is the PG(k, p”) follows from 
the fact that there is only one finite projective k-dimensional 
geometry when k > 2; or it may be shown directly that what 
we have here defined is equivalent to the more usual representa- 
tion of PG(k, p") by means of k+1 co-ordinates from the 
GF[p”]. 

Since we shall not further employ the present form of 
PG(k, p”) we shall not develop these results in detail. 

91. Configurations in PG(k, p"). By a tactical configuration of 
rank two is meant a combination of / elements into m sets, each 
set containing ἃ distinct elements and each element occurring 
in yw distinct sets; it is to be understood that order of sets and 
order within a set are both immaterial. For such a configura- 
tion we use the symbol 

| Ate 


It is obvious that Ju=md. A general development of the prop- 
erties of these configurations is reserved for Chapter XIV. A 
few of the configurations arising from the PG(k, p”) will be 
here indicated. 

The finite geometries PG(k, p”) (k> 1) furnish at once a cer- 
tain infinite class of these tactical configurations. The points 
of the geometry constitute the / elements, and the lines of the 
geometry constitute the m classes. Then we have a configura- 
tion with the symbol A;”", where / is the number of points in the 
geometry, m is the number of lines, ἃ is the number of points 
on a line, and μ is the number of lines on a point; whence it 
follows that we have 


f=1+p"+p?"+ soe pin, A\=1+ 9", p=l—p, m= lu/d. 


When k = 2 and p” = 2, 3, 4 we have configurations with the 
respective symbols A7'?, Δι ὦ» A.o3,. For k=3 and p"=2 
we have Δι δ᾽ 35. 

From the Euclidean geometry EG(k, p") (k> 1) we may 
readily construct other tactical configurations of rank two. Let 


an EG(k, p”) be formed from the PG(k, p”) by omitting a given 
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(k — 1)-space 5.... Each line of the EG(k, p”) will contain one 
point which is in the omitted S;,_1, leaving p” points on the line 
and in EG(k, pp"). Now let the p*" points of EG(k, p”) be the 
elements from which the tactical configuration is to be con- 
structed, and let the sets of points be made up by taking for a 
set the p” points of EG(k, p”) which lie on a given line, doing 
this for each line of the EG(k, p"). Thus we are led to a con- 
figuration Δι’, where 


l= p**, λ =p", B= 1 Ἔ᾽ +p?" Ὁ ΠΣ 9", 72 Ξε ἰμ{λ, 


For k= 2 and p” = 2, 3 we have the respective configurations 
Δὰν Ag’ 12° 

This configuration ra , belongs also to another infinite class 
of tactical ἀοππ δ νΑ τοῖς ‘of rank two. It consists of four things 
taken in pairs; since the number of pairs is six, it follows that 
all possible pairs appear. Now from 7 elements one can form 
4-n(n—1) pairs, each element occurring in n —1 pairs. This 
gives rise to a configuration with the symbol 


The last configuration may readily be generalized. From 
n given elements form all sets consisting each of a combination 
of & distinct elements, & being less than 7. This gives rise toa 
configuration A;”* with 


jag, ΕῚ m = MaDe 2) eed, 


(n—1)(n—2)---(n—k+1). 
= (k—1)! 


The first configuration of this section was obtained by group- 
ing the points of PG(k, p”) into the sets defined by the lines 
of the geometry. We may similarly group the points into the 
sets formed by the subspaces of a given number s of dimensions, 
where s is any positive integer less than k; and in each case 
we shall be led to a tactical configuration of rank two. The 
case when s = k — 1 is of particular interest, since the configu- 
ration then has a certain dual character owing to the dual 
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character of points and (k — 1)-spaces. This configuration has 
the symbol A;’* where 


i=m=1+p +p +--+ +p, 
A= pelt pr+ p27+--- + pe-Ya, 


In a similar manner configurations may be obtained from 
EG(k, p”). In particular the p*” points of EG(k, p”) fall p&-»" 
at a time on the (k — 1)-spaces of PG(k, p”) other than the one 
omitted in forming the EG(k, p”), thus giving rise to a configura- 
tion A,” where 


1= pi, N= per, w= 1+ pr+--.+ph-m™, 
7, τ p™ + p2"™ +... + per, 


In the case when p* = 2 and k >1 we have in EG(k, 2) 
the number 2* of points. Any three points in EG(k, 2) deter- 
mine a plane of EG(k, 2), and this plane contains just one 
additional point of EG(k, 2). Moreover, any three of the 
points in such a quadruple uniquely determines the quadruple 
itself. Hence the 2} points of EG(k, 2) may be taken in fours, 
in the way indicated, so that any given triple of these 2* points 
occurs in one and in just one of the named quadruples. Thus 
we have a tactical configuration Δ᾽ ’ where, as is easily shown, 
we have 


1-- 2, \=4, p= 4(2*—1)(2'-1-1), 
m τε ἃ. 2k-2(2k — 1)(2k-1 — 1), 


Thus for k = 2 we have just one quadruple — a trivial case. 
For k =3 we have 14 quadruples, containing each triple just 
once. For k = 4 we have 140 quadruples of 16 things. 

We have already determined certain dual configurations by 
means of the PG(k, p"). It is of interest to construct certain 
others from the special case of PG(2, p"). From PG(2, p”) omit 
a line and all the points on that line; also omit an additional 
point and all the lines on that point. Then we have left p2" — 1 
points and p?”—1 lines; there are p” retained points on 
a retained line and also p” retained lines on a retained point. | 
Considering the points as elements and the lines as sets of 
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elements, we are thus led to a configuration with the symbol ἡ 
Ais where 
= p**— I, A= p= p”. 


For p" = 2, 3 these configurations are A? 3, Δρ 8. The latter 


configuration may be exhibited explicitly by the evmbols 
136, 147, 158, 238, 245, 267, 357, 468, 


where the 8 digits are the elements and the triples are those 
indicated. 

Let us next consider the configuration obtained from PG(2, p”) 
by omitting all the points on a line and all the lines on one 
point of this line. There remain p2” points and p?” lines; each 
retained line contains p” of the retained points, and each re- 
tained point is on p” of the retained lines. Thus we have a 
A with ἰ τὸ 9! τ- p?", λεεμτ-»". For p"*=3 we have ἃ 
configuration Δρ᾿ 5 of considerable interest. 

Let us now consider the dual configuration formed from the 
PG(2, p*) in the following manner. We omit all the points 
on two lines, leaving p2" — p” points. We also omit all the 
lines on the common point of these first two lines and also all 
the lines on one other point of one of these lines. We have 
thus omitted two lines of points, these two lines having a 
common point, and also two bundles of lines, these two bundles 
having a common line. The omitted configuration is dual in 
character. Hence the points which remain form a set that 15 
dual in character. Grouping these remaining p?" — p” points 
in collinear sets on the retained lines, we have a dual coneu: 
ration APS 7 Where 


l=m=p'"—p", h\=u=p*—I, 


as one may readily verify. For p" = 4 this gives rise to an in- 
teresting configuration AS re formed from the PG(2, 27). Using 
the scheme of § 86 for this geometry, and omitting the lines 
BFJNR and AFGHI with their points and also the lines on 
A and F, we have a concrete representation of Age 12 in the form 


CLO, CQT, CMS, DKT, DMP, DOU, 
EPS, ELU, EKQ, MQU, KQS, LPT. 
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Let us next omit from PG(2, p”) three noncollinear points 
and all the points on the three lines determined by pairs of 
them, and also all the lines on each of these three points. There 
remain of the PG(2, p”) the same number of lines and of points, 
namely, (p” — 1)?; they fall into sets of p” — 2 each on p” — 2 
lines, thus giving a configuration Δ" a With /=m= (}" -- 1)?, 
A=u= p"—2. Special cases of this configuration have the 
symbols A?’ . and Δ ΜΕ 

This eonheuration may readily be generalized. Let P, de- 
note a polygon in PG(2, p”) whose vertices are Ai, Ao,---, A, 
and whose sides are 4142, 4243, A3A4,---, Ar_iAn ArA}. 
Omit all the points on these 7 lines and also all the lines on 
these 7 vertices. The number of omitted points [omitted lines] 
is rp”. Each of the retained lines holds p” ~7r-+-1 of the re- 
tained points, while each of the retained points is on the same 
number of retained lines. We suppose that 7 is such that 
pb” —7r-+1 is an integer s greater than unity and less than 
pb" — 1 (in order to avoid trivial cases). Then we have a dual 
configuration 


Arie = (s=p"-—74+1; l=m=sp"+1) 


Let us now consider the PG(2, 25) (n> 2). Let Q be any com- 
plete quadrangle in this plane. Since its diagonal points are 
collinear, it consists of seven points and seven lines. Omitting 
all the lines on these seven points and all the points on these 
seven lines, we have from the retained points and lines a Are 
for which one readily shows that 


[=m=2?"—6-2°+8, N=pw=2"—6. 


For n = 3 we have a AY oe 

Several of the configurations which we have obtained from 
PG(2, p”) are readily extended to the case of PG(k, p”) for 
k> 1. We shall now exhibit two of these generalizations. 

Let us omit from the PG(k, p”) (k > 1) one particular (Κ — 1)- 
dimensional subspace PG(k — 1, p”), together with all its points. 
There remains an EG(k, p”) containing p*" points. Omit one 
of these points and each of the (ὦ — 1)-dimensional subspaces 
PG(k — 1, p”) which contain this omitted point. The number 


Finite Geometries 351 


of (k — 1)-dimensional subspaces retained is then p**—1; in 
each of these we take only those points which are in the named 
EG(k, p”). By means of these subspaces we have thus grouped 
the p*” — 1 retained points into p*” — 1 sets, each set containing 
ρ΄ τῦὃπ points and each point appearing in p“~" sets. Thus 
we are led to a dual configuration Δι᾿ where 


l=m=p"—L. A= p= pV. 


In constructing another configuration A, let us omit from the 
PG(k, bp”) (k> 1) one particular (k — 1)-space PG(k —1, p”), 
together with its points, thus forming an EG(R, p”) of p*” points. 
Omit also all (& — 1)-spaces on a particular one of the points 
already omitted, retaining the remaining p*” (k — 1)-spaces. 
Each of these remaining (k — 1)-spaces has p“~? points of the 
EG(k, p”) on it, while each of these points is on p“—" such 
spaces. Thus we are led to a dual configuration A,’* where 


l=m= p*, A= pepo. 


Of particular interest are the cases p” = 2,k=3; p"=2,k=4; 
"=3,k=3: these lead to configurations with the respective 
symbols Att A®8 A %9 
8, 8? 16, 16? 27, 27° 


It is possible to construct various other dual configurations 
generalizing several of those here given. In particular, con- 
figurations may be constructed in which the elements are lines 
or other subspaces. But these seem to be of less interest than 
those already given. 

On pages 351-354 are numerous exercises concerning the 
groups characterized by the foregoing configurations. 


EXERCISES 


1. From the PG(3, 2) construct the Ae a described in the second 
paragraph of § 91 and determine the largest permutation group on 
its letters leaving it invariant. 


2. Construct a configuration of 7 triples and also a configuration of 
7 quadruples left invariant by the group {(doa1 - " " 46), (@1@204) (a3a6as)} 
and in each case determine the largest group leaving the configuration 
invariant. : 
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8. Treat the similar problem for a configuration of 13 quadruples 
left invariant by {(doa1 - - - @i2), (@1@3@9) (@246@5) (44012010) (@70ga11)}. 
Note that these permutations may be defined by the congruences 


Y’=t+1mod13, t=3tmod13 
on the subscripts. 


4. Solve the similar problem for configurations of 31 sextuples left 
invariant by the permutation group defined similarly by the con- 
gruences 


!=t+i1mod3l, t/=5tmod3l. 


5. The group {(σοαι -- - 410), (@1@4@5@943) (d2@ga19@7a8)} permutes 
the set ὧι, a3, G4, As, Ay into 11 sets, thus forming a tactical configura- 
tion a a Determine the largest permutation group on its symbols 
which leaves this configuration invariant. 


6. From PG(2, 3) construct the Ay 12 Gescribed in the third para- 
graph of §91 and determine the largest permutation group on its 
symbols which leaves the configuration invariant. 


7. Construct the groups determined by the configurations ΑἿΣ 
and a ig Of § 91. 


8. Construct from PG(2, 2?) the configuration Aus = of § 91 and 
the group characterized by it. 
9. Construct from the PG(2, 3) the configuration Δ: 9.9 of ὃ 91 and 
the group characterized by it. 
10. Construct from the PG(2, 2?) the configuration A 12 Of ὃ 91 
and the group characterized by it. 
11. Discuss the properties of the configuration A’, ,, of 891, where 
l=m= sp" +1. 
12. Form from the PG(3, 2) the configuration As’ ὁ described at the 
end of § 91, and construct the group characterized. bi it. 


MISCELLANEOUS EXERCISES 


1, In the PG(3, 3) determine the 16 points which lie on the quadric 
surface x? + y? + z2 + t2=0. Show that these fall seven at a time on 
16 planes, and construct the resulting configuration. Determine the 
largest permutation group on these 16 points each element of which 
leaves this configuration invariant, and discuss its properties. 
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2. The set ABCEHLQW is permuted into 29 sets of eight symbols 
each by the cyclic permutation (ABC --- XYZaBy) of order 29. 
Show that the resulting configuration characterizes a group of 
order 29. 


3. In the PG(2, 2?) let the point (001) be denoted by A, and choose 
the notation for points so that the transformation 


x’=y, y=owxtwytoz, 2’=x, 


where w is a primitive mark of the GF[2?], shall permute the points 
of the PG(2, 2?) according to the cyclic permutation (ABC --- STU). 
Show that ABGIS constitutes one line of this geometry and that the 
powers of the given permutation permute this line into the 21 lines 
of the geometry. Thence determine the largest permutation group on 
the points of the geometry whose elements permute among themselves 
the lines of the geometry. 


4. Form from 8 things a set of 14 quadruples such that any 
(whatever) triple of these 8 things appears in one and just one quad- 
ruple of the set, and show that the resulting configuration characterizes 
the triply transitive group of degree 8 and order 8-7-6. 4. 


5. Form from 16 things a set of 140 quadruples such that any 
(whatever) triple of these 16 things appears in one and just one quad- 
ruple of the set, and construct the permutation group characterized 
by the configuration. 


6. Form from 10 things a set of 30 quadruples such that any 
(whatever) triple of these 10 things appears in one and just one quad- 
ruple of the set and such that the group characterized by the configura- 
tion is the triply transitive group of degree 10 and order 10-9- 8-2. 
Determine how many distinct (that is, nonconjugate) systems of 
30 quadruples can be formed from 10 things so that each triple ap- 
pears in one and just one quadruple of each system. 


7. Show that in the GF[13] to which oo has been adjoined (as in 
§ 68) the general linear fractional group permutes the quadruple 
0, 1, 3, 9 into 182 quadruples such that each triple of the 14 marks 
is in just two quadruples. From these 182 quadruples select four sets 
of 13 quadruples each so that each set shall form the geometry 
PG(2, 3), the quadruples being the lines of the geometry. 


8. For the GF{31] formulate and solve a problem similar to that 
in Ex. 7 for the GF[13]. 
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9. From 32 symbols form a system of quadruples such that each 
triple occurs in one and just one quadruple of the system. 


10. Exhibit in detail the analytical representation of the geometries 
PG(2, 2) and PG(2, 3) by the method of ὃ 90. 


11. From the A "ἢ of Ex. 5 on page 352 form a set of 66 quintuples 
as follows: retain the 11 quintuples of the A? ae ; from every pair 
of quintuples in A " form a new quintuple by taking the two ele- 
ments common to this pair and the three elements not in either quin- 
tuple of the pair, thus obtaining the remaining 55 quintuples. 


12. Determine the group characterized by the 66 quintuples of 
Ex. 11 and by aid of it investigate the properties of the configuration 
formed by the 66 quintuples. In particular, show that each quadruple 
of the 11 symbols appears in one and just one of the quintuples. 


CHAPTER XII 


Collineation Groups in the Finite Geometries 


92. The Projective Group in PG(k, p"). We have seen (ὃ 73) 
that the totality of transformations of the form 


k 
A: px’; = Dd αὐζ)ν (ἢ Ξξ 0,1,2,...., k) 
j=0 


on the symbols (xo, x1, -- :, 1) constitutes a group P(k, p”), the 
coefficients ας; (in each case) being marks of the GF[p”] such 
that the determinant | a,;| is different from zero. If the symbols 
(xo, x1, °° +, Χε) are taken to represent the points of a PG(k, p”), 
then this P(k, p*) is a group of point transformations in the 
PG(k, p”). In ὃ 84 we saw that the PG(k, p”) is transformed into 
itself by each element of the linear group P(k, p”) in the sense 
that lines are transformed into lines. Therefore we shall call 
P(k, p) the projective group in the PG(k, p”). By ἃ projective 
transformation in PG(k, p”) we shall mean a transformation in 
the group P(k, p”). 
In § 73 we saw that the order of P(k, p”) is 


1 - : 
1 4 I (peta no p). 

Let us consider the particular ordered set S of k+ 2 points 
in PG(k, p”): 


Ss: (1, 0, 0,---, 0), (0, 1,0, - - .. θ0),.:0 
᾿ (0, 0,---, 0, 1), (1, 1,--:, 1) 

the last having all its co-ordinates equal to 1 and each of the 
others having a single co-ordinate 1 while the other co-ordinates 
355 
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are all zero. By a transformation of the form A the points of the 
set S are carried in order to the set T: 


(Choi, αι: " ""» ἀκ); (ἦ ΞΞ Ο, 1,---, R) 
(3 k k 
, Aj, 2, Aij,° °°; Ay; fe 


Now the set S consists of k + 2 points no k + 1 of which are on 

the same (k — 1)-space. We shall show that the coefficients αι; 

may be so chosen that the set T will coincide with any given set 

of k + 2 points no k + 1 of which are on the same (Κ — 1)-space. 
Let B, 


B: (Yois γὙι1:» ""“» Yui) (2 =0, 1,---, R) 


be any set of k+ 1 points in PG(k, p”). Any (k — 1)-space con- 
tained in PG(R, p”) is (δ 85) the locus of an equation of the form 


CoXo + Cixi +--+ + ¢,%, = 0, 


where the c; are constants not all equal to zero. If the given 
points B are on this (k — 1)-space, then we have 


CoYoi + Οιγι: τ "τ ΟχΎκι = Ὁ. (¢=0,1,---, 1) 


Since at least one of the c; must be different from zero, it follows 
that a necessary and sufficient condition that the given set B 
of k + 1 points shall be on a (k — 1)-space is that the determinant 
| yi; | of order & + 1 shall be zero. 

On applying this criterion to each of the #+ 2 sets of R+1 
points each contained in the k+ 2 points in the set 7, and re- 
membering that the determinant | ας; |ἰ5 different from zero, we 
see that no k+ 1 points of the set T are on the same (k — 1)- 
space. 

Let U, 


U: (σο:, Olin 55) σκι), a= 0, 1, aks k+ 1) 


be any ordered set of k + 2 points no k + 1 of which are on any 
(k — 1)-space. A necessary and sufficient condition that this 
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given set shall coincide in order with the set T is that nonzero 


marks po, pi, °° *, Px41 Shall exist such that 
PiPiui = Ali, (i, 1=0, 1,--->, ἢ [1] 
k 
P4191, καὶ = > ay: (J=0, 1,---, &) [2] 
j=0 


We are to show that coefficients ας in the transformation exist 
such that these relations are satisfied. Substituting in [2] the 
values of the ai; from [1], we have 


Pi σι τεσι, k+1- ([ =0, 1,...., k) 
j=0Pk+1 

Since the determinant | 0; | of this system of equations is dif- 
ferent from zero, owing to the nonincidence of k+ 1 of the 
points U on a (k—1)-space, it follows that these equations 
may be solved uniquely for p;/px41 (7 =0,1,---, %) in the 
usual form of quotients of determinants. Moreover, no one 
of these quantities can be zero, since no numerator determinant 
in these solutions is zero, owing to the properties of the points 
U. Taking p..1 to be any nonzero mark of the GF[p”], we 
have suitable values for the marks p;. Then if the αἱ; are de- 
termined by [1], we have the coefficients ἂς; for the transfor- 
mation, and they have the property that the determinant 
| ας} is different from zero. Moreover, the a,; are uniquely 
determined except for a single factor of proportionality. For 
these values of the a,; the set T coincides in order with the 
set U. 

From this it follows that the ordered set S can be carried 
by a transformation of P(k, p”) into any given ordered set of 
k+ 2 points no &+ 1 of which are on the same (Κ — 1)-space. 
Moreover, the transformation is completely determined by the 
set of points U into which the set S is carried. 

Now let 7; and Τῷ be any two ordered sets of k-+ 2 points 
each in PG(k, p”), each set having the property that no k+ 1 
points in the set are in the same (k—1)-space. Let Ri and 
Κῶ be the (unique) transformations in P(k, p”) which carry 
the set 5 in order into the sets Τὶ and 72 respectively. Then 
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the transformation R,—!Rz carries the ordered set Τὶ into the 
ordered set T2. Moreover, Ri~1R2 is the only transformation 
in P(k, p”) having this property; for if R carries the set Τὶ in 
order into the set 72, then RR2~! carries Τὶ into 5, so that 
RR2~! = R,—!, whence R = Ri~!Re. 

The principal results obtained may be summarized into the 
following theorem : 


I. The projective group P(k, p”) in PG(k, p"), 
consisting of the homogeneous transformations 


k 
px’; = > 75X55 (4 =0,1,--., k) 
j=0 


where the ας; are marks of the GF[p"], subject to the 
condition that the determinant |qa,,;| shall be differ- 
ent from zero, is a group of order 
1 : (k+1)n __ pin) 
a1 I (p p'*). 
If 7; and 72 are any two ordered sets of k + 2 points 
each in PG(k, p”), each set having the property that 
no k+1 points in it lie on a (k—1)-space, then 
P(k, p”) contains one and just one transformation 
which carries the set Τὶ in order into the set 72. In 
particular, a transformation of P(k, p”) is completely 
determined when the ordered set of points is given 
into which the ordered set 
(1, 0, 0,-- +, 0), (0, 1, 0,-++,0),-+>, 
(0, O,---,0, 1), (1,1,1,...,. 1) 
is carried. | 
93. The Collineation Group in PG(k, p”). We have seen that 
a projective transformation in PG(k, p”) transforms the lines 


of the geometry into its lines. Hence a projective transforma- 
tion is a collineation, in accordance with the following definition : 
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A collineation in PG(k, p”) is a point transformation in 
PG(k, p”) which has the property that it transforms the lines 
of PG(k, p”) into its lines. 

When nz > 1, the (nonprojective) transformation 


px = x7, (¢=0,1,---, R) 

iS also a collineation, as we shall now prove. It transforms the 
Pe (μμο + ννο, "τ τ Mx + Yr) 
of the line joining 

(Mo, Miy***> Mk) and (Yo, M1, + ""» Ve) 
into the points 

(MP μοῦ + VP YP, + -, MP MK? VP VK?) 5 
these are the same as the points 
(ρμοῦ + σνοῦ, ++, PM? + TV?) 
of the line joining the points 
(uo?, +++, Me?) and (0, - +, νεῖ), 


since \? ranges over all the marks of the GF[p”] when ἃ ranges 
over all these marks. Hence the special transformation given 
is a collineation. | 

The product of any two collineations is evidently a collinea- 
tion. If we combine the powers of the special transformation 
of the preceding paragraph with the transformations of P(R, p”), 
we get all transformations of the following form and no others: 


k 
ox's => Byxe", (¢=0,1,---,k3 T=0,1,---,n—-1) 
j=0 


where the §,;, are marks of the GF[p”] such that the determi- 
oa A., A, = | βὴὲ Ϊ, (1,7 = 0, 1, "ee ty k) 


is different from zero for each value 0, 1,---,2—1 of τ. 
Hence all these transformations are collineations. They con- 
stitute the group C(k, p*) introduced in ὃ 75. When z= 1 the 
groups C(k, p*) and P(k, p”) are obviously identical. 
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The group C(k, p”) 1s called the collineation group in the 
PG(k, p”) on account of the following theorem, which will now 
be proved :* 


II. Every collineation in the PG(k, p”) is in the 
group C(k, p”); and every element in this group is 
a collineation in the PG(k, p”). 


Let S be the ordered set of points 


(1, 0, 0, - - . 0), (0, 1, 0, - -+,0),- “ "5 
(0, 0, wt 0, 1), (1, 1, Σ᾽ 1). 


It is a set οἱ R+2 points no k+ 1 οὗ which are on a (Κ -- 1)- 
space. Any collineation V must replace this ordered set S by 
-some ordered set S, having the same property that no k+1 
of its points are on a (k— 1)-space. From Theorem 1 it fol- 
lows that a projective transformation U exists which also 
replaces the ordered set S by the ordered set S;. Then VU~1 
is a collineation T which leaves fixed each of the points of S. 

We are next to determine the collineations T having this 
property of leaving fixed each of the points S. We first carry 
out the demonstration for the case k= 2. Then the set 5 is 
the set 


S: (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 1). 


The intersection point of two lines each through fixed points 
of T is also a fixed point of T. By means of this fact it may 
be shown that the points (0, p, 1) of the line joining (0, 0, 1) 
and (0, 1, 0) are fixed, where p is an integral mark of the field. 
Denote the points of the line χὸ =0 by the nonhomogeneous 
co-ordinates 0,0, 1,---, where these symbols (except oo) are 
the marks of the GF[p"] and denote the ratios x:/x2. Then the 
points οὐ, 0, 1, 2,---,f—1 are fixed. From the quadrangle 
construction, and the fact that a collineation transforms a 
complete quadrangle into a complete quadrangle, it may be 
shown that if three points a, b, c of this line are so related that 


S: 


@atb=c or ab=c, 


*See Veblen, Trans. Amer. Math. Soc. 8 (1907), 366-368. 
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then the points, with co-ordinates φί(α), φ(δ), ¢(c) into which 
they are respectively transformed, are so related that 


(a) + (6) = o(c) or φί(α) φ(δ) = O(c). 
Hence the transformation of the points of this line is subject to 


the conditions (a) a o(b) ὑσὶ (a 4+ b), 
φί(α) - o(b) = $(@d), 
@(0) = 0, φ(1) ΞΞ1, (0) =o. 
If w is a primitive mark of the GF[p"], then every nonzero 
mark of the field may be written in the form w*. From the 
conditions on @ it follows then that 


b(w*) = [o(w) ¥. 
Hence if @(w) = w™, we have 
b(w*) = w™ = (δ). 
Since ¢(0) = 0, it follows from this that every mark of the field 
is transformed into its mth power. 

But for an integral mark p we have $(p) =p; therefore, 
since p = p™ for every integral mark p, we must have for the 
value of m a power p! of p. Then all the required conditions on 
φ are satisfied. 

Going back to homogeneous co-ordinates, we see that the 
resulting transformation 7, so far as it affects points on the 
line x) = 0, must be of the form 

xvo= χορ, = χιρῖ, x'2 = Xa?" 
When this transformation is applied to the whole plane, it in- 
duces a collineation in the plane, as we have already seen. 

Now the transformation T is completely determined by the 
named transformation on the line x» =0 and the fact that it 
leaves (1, 0, 0) and (1, 1, 1) fixed, as one may see from the fact 
that it completely determines the lines into which the lines 
through (1, 0, 0) and (1, 1, 1) are displaced. 

Among the transformations T is the transformation 


x'9 = χοῦ, 4/1 = 417, =X’ ng = χοῦ; 
all other transformations T are powers of this transformation ; 
and this itself is a collineation, as we have already seen. There- 
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fore all the collineations are generated by this particular one 
together with the projective transformations of the plane. 

This implies the theorem for the case k = 2. 

By means of the theorem for ἃ = 2 one readily establishes it 
for k = 3, by a process similar to the latter arguments for ὦ = 2. 
Then it is readily extended by induction to a general value of &. 

94. Subgroups of the Collineation Group. We are now in posi- 
tion to prove the following theorem concerning the collineation 
group in PG(k, p”) and certain of its subgroups: 

IIIf. (1) The collineation group C(k, p”) in 
PG(k, p”) is represented analytically by the homo- 
geneous transformations 


k 
(A) px’; = >) BsjX;", (2 = 0, 1,..., k;r=Q, 1,---,a—1) 
j=0 


where the βὲ;- are marks of the GF[p”] such that the 
determinant A,, BoorBoir - " - Boker 


ΜΕΝ Peet acs Bike ᾽ 
Bros Bers ae Bre 


is different from zero for each value of r. Its order is 
n times the order of its projective subgroup P(k, p”), 
or Co(k, p”), made up of those transformations of (A) 
in each of which τ = 0, and is therefore 
nm : 
aoe rl (est bs pi”). 
The group G is generated by Co and the collineation 
px’; = x,?. (¢=0,1,---, 1) 
The last element transforms Cp into itself. 

(2) If d is any proper divisor of n, then we have a 
subgroup Ci(k, p”) of C(k, p") (with Οἱ = C) gener- 
ated by Cy and the comeavion 

px'; = x,?%, m0, νι; ἢ 
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and Οἱ is of index din C. The transformations in C, 
are of the form of (A), with the restriction on 7 that 
it shall be confined to the multiples of d belonging to 
the sequence 0, 1, 2,---,n—1. 

(3) Those transformations in C,; whose determi- 
nants A, are (k + 1)th powers in the GF[p”] form a 
subgroup C,(k, p") of Cz of index μ, where μ is the 
greatest common divisor of k + 1 and p” — 1. 

(4) The projective group P(k, p”), considered as a 
permutation group on the points of PG(k, p”), 1s 
triply transitive when k = 1 and is doubly transitive 
when k> 1. The same property of transitivity be- 
longs to each of the previously named groups which 
contains P(k, p”) as a subgroup. 

(5) The group C,(k, p”) is doubly transitive when 
considered as a permutation group on the points of 
PG(k, p”). 

(6) Finally, in a special case, we have another sub- 
group of C defined as follows. Let k + 1 be a divisor 
of n, and let o be a fixed divisor of n/(k + 1). More- 
over, let k+ 1 be a factor of p> -- 1. Any multiple 
of σ in the set 0, 1, - - -, 2 — 1 can be written in just 
one way in the form {(k + 1)s + a} σ, where0O=ask 
and s is a non-negative integer. For every such mul- 
tiple of σ form the entire set of homogeneous trans- 
formations 


(B) px's = > Bijsaxj?t* meee (2 =0,1,---, k) 
j=0 


in which each determinant | 6:;. | of a transforma- 
tion (5 and α being fixed for a particular determinant) 
is equal to w* times a (k + 1)th power in the GF[p”], 
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w being a primitive mark of the GF[p"]. The totality 
of these transformations forms a subgroup H,(k, p”) 
of C(k, p") which is of index (k+1)e in C. More- 
over, H, 1s contained in C, and is of index k + 1 in 
C,. The group H, is generated by Co and the trans- 
formations of the form 


(C) px! δι: enti wiht ΌΣ ΕΣ (i ΒΨ 0, 1, sae: k) 


where fp +4+---+4=amod (k+1). When con- 
sidered as a permutation group on the points of 
PG(k, p"), the group H,(k, p”) is triply transitive 
when k = 1 and is doubly transitive when k > 1. 


The results in paragraph (1) of the theorem were proved in 
the preceding two sections. 

The proof of the statement in paragraph (2) of the theorem 
is almost immediate; it is therefore omitted. 

If two transformations in Cz have their determinants equal 
to (k+1)th powers in the GF[p"], then their product has its 
determinant equal to such a (k + 1)th power, as one may prove 
easily by combining these transformations and making use of 
the fact that the pth power of a determinant D whose elements 
are in the GF[p”] is equal to a determinant D whose elements 
are the pth powers of the corresponding elements of D. This 
proves the existence of the groups named in paragraph (3) of 
the theorem. 

That Co is of index wu in Co is proved in the following manner: 
By multiplying each coefficient in a given transformation of Co 
by ἃ (A+ 0) we obtain another form of the same transforma- 
tion; the determinant in the new form is \*+! times that in the 
original form; hence if \ = w? and if w* is the original value of 
the determinant, its new value is wete@tD = qatekt) +o(p™—1) | 
and this may be made equal to a number of the set 1, w, w?,---, 
w*~1, since integers p and o exist such that p(k + 1) + ¢(p” — 1) 
is any given multiple of the greatest common factor μ of k+1 
and ρ" — 1. We now suppose that each transformation in Co is 
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taken in such form that its determinant is one of the numbers 
1, ὦ, w2, ---, w'71. Then Co is evidently the subgroup of Co 
whose elements have their determinants equal to unity. Let 
T, and Τῷ be any two transformations in Co(k, p”) whose deter- 
minants have any given preassigned value w’ from the set 1, w, 
w?, ---, wl, Then ΤΩΤὶ 1 has the determinant unity and 
hence belongs to Co. Hence every transformation Τῷ with deter- 
minant w’ belongs to the set ΤΙ, and every transformation of 
this set is of determinant w*. Therefore the number of transforma- 
tions in Co(k, p”) having determinant w* 1s equal to the number 
having determinant unity. Hence Co is of index yu in Co. 

If dis any proper factor of n, then Co and the transformation 
px’; =x?" (τε, 1, ---, &) generate the group Cz; and the 
order of Cz is n/d times that of Co. It is readily proved that Co 
and the same transformation generate the group C, and that 
the order of Cz is n/d times that of Co. Since Co is of index yu in 
Co, it follows that Cy is of index yp in Cz. 

This completes the proof of the proposition in paragraph (3). 

The transitivity properties named in paragraph (4) of the 
_ theorem are immediate consequences of the fact that (§ 92, 
Theorem I) there exists in P(k, p”) a transformation which 
carries any ordered set of k + 2 points of PG(k, p”), no k+ 1 of 
which are in the same (k — 1)-space, into any like ordered set of 
k+ 2 points. 

To show that Cz is doubly transitive, in accordance with 
paragraph (5) of the theorem, we note first that the transforma- 
tion (A) carries the points (1, 0, 0, ---, 0) and (0, 1, 0,---, 0) 
into the points (Boor, Biors eas | βιοτ) and (βοι-» Bitz, emacs Braz) 
respectively. Call these the points C and D respectively. The 
transformation may be so chosen that C and D are any two 
assigned points of PG(k, p”). Since C and D are different points, 
there exist integers ἃ and yw such that the determinant 
ByorBuir — BrirB,0r iS different from zero. Suppose now that 
k>1. From the transformations (A), which carry the first- 
named points into C and D respectively, choose one as follows: 
take §,,,=0= §8,,, for s = 2, 3, ---, ἃ; choose the remaining 
8.;- for which 7 > 1 so as to give to the determinant A, any 
preassigned value different from zero. It is obvious that this 
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can be done. Hence the choice of the 6’s and 7 can be made so 
that the transformation (A) thus constructed belongs to the 
group Cz. Hence Cz is doubly transitive when k > 1. Suppose 
next that k= 1. We have to see that any two points (a0, a0) 
and (a1, a1) can be represented as (8o0;, Gior) and (Bo1r, Birr) 
respectively in such a way that Boo,G11- — 801,810, 15 a Square ; 
and this is obvious, as one sees by utilizing the factor of pro- 
portionality in the co-ordinates of the points. Hence the group 
Ca(k, pb”) is doubly transitive in all cases. | 

It remains to prove the statements in the last paragraph of 
the theorem. 

To show that the system of transformations named consti- 
tutes a group, consider two transformations of the named form, 
in one of which 5 and ἃ are replaced by s; and a; and in the 
other of which they are replaced by se and ae. A product of 
these two transformations may be written in the form 


k k 
(k+1)8ot+ae}o p{&+ ls, Ἑ αι}σ 
ρχ΄:ΞΞ > Bana Σ β;μιαιχρρὶ 2 2} } 

j=0 μξὸ 


for: =0,1,---,%. The determinant of this product transforma- 
tion may be written as a product of determinants in the form 


(k+1)8,+ 
| Bije,c, | ὲ | Bees | ρἱ “7 ae 


Now the exponent on the second determinant is congruent to 1 
modulo k + 1, since 2’ — 1 is divisible by k-+ 1. Hence the de- 
terminant of the last written transformation is of the form of 
a (k-+ 1)th power in the GF[p”] times | Bije,«, | - | Bijsoa, |. But 
these two determinants (by hypothesis) are equal to (k + 1)th 
powers in the GF[ p”] times w~ and w respectively. Hence the 
determinant of the product transformation is equal to such a 
(k + 1)th power times w+, From this and the fact that 7 is 
a multiple of (k + 1)σ it follows that the product transformation 
belongs to the set of transformations defined in the last para- 
graph of the theorem. That set therefore forms a group H.. It 
is obviously contained in C, and hence in C. 


R 

(kK-+1)s +a,so {(k+1) (81 +8) +a,;+ag}o 
: Bijs,a,(Biusyey)?* . i} ne 
0 
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It is obvious that a product of any given transformation (B) 
of H, and a suitably chosen transformation (C) is a transforma- 
tion belonging to Co. From this and the fact that every trans- 
formation (Ὁ) is in H, it follows readily that H, has the named 
generators. . 

The general transformation in C, has its determinant re- 
stricted to be different from 0, while a like transformation in H, 
has a further restriction that the value of its determinant shall 
be of a certain form relative to (ζ - 1)th powers, so that the 
possible values for the determinants of transformations in C, of 
given form are k+ 1 times as many in number as the possible 
values for the determinants of the corresponding transforma- 
tions in H,. From this it follows without difficulty that H, is of 
index k+1inC,. It is therefore of index (k+ 1)σ in C. 

It remains to establish the transitivity properties of the 
group H.(k, p"). For the case when k> 1 the same type of 
argument may be used as that by means of which the double 
transitivity of Cz; was established, and with the conclusion that 
H.(k, p”) is doubly transitive when k > 1. When k = 1 we may 
write ἢ = 2 ν, since 7 is then even. Then σ is a factor of ν and 
we have to show that H,(1, p?”) is triply transitive. In this case 
the transformation (B) carries the points (01), (10), (11) into 
the points 


(Boisar Bitea), (Boosa, Bi0sa), (Boose + Potsay Pi0sa + Bitsa) 


respectively, while at the same time the determinant 


βοοεαβι lsa ~ βιοεαβοιεα 


is equal to w* times a square in the GF[p?"]. Subject to this con- 
dition the 6’s can be chosen so that for an appropriate value of 
a the last ordered set of three points is any given ordered set of 
three points in PG(1, p?”). Hence H.(1, p?”’) is triply transitive. 

This completes the proof of the theorem. 

The transformation groups appearing in the foregoing 
theorem have been interpreted in it as permutation groups on 
the points of PG(k, p”). But these groups transform lines into 
lines; therefore they transform the m-spaces PG(m, p”) con- 
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tained in PG(k, p") among themselves for each value m of the 
set 0, 1, 2, ---, R—1. (Here we are taking k to be greater 
than unity.) Hence they may be interpreted as permutation © 
groups on symbols denoting the m-spaces for each particular 
value of m. | 

In particular, the (k—1)-spaces are transformed among 
themselves. The corresponding permutation group is of the 
same degree as that on the points of PG(k, p”), since the number 
of (k — 1)-spaces in PG(R, p”) 1s equal to the number of points 
in this k-space. In view of the principle of duality it is not 
difficult to show that these two permutation groups arising from 
C(k, p”) are identical as permutation groups; for every trans- 
formation (A) on the points of PG(k, p”) can be expressed in the 
form of a transformation of the same general type on the 
co-ordinates which represent in a dual way the (Κ — 1)-spaces 
PG(k—1, p”) in PG(k, p"). Moreover, the transformations 
(A) themselves set up a one-to-one correspondence among the 
elements of C(k, p”) when interpreted on the one hand as permu- 
tations on the points of PG(k, p”) and on the other hand as 
permutations on the (Κ — 1)-spaces in PG(k, p”). Furthermore, 
it may be seen that this correspondence is not the identical cor- 
respondence; for there are transformations leaving fixed the 
(k — 1)-space x, = 0 without leaving fixed any point of PG(k, p*). 
Detailed evidence of this fact will appear in the next section; it 
is involved in the fact that both the subspace x, =O and the 
corresponding Euclidean space EG(k, p”) may have all its points 
permuted among themselves by one and the same transforma- 
tion of C(k, p”). 

The results of the last paragraph may be generalized to the 
case of /-spaces and their duals the (ke —/—1)-spaces. Each 
of these sets of spaces is permuted by the transformations of 
C(k, p”), and the two permutation groups thus arising are 
identical as permutation groups. Again, the simple isomor- 
phism which is established between them is not the identical 
isomorphism, except in the special case of self-dual spaces. 
This may be seen by observing that a space of the one 
type may be held fixed while no space of the other type is 
held fixed. 
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Hence we have the following theorem : 


IV. The collineation group C(k, p”), when k > 1, 
transforms the (k —1)-spaces PG(k—1, p”) in 
PG(k, p") according to the same permutation group 
as that according to which it transforms the points 
of PG(k, p"); it sets up a simple isomorphism of 
this permutation group with itself which is different 
from the identical isomorphism. More generally it 
sets up a like correspondence between two identical 
permutation groups the letters of one of which are 
the symbols for the /-spaces of PG(k, p”) while the 
letters of the other are the symbols for the dual 
(k — 1 — 1)-spaces (except that the isomorphism may 
be identical in the case of self-dual spaces). These 
several permutation groups (of different degrees) are 
all simply isomorphic with C(k, p”) itself. 


It is obvious that similar results are valid for each of the 
subgroups of C(k, p”) described in Theorem III. Of particular 
interest is the corresponding theorem for the case of the pro- 
jective group P(k, p*). Thus Theorem IV becomes a new theo- 
rem of interest if throughout it we replace C(k, p") by P(k, p”) 
wherever the former occurs. 

For the case when k > 1 the lines of PG(k, p”) are per- 
muted among themselves by P(k, p”) or C(k, p”) according to 
a transitive group, since any k+ 2 points no k+ 1 of which 
are on a (k— 1)-space may be transformed into any such set 
of k+ 2 points by either of the named groups. If k > 2 the 
PG(k, p”) has pairs of intersecting lines and pairs which do 
not intersect: since a pair of one of these sorts cannot be 
transformed into a pair of the other sort, it follows that this 
permutation group on the lines of PG(k, p”) cannot be doubly 
transitive when k > 2. When k= 2 the lines are transformed 
according to the same permutation group as the points, the 
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latter being the duals of the former in this case. Hence the 
lines of PG(2, p”) are transformed among themselves according 
to a doubly transitive group by both C(2, p”) and P(2, p”) and 
in fact by their subgroup Co(2, p”). 

More generally, it may be shown in the same way that the 
m-spaces PG(m, p") in PG(k, p"), when m « k and k > 1, are 
permuted according to a transitive group by either P(k, p”) 
or C(k, p"). If O< m< $k, this group is simply transitive, 
since there exist two sorts of pairs of m-spaces, namely pairs 
in which the two spaces intersect and those in which they do 
not intersect, and a pair of one sort cannot be transformed 
into a pair of the other sort by either group in considera- 
tion. Thence by means of the principle of duality it is seen 
that this permutation group is also simply transitive when 
ak<m<k—1. We have to consider further the case when 
kis even and m=4k. Since this case has already been treated 
when k = 2, we shall now suppose that k > 2. Then for this 
case we have m= 2. It is clear, then, that there exist again 
two sorts of pairs of m-spaces, namely pairs in which the ele- 
ments have an (m— 1)-space in common and pairs in which 
the common elements constitute a space of fewer dimensions. 
Since a pair of one of these sorts cannot be transformed into 
a pair of the other sort by a collineation, we conclude in this 
case also that the permutation group on the m-spaces as sym- 
bols 15 simply transitive. 

Since Co(k, p”) is doubly transitive on the points of PG(k, p*), 
it follows that the lines of PG(k, p”) are permuted transitively 
by Co(k, p”). We shall show more generally that the m-spaces 
of PG(k, p”) are permuted transitively by Co. For this purpose 
it is sufficient to show that Co(k, p”) contains a transformation 
which replaces the m-space (0 < m < k) containing the points 
Po, Pi,---,; Pm by any given m-space S,,, P; being the point 
whose (2+ 1)th co-ordinate is unity and whose remaining co- 
ordinates are all zero. Now any transformation, of determinant 
unity, which is contained in P(k, p”) belongs to Co(k, p”). From 
the properties of transformation A in § 92, given there with 
reference to the transformation of the points S into the points 
T, it 15 easy to see that A may be so determined as to have 


Collineation Groups in the Finite Geometries 371 


the properties required here, since besides the coefficients in 
the transformation which are required to carry Po, Pi,---, Pm 
to a base set of points of S,, we have others which enable us 
to make the value of the determinant equal to unity. 

We shall now show that the permutation group induced in 
the m-spaces of PG(k, p”) by the group Co(k, p”) is primitive. 
Since the group is doubly transitive when m=O or k—1, we 
may confine ourselves to the case in which O<m< k—1. 
We assume that the group is imprimitive and show that we 
are thus led to a contradiction. Since the m-spaces in any 
given (m-+1)-space of PG(k, p”) are permuted among them- 
selves in a doubly transitive way by the subgroup which leaves 
this (m+ 1)-space invariant, it follows that the m-spaces in 
any given (m-+1)-space must all belong to the same set of 
imprimitivity, for otherwise two of them belonging to one 
system could be transformed to two of them taken from dif- 
ferent systems. Thence it follows that the set of imprimitivity 
to which any given m-space M belongs must contain all the 
m-spaces included in the totality of (m+ 1)-spaces each of 
which contains M. If m+1<&, fix attention on all the 
(m -+-1)-spaces containing M and lying in one and the same 
(m +. 2)-space, and also on all the (m+ 1)-spaces lying in this 
(m-+ 2)-space and containing any m-space already obtained 
by this process of construction. Since every two (m-+ 1)- 
spaces in this ΟἹ -Ἐ 2)-space contain an m-space in common, it 
follows that the named process brings into consideration all 
the (m-+1)-spaces in the given (m+ 2)-space. Hence every 
m-space in the (m-+ 2)-space belongs to the same set of im- 
primitivity as M itself. If m+2< k, one can prove in a 
similar manner that the set of imprimitivity containing M con- 
tains also all the m-spaces in a given (m- 3)-space containing 
the given (m-+ 2)-space; and so on. Hence the given set of 
imprimitivity contains all the m-spaces in PG(k, p”). Since 
this is impossible for a set of imprimitivity, we conclude that 
the permutation group in question is primitive. 

Since ὦ and ὧς contain Co, it follows that Cz and C,z both 
transform the m-spaces of PG(k, p”) according to a primitive 
group. 
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Therefore we have the following theorem : 


V. When k > 1 each of the groups C,(k, p") and 
Ci(k, p”) transforms the m-spaces of PG(k, p”) 
(m < k) according to a primitive permutation group ; 
this group is doubly transitive when m = 0 or k — 1, 
otherwise it is simply transitive. 


From Theorems IV and V and from the groups C,(k, p”) 
of Theorem II we have the following theorem as an obvious 
corollary : ? 


VI. There is no upper limit K to the possible num- 
ber of primitive groups (of varying degrees) in a set 
of primitive groups each group of which is simply 
isomorphic with each of the others in the set. For 
every integer L there exist integers 5 [f] such that the 
number of doubly transitive [triply transitive] groups 
of degree 5 [f] 1s greater than L. 


EXERCISES 


1. By aid of Theorem I in ὃ 92 show that P(k, p”) contains a sub- 
group which is simply isomorphic with the symmetric group of degree 
k+ 2. 

2. If G is any finite group and p” is any prime power, show that an 
integer & exists such that P(k, p”) contains a subgroup which is simply 
isomorphic with G. 


3. For every pair of positive integers L and k and for every prime p 
there exists an integer 5 of the form 1+ p"+ p2"°+---+ p*" such 
that a group G, of degree s exists which is doubly transitive and con- 
tains more than 1, doubly transitive subgroups of different orders and 
each of degree s. 

4, For every integer L and prime p there exists an integer 5 of the 
form 1+ p” such that a group G, exists which is triply transitive of 
degree s and contains more than L triply transitive subgroups of dif- 
ferent orders and each of degree s. 
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5. Prove that the set of transformations ¢’ = at + B, where a runs 
over the Ath powers in the GF[p”] and β over all the marks of the 
GF[p"], constitute a primitive permutation group on the marks of the 
GF[p”] if \ is a factor of p — 1. 


6. Show that the group C(3, 2) of degree 15 has a doubly transi- 
tive subgroup of index 8 and of degree 15. 


7. Using for the PG(3, 2) the symbols in Ex. 4 on page 336, show 
that the collineations which leave A, B, C individually fixed, together 
with the nonlinear transformation | 

Xo = Xo Ἢ Χιζοχβ, ζΧ'ι = 4X1, X2=X2, x3 = Xs, 
generate a group which permutes the 12 points D, E, F, - - -, O accord- 
ing to the symmetric group of degree 12. What group is generated 
by the given nonlinear transformation and the whole collineation 
group in PG(3, 2)? 

8. Let G be the largest subgroup of the projective group in PG(2, 
pb”) in which one point P and one line / through P are held fixed. Show 
that G may be represented as a permutation group of degree p?” on 
the points of PG(2, p*) which are not on /, and prove that its order is 
p?"(p" — 1)2. Determine the corresponding subgroup of the collinea- 
tion group in PG(2, p”). Observe that, when p” = 2, the group so 
obtained from the projective group is the octic group. 


9. Let G be an Abelian group of order p” and type (1, 1, ---, 1), 
and let A1, 42, ---, As be the totality of subgroups of order p in Ὁ, 
or, more generally, any geometric set of subgroups of G. Let K be 
any one-to-one correspondence of the groups A to the groups A such 
that for every pair of subgroups A; and A; and corresponding pair Ax, 
and A;, it is true that the group {Az, A) contains the correspondent 
of every group A contained in {A;, A;}. Prove that there exists an 
isomorphism of G with itself of such sort as to induce the correspond- 
ence K among the groups Ai, Az2,--:, As. How many such isomor- 
phisms are there? 


10. Suppose that the transformation Τ employed in the proof of 
Theorem II of § 93 is further restricted so that a point p on the line 
xo = 0 is fixed, where p is a primitive mark of the GF[p”] included in 
the GF[p”]. Then show that the function (x) employed in that proof 
is of the form (x) = xP”. 


11. Show that the group 1 of isomorphisms of an Abelian group G 
of order p+" and type (1, 1, ---, 1) contains a subgroup which 
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permutes a given geometric set of subgroups of order p” according to 
the permutation group C(k, p”). | 


12. Apply Ex. 11 to the problem of constructing subgroups of the 
group 1 of isomorphisms of the Abelian group of order p® and type 
(i, 1, nr) 1). 


95. Collineation Groups Leaving an EG(k, p") Invariant. The 
groups described in Theorem III of § 94 obviously contain cor- 
responding subgroups each of which leaves invariant a given 
PG(k—1, p”) in PG (k, p”). The points of PG(k, p”) which 
are not in this PG(k — 1, p”) form a Euclidean finite geometry 
EG(k, p") of p*" points; it is denoted by EG(k, p”). The named 
subgroups transform among themselves the points of this 
EG(k, p”). Without real loss of generality we take the fixed 
PG(k—1, p”) to be that defined by the equation x =O and 
employ the corresponding EG(k, p”). Then we have the fol- 
lowing theorem, which we shall now prove: 


VII. (1) The collineation group C(k, p”) has a sub- 
group EC(k, p") whose transformations may be rep- 
resented analytically in the form 


px’ = BXo’; (8, a 0) 


(A) 8 
px’; - Σ β:;-χ;}, (2 ἘΞΞ 1, 2: cre, k) 
j=0 


where +r runs over the sequence 0,1,---,m—1. Its 
order is ἢ, times the order of its subgroup EP(k, p"), 
or ECo(k, p”), made up of those transformations of 
(A) in each of which τ = 0 and is therefore 


k—I1 
np” 110" ἘΠ }Ὀῖ5). 
The group EC is generated by ECo and the collinea- 


tion px’; = x;?. (2 ΞΞ 0, 1, δ, k) 


The last element transforms EC into itself. 
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(2) If d is any proper divisor of 7, then we have 
a subgroup EC,(k, p”) of EC(k, p”) (with EC; = EC) 
generated by EC and the collineation 

px’; = xP", (¢=0,1,---, Ὁ 
and EC, is of index din EC. The transformations of 
EC, are those of the form (A), with the restriction 
that τ shall be confined to the multiples of ὦ belong- 
ing to the sequence 0, 1, 2,---,nw—1. 

(3) Those transformations in EC, whose determi- 
nants are (k + 1)th powers in the GF[p”] form a sub- 
group EC,(k, p") of ECz of index μ, where yu is the 
greatest common divisor of k +1 and p” — 1. 

(4) The group EP(k, p”), considered as a permu- 
tation group on the p* points of the EG(k, p”), is 
doubly transitive. Moreover, it is triply transitive 
when k > 1 and p" = 2. The same property of tran- 
sitivity belongs to each of the previously named 
groups which contains EP(k, p”) as a subgroup. 

(5) Considered as a permutation group on the p*” 
points of EG(k, p"), the group EC,(k, p”) is doubly 
transitive when k> 1 and also when kR=1 and 
p=2; it 1s singly transitive when k = 1 and p is an 
odd prime. This singly transitive group is primitive. 

(6) Finally, in a special case, we have another sub- 
group of EC defined as follows. Let k+1 be a di- 
visor of m and let o be a fixed divisor of /(k +1). 
Moreover, let k + 1 be a divisor of μ΄ — 1. Any mul- 
tiple of o in the set 0, 1, - - -, 2 — 1 can be written in 
just one way in the form {(k+1)s+a}o, where 
0 =a=kand s isa non-negative integer. For every 


376 Groups of Finite Order 


such multiple of σ form the entire set of homogene- 
ous transformations 


px'o = Se aa aa 

mu Ξ (Χ-1)4 Ὁ : 

px’; = 2, Bassa; ae (4 = 1, 2, Ἐπ k) 
j= 


in which each determinant of a transformation is 
equal to w* times a (k + 1)th power in the GF[p"], 
w being a primitive mark of the GF[p”]. The total- 
ity of these transformations forms a subgroup 
EH,(k, p") of EC, which is of index k+1 in EC, 
and of index (k + 1)o in EC. The group EH, is gen- 
erated by ECy and the transformations of the form 


(Ci) px’; = pay rie ταν, (i anes 0, 1, ὙΠ k) 


where fp + ὦ +---+4,=a mod (k+1). Considered 
aS a permutation group on the ῥ᾽" points of the 
EG(k, p"), the group EH,(k, p”) is doubly transitive. 


That the transformations named in paragraph (1) of the 
theorem form a group is easily verified, as is also the fact that 
it is generated in the way indicated. It is also easily shown 
that ECo is invariant under transformation by the last collin- 
eation defined in the paragraph. As regards this first paragraph 
of the theorem, it remains to be shown that the order given 
for the group is correct. For this purpose we notice that a 
necessary and sufficient condition on the coefficients §;;,, for 
j > 0, is that for each τ the determinant | 6;;,| of order k 
Shall be different from zero. The number of choices for these 
β᾽5 and β,, satisfying this condition for fixed 7, is known (from 
Theorem III in § 94) to be 


k-1 
IT ὦ" — p"), 


The coefficients Bj, may each be chosen in p” different ways 
for each value of +; and hence the set for each value of τ 
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may be chosen in p*" different ways. Taking 7=0, we see 
that the number of transformations in ECp is the number 
given in the theorem. From this it follows readily that EC has 
the order stated in the theorem. 

The proofs of the statements in paragraphs (2) and (3) of 
the theorem are similar to the proofs of the corresponding parts 
of Theorem III in § 94; they are therefore omitted. 

To establish the transitivity properties named in paragraph 
(4) of the theorem, note first that there is in P(k, p”) a trans- 
formation that carries any ordered set of k+2 points of 
PG(k, p”), no R+1 of which are on the same (k — 1)-space, 
into any like ordered set of &-+ 2 points, and in each of two 
such sets two points may be taken at will in EG(k, p”), while 
the remaining k points may be chosen from the (ὦ — 1)-space 
xo=0. This transformation leaves invariant this (k—1)- 
space; hence it belongs to EP(k, p”). Hence EP(k, p”), con- 
sidered as a permutation group on the points of EG(k, p”), is 
doubly transitive. 

This transitivity property may also be established analyti- 
cally. Let A and B be any two points of EG(k, p”). There is 
obviously a transformation in EP(k, p”) replacing A by 
(1, 0, 0,---,0). Let C be the point by which this transfor- 
mation replaces B. Then it is sufficient to show that EP(k, p*) 
contains a transformation that leaves (1, 0, 0,---,0) fixed 
and replaces C by (1, 1, 0, 0,---,0), or, what is equivalent, 
that leaves (1, 0, 0, - - -, 0) fixed and replaces (1, 1, 0, 0, - - -, 0) 
by C. The transformations available for the latter are those 
in which each Boo is zero. Then the point (1, 1, 0, 0,---, 0) is 
replaced by (80, B110, βειο, - - -, βμιο). It is obvious that the 
B’s may be so chosen that this is the point C. Hence the named 
transitivity property is established analytically. 

It remains to treat further the case in which k>1 and 
pb” =2. For this purpose consider those transformations of 
EP(k, 2) which leave fixed a given point P of EG(k, 2). This 
group is obviously simply isomorphic with the projective group 
in PG(k—1, 2), whence it follows readily that it is doubly 
transitive on the points of EG(k, 2) exclusive of P. Hence 
EP(k, 2) is triply transitive on the points of EG(k, 2). 
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The remaining statement in paragraph (4) of the theorem 
is now obviously true. 

To establish the transitivity properties named in para- 
graph (5) of the theorem, let us denote any two points C and 
D of EG(k, p”) by 

(β,, Bior, Boor, - - *» Bros) 7 
and (β,, Bior + Biir, Boor + Bair, - + -, Bror + Bruir)- (B, # 0) 


Since C and D are distinct (by hypothesis), it follows that at 
least one £,1, is different from zero. Let ἃ be a fixed quantity 
such that 61, 0. Then take 6,,,=0 when s>1. Taking 
the quantities 6, as thus defined, to be the coefficients in the 
transformation (Ai) which are denoted by the same symbols, 
we see that the points (1, 0, 0,---,0) and (1, 1, 0, 0, - -., 0) 
are transformed by (Ai) into C and D respectively. Now if 
k > 1 the remaining coefficients in the transformation can be 
so determined that the determinant of the transformation 
shall have any preassigned value. Hence these coefficients and 
the value of 7 may be so chosen that the transformation be- 
longs to ECa(k, p"). Therefore EC.(k, p”) is doubly transitive 
when k>1. It is easy to treat analytically the case when 
k= 1 and to show that EC,(1, 2”) is doubly transitive, while 
ECa(1, p”), for p > 2, is only singly transitive. To prove that 
this singly transitive group is primitive, we observe that its 
elements may be denoted in nonhomogeneous co-ordinates by 
the transformations t’ = at + 6, where a runs over the squares 
in the GF[p”] and 6 over all the marks of the GF[p”]. Then it 
contains the transformation ?’ = wt, where ὦ is a primitive 
mark of the GF[p”]. The corresponding permutation consists 
of two cycles each of order $(p*— 1) on nonzero marks of 
the field. Hence if the group is imprimitive, the set of imprimi- 
tivity containing zero must contain more than half the symbols, 
and this is impossible. Hence the group is primitive. 

It may be remarked in passing that the set of transforma- 
tions ?’ = at+ 8, where a runs over the Ath powers of the 
GF[p”] and £ over all the marks of the field, ἃ being a proper 
factor of " — 1 greater than unity, form a singly transitive 
group of order p"(p" — 1)/X; that this group is primitive when 


Collineation Groups in the Finite Geometries 379 


λ is a factor of p—1; and that in other cases it is sometimes 
primitive and sometimes imprimitive. 

It remains to prove the statements in the last paragraph of 
the theorem. | 

The fact that the transformations (B,) form a group may be 
proved in the same way as the corresponding fact was estab- 
lished in the proof of Theorem III in § 94. That EH, has the 
named generators is then established in an obvious manner. 
That EH, has the named indexes in the groups mentioned is 
proved in the same way as that in which the corresponding 
results in Theorem III of § 94 were established. The transi- 
tivity property stated in the conclusion of the theorem may be 
established by the method employed in establishing the transi- 
tivity properties of ECa(k, p"). 

Thus the proof of the theorem is completed. 

If the coefficients B,oo in (A1) (¢= 1, 2, - - -, &) are zero, then 
the point (1, 0, 0, - - -, 0) is left invariant by the transformation 
(A1), and conversely. Thus we have an obvious analytical 
representation of that subgroup of each group in Theorem VII 
which consists of all the transformations in it which leave 
(1, 0, 0, - - -, 0) fixed. The subgroup of ECo(k, p”) which leaves 
(1, 0, 0, ---, 0) fixed is obviously equivalent to the general 
linear homogeneous group on k variables, while ECo itself is 
equivalent to the corresponding general linear nonhomogeneous 
group on & variables. 

It is obvious that the group EC(k, p”) is multiply isomorphic 
with the group C(k—1, p”) in the PG(k—1, p”) defined by the 
equation x»=0. By a comparison of the orders of these two 
groups one finds that the isomorphism is p*"(p" — 1) tol. Ina 
transformation (41) of EC(k, p”) a variation in the coefficients 
8,, Bor for = 1, 2, - - -, Rand τ fixed has no effect on the permu- 
tation in the (k — 1)-space x» =0; and the variation of these 
coefficients gives p*"(p"—1) different transformations in 
EC(k, p”) corresponding to a given transformation in the sub- 
space. Corresponding to the identity in C(k — 1, p”) we have 
in EC(k, p”) the p*"(p" — 1) transformations 


px'o = βιχο, ρχ': = BiorXo + Xi. (¢= 1, 2,---, ἢ 
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It is obvious that there is a transformation in this set which 
replaces (1, 0, 0, ---, 0) by any previously assigned point in 
EG(k, p”), whence this subgroup is transitive on the points of 
EG(k, p”). From this it follows that for every subgroup S of 
C(k — 1, p”) there is a corresponding subgroup T of EC(k, ρ5), 
transitive on the p*” points of EG(k, p”), the latter subgroup 
having with the former a p*"(p" — 1) to 1 isomorphism. More- 
over, if the former subgroup is transitive the latter is doubly 
transitive, a fact which may be established as follows. The 
largest subgroup of T which leaves fixed one point A of EG(k, p”) 
contains a transformation carrying any line through A into any 
other line through A. Hence any given point in EG(k, p”), other 
than A, can be carried by a transformation of T into a point 
B of EG(k, p”) on any line through A, while A itself remains 
fixed. Then, holding this line fixed, as well as the point A on 
it, we can take a transformation in T (namely, one of the form 
x'9 = x0, x’; = Bx: (55:50; 7=1, 2, ---, k), if A is taken to be 
(1, 0, 0, ---, 0), as it may be without loss of generality) which 
leaves point-wise invariant the subspace xo = O and carries B to 
any preassigned point C in EG(k, p”) and on the line AB. Hence 
the subgroup of T which leaves A fixed carries any given point 
of EG(k, p”) other than A to any such point. Hence T is doubly 
transitive on the points of EG(k, p”) when S is transitive on the 
points in the subspace χὸ = 0. When S is intransitive it is easy 
to show in a similar way that T is only singly transitive. 

We have thus demonstrated the following theorem, except 
for the statement about the primitivity of the singly transitive 
subgroups of EC(k, p”); and this is an immediate consequence 
of the corollary to Theorem XIV in § 46. 


VIII. The group EC(k, p”) has a p*"(p" — 1) tol 
isomorphism with the group C(k—1, p”) on the 
points of the subspace x» =0. The subgroup T of 
EC(k, p”) having a p*"(p” — 1) to 1 isomorphism 
with a given subgroup S of C(k -- 1, p”) and corre- 
sponding to it in the isomorphism just mentioned is 
a transitive group, when considered as a permutation 
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group on the p*" points of EG(k, p”). Moreover, when 
Sis transitive, the group T is doubly transitive ; other- 
wise it is singly transitive. When S is intransitive, 
a necessary and sufficient condition that the singly 
transitive group TJ shall be primitive is that it shall 
be generated by the largest subgroup leaving the point 
(1, 0, 0,---,0) fixed and any single transformation 
whatever of T that does not leave this point fixed. 


Every line in the Euclidean k-space EG(k, p”) has a point in 
common with the projective (k —1)-space x» =0 which was 
excluded from PG(k, p") in forming EG (k, p*). With a line of 
EG (k, p") and a point of it not on this line we may form a 
Euclidean plane lying in EG(k, p”); as a plane of PG(k, p”) 
it contains a line in the excluded (k — 1)-space. With such a 
plane and an additional point of EG(k, p”) we may form a 
three-space which is composed of a Euclidean three-space and 
a plane lying in the excluded (& — 1)-space. It is clear that this 
process may be continued and that one may conclude to the 
existence in EG(k, p”) of a Euclidean m-space EG(m, p") for 
every value m of the set 1, 2,---, R—1; and in each case the 
remainder of the projective space PG(m, p”) which contains 
EG(m, p”) lies in the excluded (& — 1)-space xo = 0. 

Now any collineation group in EG(k, p") obviously per- 
mutes among themselves the m-spaces EG(m, p”) contained 
in EG(k, p”). Hence each of the named groups in Theorems VII 
and VIII, interpreted there as a permutation group on the 
points of EG(k, p”), may likewise be interpreted as a permuta- 
tion group on the lines of EG(k, p”), or on its planes, or in 
general on its m-spaces. The several permutation groups arising 
in this way from one and the same transformation group are 
obviously simply isomorphic each to each. Hence we have the 
following theorem : | 


IX. Any collineation group in EG(k, p") may be 
interpreted as a permutation group on the included 
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m-spaces EG(m, p") for each value m of the set 
1, 2,---,R—1. The several permutation groups 
obtained by varying the value of m are simply iso- 
morphic each to each. 


We shall next prove the following theorem: 


X. Let T and S have the same meanings as in 
Theorem VIII. If S is transitive on the points of 
the (k — 1)-space x» = 0, then the group T is transi- 
tive when interpreted as a permutation group on the 
lines of EG(k, p”). If S is transitive on the projective 
l-spaces contained in the projective (k — 1)-space 
xo = 0, ἰ being less than k — 1, then T is transitive 
on the (J+ 1)-spaces contained in EG(k, p"); this 
group T is imprimitive. 


The truth of the statement in the second sentence of the 
theorem is a consequence of Theorems VIII and IX. To prove 
the statement in the last sentence, we observe first that 7 
contains a transformation carrying one point of EG(k, p”) into 
any other, while at the same time the projective (& — 1)-space 
Xo = 0 is left point-wise invariant. Now any Euclidean (J+ 1)- 
space in EG(k, p") may be defined by a projective /-space in 
the subspace χὸ = 0 and a point of EG(k, p”), it being under- 
stood that each point of EG(k, p”) collinear with the given 
point and a point of the given /-space is to be a point of the 
named (J+ 1)-space. Now let A and B be two Euclidean 
(7+ 1)-spaces so defined, and let P and Q be the points in 
EG(k, p”) used in thus defining them. Leaving the subspace 
Χο = Ὁ point-wise invariant, take P to Q by means of a trans- 
formation belonging to 7. Then, holding Ω fixed, take the 
l-space of A which is in the subspace x = 0 into the correspond- 
ing /-space of B by means of an element of 7. These two trans- 
formations taken in order carry A into B. Hence 7 has the 
stated property of transitivity. 
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It remains to be shown that the group 7 is imprimitive on 
the named (/+ 1)-spaces. For this purpose it is sufficient to 
observe that all the (J+ 1)-spaces of EG(k, p") which are 
based, in the way indicated, on a given /-space of the subspace 
xo =0 are permuted among themselves when that /-space is 
left invariant, and that they are transformed into a like set of 
(1+-1)-spaces when the given /-space is transformed into an- 
other like /-space. 

96. Collineation Groups Leaving Other Subspaces Invariant. 
We shall now prove the following theorem : 


XI. The group C®(k, p”), consisting of all trans- 
formations of the form 


l 
pes = DB xe, (=0,1,---D 
(42) τ 


k 
px! = D>) Bigex;?", ((@=1+1,142,---, R) 
j=0 


where 0 =! < k, τ runs over the sequence 0, 1, ---, 
ῃ — 1, and the coefficients 8 are marks of the GF[p”] 
such that the determinant of the transformation is 
different from zero, is a collineation group in PG(R, p”) 
which leaves invariant the subspace PG(k — / — 1, p”) 
defined by the equations x; =0 (¢=0,1,---,2). It 
also leaves invariant the complementary set of 
peor 4 pelt dn oer + pi 
points in PG(R, a Its order 15 
k—1)(l+1)n k—I—1 

os - | Ilo — p”)- I το — pir), 
The group is generated by its subgroup Co(k, p”) 
for which τ = 0 and the collineation 

(Be) px’; = x,?. (¢=0,1,---, 1) 

The last element transforms Co (k, p”) into itself. 
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For each proper divisor d of n the group C(k, p”) 
has an obvious subgroup Cz(k, p”) of index ὦ gen- 
erated by Co‘(k, p”) and the dth power of the col- 
lineation (B2). Moreover, Cz(k, p”) has an obvious 
subgroup C,(k, p") of index μ consisting of those 
transformations of Cz(k, p”) whose determinants 
are (k + 1)th powers, uw being the greatest common 
divisor of k+ 1 and p” — 1. 

The group Co(k, p”) is transitive when inter- 
preted as a permutation group on the set of 
p&—" 4....-+4+ p*" points mentioned in the first para- 
graph of the theorem. 


That the given set of transformations forms a group leaving 
invariant the named subspace, and hence the complementary 
set of points, is obvious. To determine the order of the group, 
we notice first that the determinant of the coefficients 6;;, for 
ἢ and 7 running over the set 0, 1,---, 1 must be different from 
zero; whence it follows (from a comparison with Theorem III 
of § 94) that these coefficients can be chosen in 


ll (peta ees p** 

#=0 
different ways, 7 remaining fixed. The coefficients G;,,, for 7 
and 7 running over the set /+ 1, /+2,---, k and 7 remaining 
fixed, can be chosen independently in any way so that their 
determinant shall be different from zero, and hence can be 
chosen in p24 

Il (p&-Dn — pin) 

ἦξξ 
different ways. Then for 7 still fixed each of the remaining 
(k—1)(1+1) coefficients 6 can be chosen independently in 
pb” ways, so that altogether this set of coefficients can be chosen 


1η pe-datyn 


Collineation Groups in the Finite Geometries 385 


different ways. Finally, there are ” values for 7. Hence the 
order of the group is the product of m and the three numbers 
just determined, divided by p* — 1 to allow for the factor of 
proportionality. This gives the order stated in the theorem. 

It is obvious that the group is generated in the way stated. 
The second paragraph of the theorem is established by the 
method used in proving the corresponding part of Theo- 
rem VII in § 95. 

The truth of the last proposition in the theorem is readily 
established by means of the following considerations: since 
any ordered set of k+ 2 points, no k+1 of which are on a 
(k — 1)-space, can be carried by the projective group into any 
other such ordered set, it is obvious that an /-space may be 
held fixed while any point not on it is transformed into any 
other such point. 

The common subgroup of C(k, p”) and the group H.(k, p”) 
of Theorem III of § 94 may be constructed in an obvious manner. 

97. Some Special Cases. Let G be a permutation group of 
degree ν on the symbols ai, a2,---,@; and let Li, Le,---, Ly 
(u = νίν --- 1) - - - (v—k+1)/(R!)) be the combinations of these 
symbols a; taken k at a time. Let P be any permutation be- 
longing to G. This permutation P on the a’s induces a permu- 
tation on the symbols L,;. Hence to the totality of permutations 
of G there corresponds a totality of permutations on the L’s, 
and these constitute a permutation group G of degree yu on 
Li, Lo, ---, L, It is obvious that G is simply isomorphic with G. 

Now if G is &-ply transitive on its symbols, it contains a 
permutation replacing any given L; by any given L;. Hence 
the group G is transitive on its 4 symbols 1... Moreover, it is 
only simply transitive when 1 < k< v—1; for the ordered 
sets G1, do,- ++, ὧς and (1, de,-- +, G1, G41 can be carried into 
two other ordered sets only if these latter two sets have their 
first ἃ — 1 symbols alike. This singly transitive group G may 
be either primitive or imprimitive. (See Ex. 3 on page 391.) 

The results of the previous two paragraphs may be inter- 
preted (somewhat artificially, it is true) in the finite geometries. 
If we have a group G in PG(y — 2, p”) which permutes among 
themselves ν points ὧι, d2,---, ἂν of the geometry, no v—1 
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of which are in the same (ν — 3)-space, then the combinations 
11, L2,---, L, may be interpreted as the (& —1)-spaces gen- 
erated by all subsets of k points each formed from the given 
ν points. Corresponding to the transformations on the ν points, 
we have permutations of these (k — 1)-spaces among themselves, 
giving rise to the permutation group G on the (Κ — 1)-spaces. 


ΧΙ]. For every transitive group G of degree 4 
there exists a doubly transitive group of degree 9 
having an (18, 1) isomorphism with G. 


The group C(1, 3) is the symmetric group of degree 4. Hence 
every transitive group G of degree 4 is a subgroup of C(1, 3). 
From Theorem VIII in ὃ 95 it follows then that there exists in 
the EG(2, 3) of 9 points a doubly transitive group of degree 9 
having an (18, 1) isomorphism with G. 


XIII. For every transitive group G of degree 5 
there is a doubly transitive group of degree 16 hav- 
ing a (48, 1) isomorphism with G. 


The group C(1, 2?) is of degree 5 and order 120; hence it is 
the symmetric group of degree 5. Then apply Theorem VIII 
as in the proof of Theorem XII. | 

We shall now prove the following special theorem, extending 
1 one respect the results in Theorem VIII. 


XIV. For every transitive group G of degree 
14+2+22+4..-.-+ 2* contained in the group C(k, 2) 
of this degree there exists a multiply transitive group 
H of degree 2: τι͵ contained in EC(k + 1, 2) and hav- 
ing a (25:11, 1) isomorphism with G and having its 
degree of transitivity greater than that of G by unity. 
This theorem is implied by Theorem VIII, except for the 


fact relating to the degree of transitivity of H; and this part 
of the theorem is an immediate consequence of the fact that the 
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largest subgroup of H leaving one point fixed is simply isomor- 
phic with G. 

98. Generators of Certain Multiply Transitive Groups of Prime 
Degree. It is convenient to insert in this section and the next 
certain theorems concerning multiply transitive groups of prime 
degree. 

Let G be a nonsymmetric multiply transitive group of odd 
prime degree p different from the metacyclic group of degree p, 
and let / denote the degree of transitivity of G. Choose the 
notation so that one permutation in G is P, where 


r= (X0%X1%X2 eee X5-1): 


Now G contains a transitive subgroup on the letters x;_1, x1,° °°; 
X»-1. On transforming P by suitable elements from this sub- 
group one proves the existence in G of a set of permutations of 


the form 
P,= (Xo%1 se Xj-2X* * ), 


Pig1 = (X0o%1 " " X1-2%141°° +), 

Pp_1 = (X0%1 ++ + X1-2X%p_1- ++), 
where the second continuation sign in each parenthesis is used 
to denote the presence in some order of the x’s not otherwise 
assigned a place in the symbol for the corresponding permuta- 
tion. We denote by these symbols P any elements in G having 


- the form indicated. 
We shall now prove the following theorem : 


XV. Any set of elements in G having the form of 
the elements P, P), Pi41,---, Pp—1 generate a (proper 
or improper) subgroup H of G which is at least (J — 1)- 
ply transitive; moreover, H is certainly /-ply transi- 
tive if the elements P),; P=! («=0,1,---,p—l2—1) 
leave χρ.. fixed. 


Let us consider the largest subgroup K in 
{P, Ρι, Ῥμρν "5, Py—1} 
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each element of which leaves fixed xo, x1, ---, X;-3. It contains 
the elements P;,; P~! (¢=0,1, ---, p—l1—1). The element 
P,,; P~! replaces x;_2 by %14.;.1. Hence K contains permuta- 
tions changing x;_2 respectively into x;_2, %1_1,°+ +, Xp_2. There 
are now two cases to be distinguished. If K does not leave x,_1 
fixed, then it is clear that K is transitive on the symbols x;_2, 
X11, °° *, Xp_13; Otherwise it is transitive on the symbols x;_2, 
X11) 5 5), Xp_2. Then P~!KP is a transitive group on x;_1, x1, 

++, Xp_1, Xo Or On all these except xo according to the case in 
consideration. Hence {K, P~!KP} is at least doubly transitive 
on the symbols which it displaces. If these are not all the 
symbols xo, %1, °° +, Xp_1, We may adjoin successively the groups 
P~*KP?, P~*KP*®, --- and thus establish the result stated in 
the theorem. 


XVI. The same group G contains P and elements 
of order p and of the form Qi41, Qi42,°+-, Qp-1, 
where each element Q replaces xo by x1, %1 by Χο, - - ", 
X12 by x,-1, while Q,;,; replaces x,_1 by x14; for 
1=1,2,---,;p—l—1. These elements generate an 
l-ply transitive group contained in G. 


The named elements Q;.,; are of the form 
Θι-. ἐΞΞ (Xox1X2 °° > Kak 14 i ὑπ); @Q=1,2,---,p—l—1) 


That G contains elements of this form may be shown by the 
following considerations. Since G contains a transitive subgroup 
ON X1_1, X1, °° +, Xp—1, 1t contains for each 7 of the set 1, 2,--., 
b—Jl—1 an element replacing x;_1 by x,4,;-1 and leaving xo, 
¥1,°°-*, X12 fixed. This element followed by P gives an element 
of the form Q;,,;. The largest subgroup L in 


{P, Qi+1; Qi+2; Ng Qr—1} 


which leaves fixed xo, x1, ---, x;-2 contains elements replacing 
x11 respectively by the elements x), 141, ---, X»2, aS May be 
shown by the method used in the proof of the preceding theorem. 
Then L must not leave x,_; fixed, for in that case G would con- 
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tain a transitive subgroup on p—Z/ symbols, and this is 1m- 
possible since by hypothesis G is J/-ply transitive but not 
(1+-1)-ply transitive. Hence L is transitive on the symbols 
X1-1, Xt) °° *, Xp-1- Then by adjoining successively P~1LP, 
P-2LPp?, --- we show finally that the group 


{P, Qi41, Qi+2, mt ty Ο,. 1} 


is /-ply transitive, as asserted in the theorem. 

Groups illustrating these theorems are afforded by the 
collineation groups in PG(k, p") when the number of points in 
the geometry is a prime. Thus for = 2 we have examples for 
groups of degrees 13, 31, 307, etc. 

99. Groups of Certain Prime Degrees. We begin with a proof 
of the following theorem: 


XVII. If p and p —2 are primes and p > 5, there 
exists no triply transitive group of degree p which is 
not also quadruply transitive. 


Let G be a triply (but not quadruply) transitive group of 
prime degree p (= 5), where p — 2 is also a prime. We shall 
show that » must then be equal to 5, from which fact the 
theorem follows. Let Gz be the group composed of all permu- 
tations in G each of which leaves two given letters fixed. 
Then Ge is simply transitive and hence (Theorem XVIII of 
§ 60) is of order (p — 2)», where v is a proper factor of p— 3; 
in case G2 has only even permutations, then ν is a factor of 
4(p—3). But the order of G is of the form (kp + 1)py, where 
μ is a factor of p—1, as one sees from Sylow’s theorem and 
Theorem XVIII of § 60; in case G has only even permutations, 
then yu is a factor of $(p — 1). Therefore 
(kp + 1)pu=p(p — 1)(b— 2)»; or, (RO +1) y= ᾧ -- 1) -- 2)». 
Hence yp = 2 v mod p, while μ and v are both positive numbers 
less than p. In case Ge contains only even permutations, then 
p and 2 ν are both less than p. Therefore in this case μ = 2 ν, 
while μ and ν are factors of 4(p — 1) and $(p — 3) respectively, 
so that the highest common factor of wand vis 1. Hence, when 
G contains only even permutations, we have y= 1 and w= 2. 
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Now suppose that » = 1, whether or not G consists of even 
permutations only. Then the order of G is p(p—1)(p— 2). 
The largest subgroup of G leaving one given letter fixed is 
doubly transitive of degree p—1 and order (p—1)(p— 2); 
hence (Theorem V of ὃ 40) —1 is a power of a prime. Since 
p—1 is even, we must have p= 2"+41 and p—2=2"—1. 
Since 25 — 1 is prime, m itself must be a prime; since 2%+ 1 
is prime, m must be a power of 2. Therefore m = 2 and p=5. 
The alternating group of degree 5 is therefore the only group 
belonging to the case when ν = 1. 

There is left for further examination the case in which G con- 
tains odd permutations and vy > 1. The subgroup of G consist- 
ing of all its even permutations is then of order $ up(kpb+ 1), 
and this is equal to 4 p(p— 1)(p— 2)v. Hence this subgroup 
of G is not contained in the metacyclic group of degree p. It is 
therefore at least doubly transitive, as one sees from Theo- 
rem XVIII of §60. But the largest subgroup leaving just 
two given letters fixed is of order ᾧ »(p— 2); it is therefore 
transitive on its p — 2 symbols, since p — 2 is a prime. Hence 
the named subgroup of index 2 in G is triply transitive. Then 
from the conclusion in the preceding case it follows that we 
must have p=5. Then G must be the symmetric group of 
degree 5, contrary to the hypothesis that it is only triply 
transitive. 

From these results the theorem follows as stated. 

If ἐφ — 3) is a prime 4, whence p = 2 q + 3, it follows, from 
Miller’s theorem (Theorem VIII of § 41) and a separate con- 
sideration of transitive groups of degree 7, that a group G of 
degree » which does not contain the alternating group of de- 
gree p cannot be more than triply transitive. Combining this 
fact with the foregoing theorem and the facts associated with 
the metacyclic group in Theorem XVIII of § 60, we have the 
following theorem : 


XVIII. If p is a prime number greater than 5 
such that » — 2 and 3(p — 3) are both primes, then 
a transitive group G of degree p, which does not con- 
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tain the alternating group of degree p and is not 
contained in the metacyclic group of degree ῥ, is 
itself doubly transitive but not triply transitive. 


From this theorem we see that, for all primes p of the sort 
described in it, the degrees of transitivity of transitive groups 
of degree p are precisely 1, 2, p — 2, p. The metacyclic group 
is doubly transitive; it contains singly transitive subgroups; 
and the alternating and symmetric groups are respectively 
(p — 2)-fold and p-fold transitive. That these groups do not 
always contain the totality of transitive groups of such prime 
degree p follows from the example afforded by the case p = 13, 
whence p — 2=11 and 3(p—3)=5. The collineation group 
in the PG(2, 3) permutes the 13 points of the geometry ac- 
cording to a doubly transitive group of degree 13 and order 
13.12.9. 4. 


EXERCISES 


1. The theorem in Ex. 3 on page 372 persists when s is of the form 
pe. 

2. For every integer L and odd prime p there exists an integer s of 
the form p” such that a group G, exists which is of degree s and is 
singly transitive and primitive and which contains more than L singly 
transitive primitive subgroups of different orders and each of degree s. 


8. Let the group G of the first three paragraphs of § 97 be of de- 
gree 6 and take k= 2. Then the group G is of degree 15. If G is the 
alternating or the symmetric group of degree 6 show that G is primi- 
tive. If G is the triply transitive group C(1, 5) of degree 6, show that 
G is imprimitive. 

4. By means of Theorem XII in § 97 show that there are five doubly 
transitive groups of degree 9 having orders 432, 216, 144, 72, 72 re- 
spectively. Then by aid of EC(2, 3) and C(1, 2%) and their subgroups 
show how to construct 11 primitive groups of degree 9. (See Ex. 10 
on page 162.) | 


5. By means of Theorem XIII in § 97 show that there are five 
doubly transitive groups of degree 16 aaa orders 5760, 2880, 960, 
480, 240 seta 
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6. In Ex. 10 on page 162 is found a table of the number of primitive 
groups of each degree less than 21. Exercises have already been given 
calling for the construction of the indicated number of primitive groups 
for certain of these degrees, as follows: For degrees 2, 3, 4, 5, 6, 14, 
18, 19, 20 see Ex. 10 on page 162; for degree 7 see Ex. 12 on page 163; 
for degree 8 see Ex. 16 on page 165; for degrees 11 and 12 see Ex. 17 
on page 165; for degree 13 see Ex. 18 on page 165; for degree 15 see 
Ex. 19 on page 165 and Ex. 4 on page 304; for degree 17 see Ex. 11 on 
page 305; and for degree 9 see Ex. 4 on page 391. The following are 
suggestions and exercises for completing the determination of the 
indicated number of primitive groups of each degree less than 21, 
alternative methods being given for some of the degrees already 
listed. 

(1) Use Theorem III in § 94 and Ex. 5 on page 373 in constructing 
ten primitive groups of degree 17 and nine primitive groups of de- 
gree 13. 

(2) By aid of theorems in this chapter construct seven primitive 
groups of degree 8 and nine primitive groups of degree 10. (See Ex. 3 
on page 162 and Ex. 30 on page 42.) 

(3) Construct 22 primitive groups of degree 16, obtaining twenty of 
them as subgroups of EP(4, 2), utilizing for the latter purpose the fact 
that EP(4, 2) is (16,1) tsomorphic with P(3, 2) and hence with the 
alternating group of degree 8 (Ex. 3 on page 304). 


7. Let p be a prime of the form 4 k + 3, and let G be the doubly 
transitive group of degree p +1 and order $(p + 1)p( — 1) on the 
symbols οὐ, 0, 1, ---, ἢ — 1 which is induced by the linear fractional 
transformations modulo p of square determinant. Show that G (al- 
though it is only doubly transitive) contains an element which dis- 
places any given three of its symbols in some order into any other 
given three of its symbols. 


8. Show that the (singly transitive) subgroup of index 2 in the 
metacyclic group of prime degree p (b = 4k + 3) contains a permu- 
tation which displaces any given pair of its symbols in some order 
into any other given pair. 

9. Show that for every prime p there exist at least twelve multiply 
transitive groups of degree p®. Discuss cases in which the number is 
still larger. 


10. For degrees p* and ® investigate the existence of multiply 
transitive groups after the manner suggested by Ex. 9. 
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11. Determine the number of points on the “conic” x1? — χοχα = 0 
in the PG(2, p”) when p is odd. Determine the permutation group on 
the points of the conic induced by the largest subgroup of the C(2, p”) 
each element of which transforms this conic into itself. 

12. In the PG(2, p”), where p > 2, show that the conic 

αροχοῦ -Ἑ A11X17 + A20X%2? + 2 Aoixox1 + 2 Ao2Xox%2 + 2 AieXiX2 = O 
breaks up into (distinct or coincident) straight lines if and only if 
200 @o1 4o2 
@o1 @11 G12 
Qo2 G2 a22 


= 0. 


MISCELLANEOUS EXERCISES 
1. From the array in the margin form the triples a 
abc, def, ghi, adg, beh, cfi, ae, ceg ; h 
of elements from rows and columns and diagonals, determine the larg- 
est permutation group on these letters which permutes among them- 
selves the eight triples so formed, and construct the group according 
to which these triples are themselves permuted. 

2. Generalize Ex. 1 to the case of an array of m? elements. 


3. By a magic square is meant a square array of m? numbers such 
that the 2 + 2 sums of elements, namely, 

(1) those in each of the m rows, 

(2) those in each of the » columns, and 

(3) those in each of the 2 diagonals 
are all equal. An example for m = 3 is given in the margin, each o 
the sums being 15. Determine all the permutations on 1, 2, --., 
each of which transforms the given magic square into a 
magic square. Thus the given magic square is said to be 
transformed into the second one here written by the permu- 
tation (24) (37) (68). Do these permutations form a group? 


4, Treat similarly the following magic squares: 
23 6 19 2 15 


ς 
J 
U7 


ON bo 


9 
9 
1 


COW ὦ. 
=r 


On dw 
bet 01 ὦ 
ow f- οὐ 


1 6 9 4 4 12 25 8 16 
100 3 16 5 10 18 1 14 22 
8 13 2 il 11 24 7 20 3 


1 12 7 14 17 ὃ 13 21 9 
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5. Show that there are just two distinct ways in which six ele- 
ments may be arranged into nine pairs in such a manner that each 
element occurs in just three pairs. In each case determine the permu- 
tation group leaving the configuration invariant. 

6. Prove that through a given point P in PG(3, p”) and not on 
either of two skew lines / and Il’ in PG(3, p”) there is one and only 
one line meeting both the lines / and 7’. Translate this into the cor- 
responding theorem about the Abelian group of order p*” and type 
(1,1,---,1). (See § 87.) 

7. Prove that any two lines in PG(3, p”) each of which meets 
three given skew lines in PG(3, p”) are themselves skew to each other. 
Translate this into a theorem relating to Abelian groups. 


8. Generalize the results in Exs. 6 and 7. 


9. Show that, if three triangles in PG(2, p”) are perspective from 
the same point, then the three axes of perspectivity of the three pairs 
of triangles are concurrent; and conversely. Translate this into a 
theorem concerning Abelian groups. 


10. Translate into a theorem concerning Abelian groups the fol- 
lowing geometric theorem (Veblen and Young, Projective Geometry, 
Vol. I, p. 59): If A, B, C are three points of a line / and A’, B’, C’ are 
three points of another line /’, then A can be projected into A’, B into 
Β΄’, and C into C’ by means of two centers of perspectivity. 


11. In PG(2, p”) let a triangle ABC and a point A’ be given; de- 
termine two points B’ and C’ such that the triangles ABC and A’B’C’ 
are perspective from four different centers. Formulate and solve a 
corresponding problem in the theory of Abelian groups. 


12. By aid of Theorems VII and VIII construct three doubly 
transitive groups of degree 27 having a (54,1) isomorphism with 
transitive groups of degree 13. 


CHAPTER XIII 


Algebras of Doubly Transitive Groups of 
Degree p" and Order p(p"- 1) 


100. On the Definition of Group. In the definition of group in 
§ 3 certain redundancies appear in the postulates. It is desir- 
able now to restate the postulates in such a way as to avoid 
these redundancies. They are accordingly presented here in 
the following form: 
I. If a and ὃ are elements of G, whether the same 
or different, ab is also an element of G. 
II. Ifa, ὃ, c are elements of G, then (ab)c = a(bc). 
III. The set G contains an element 7 such that for 
every element a of G we have ai = a. 
IV. If such an element 7 occurs in G, then for a 
particular 7 and for every element a of G there occurs 
an element a’ such that aa’ = 1. 
We shall now prove that these postulates imply the other 
conditions assumed in the postulates as presented in ὃ 3. 


For any given 7 and for any ὦ there exist in G elements a’ 
and a” such that aa’ =7 and a’a’’ =1. Then we have 


a=ai=a(a'a"’) = (aa’)a" = 1a"; 
then α΄ α = a'(ia’’) = (a1)a"” =a'a" =1. 
Hence a’a = 7. Applying this result for a to the element a’, we 
have a’’a’=1. Then 

ta = (11)a = [t(a’’a’) |a = (1a’’)(a’a) = at = a. 
Then for every a we have at =a=1ia. Then we call 7 an iden- 
tity with respect to the rule of combination of the group. 
If 7 is an identity with respect to this rule, then 7.-Ξ 7. ἢ Ξξ 1. 
395 
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Hence there is only one identity. Since the identity 7 is unique 
and since ai = a = 1a for every element a of G, it follows that 
the whole of Postulate III as given in §3 is implied by the 
postulates here given. 

Now we have seen that aa’ = 7 implies that a’a=7. Then 
we call @’ an inverse of a. If a is an inverse of ὦ we have 

a=al=a(aa’) = (aa)a’ = 1a' = a’. 
Hence there is just one inverse a’ of a given element a, and 
aa’ = α'α =1. Hence the postulates of this section imply Postu- 
late IV of § 8. 

Therefore the postulates of this section imply all the prop- 
Ositions stated in the postulates of ὃ 8. 

101. Definition of Algebras Als]. Dickson (Gottingen Nach- 
richten, 1905), generalizing the notion of a Galois field, has 
defined an important class of finite algebras each of which con- 
sists of a finite set of elements or marks (two or more in number) 
subject to two operations (or rules of combination) called addi- 
tion and multiplication and symbolized by + and x respectively, 
the set of elements of a particular finite algebra satisfying the 
following system of nine postulates: 


I+. If a and ὃ are elements of the set, then a + ὃ 
is uniquely determined as an element of the set. 

II+. If α, 6, and c are elements of the set, then 
(a+b)+c=a+(b+0). 

III+. There is in the set an element 7, such that 
a-+12z, =a for every element a of the set. 

IV+. If such an element 7, occurs in the set, then 
for a particular 7, and for every element a there 
occurs an element a’ such that a+ a’ =i,. 

Ix, ΠΧ, I1I*. Sameas I+, II+, III+, with x through- 
out instead of +. 

IV*. If such an element ἐκ occurs in the set, then 
for a particular 7, and for every element a distinct 
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from i, there occurs in the set an element a@’ such 
that a x a’ = 1,. 

V. If a, ὃ. care elements of the set, then a x (b+ c) 
=axb+axe. 


If s is the number of elements in such an algebra we shall 
denote the algebra itself by A[s]. 

We take over at once for the algebras A[s] the terminology 
of ordinary algebra. We shall also use the symbol ab to denote 
what is written @ Χ ὃ in the postulates. Thus the equation in 
Postulate V will be written a(o + c) = ab-+- ac. 

From § 100 it follows that all the s elements of an algebra 
A[s] form a group whose law of combination is that denoted by 
+ in the postulates. In particular, there is but one element 7,. 
This additive group of the algebra we denote by H. The 
identity 7, in this group has the additive properties of 0; 
it will often be denoted by this symbol. That 7, also has the 
multiplicative properties of 0 may be shown as follows. We 
nave Qi. = ats - 1.) = al, + αἴ. 
Hence ai, = 0 for every a in the set. We also have 


tie= (t,t, )c=1,(¢,¢). 

If z,¢ is not 7, it has an inverse under multiplication (since all 
the elements except 7, form a group under multiplication, as 
one sees readily from § 100). From the foregoing equation it 
follows then that 7, = 7,, since 7, is the identity element in the 
multiplicative group of the algebra. Then we should have 
a= dix = al, =1, for every a. Since this is impossible, it 
follows that ως does not have an inverse under multiplication. 
Therefore 7,c = 17, for every c in the algebra. Next, if ab = 74 
and ὃ: 1, we have 


4 ΞΞ ῖ ες ΞΞ (ab)c — a(bc) 
for every c in the algebra; taking c so that bc =7, we get 
ἢ, =al,=a. Therefore, if ab=7,, then either a=7, or 
b=1,. Therefore i, has the ordinary properties of zero under both 
addition and multiplication. 
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From these considerations we have the following proposition: 


_ The s elements of an algebra A[s] form an additive 
group H whose rule of combination is that of addi- 
tion in the algebra. The identity 7, in H plays the 
role of zero in the algebra. The s —1 elements of 
A[s] other than 7, form a multiplicative group M 
whose rule of combination is that of multiplication 
in the algebra. 


102. Construction of Algebras A[s] by Means of Certain Doubly 
Transitive Groups. From Theorem V of § 40 it follows that 
a doubly transitive group of degree p and order p(p—1) 
exists when and only when p is a prime power p” (n=1), 
that such a doubly transitive group G contains a single sub- 
group H of order p”, that this Sylow subgroup H is Abelian 
and of type (1, 1, ---, 1), that H contains all the elements of 
G (b” — 1 in number) each of which displaces all the symbols 
permuted by G; that H is self-conjugate in G, and that every 
element in G and not in H is a regular permutation on just 
pb” — 1 symbols. 

Let do, @1, @2, +--+, &, where wu = p” — 1, be the p” symbols 
permuted by G. Then H permutes these symbols among 
themselves according to a regular group, as may readily be 
shown from the fact that H consists of the identity and p” — 1 
elements each of which permutes all the symbols. Then there 
is One and just one element h; of H which replaces a by α;. 

Let us denote by M the subgroup of order p” — 1 in G each 
element of which leaves d fixed. It is a regular group on a, 
a2, ---, @, Hence there is one and just one element m; of M 
which replaces a, by a;. It is evident that m;~!hym; = h;. 

By means of these properties of G we shall define an algebra 
A[p”]. Let the p” symbols or marks of this algebra be denoted 
by Uo, U1, U2, --, Uy We introduce a law of addition for the 
marks u; in the following manner: The sum u;+ 4; 15 the 
mark u, (u; + u; =u,), where & is such that h;h; = h, in the group 
G. Then, in particular, u;-+- wu =u; for every mark uw; With 
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this law of addition the named marks satisfy postulates I‘, 
II+, II+, IVt of §101 with 2, = m. 

For the purpose of defining a law of multiplication for the 
marks u;, exclusive of the zero mark wu, we employ the elements 
of the subgroup M of G. We write uu;=um (ἡ » 0, 7> 0), 
where / is defined by the relation m,~! = m;—1m,;—! or mi = mm. 
(At this point it would seem more natural to take u,u; = “ἐλ, 
where m=m,m,;; but this would give (6+c)a=ba+ca 
instead of the relation in Postulate V). We define the products 
πιο and uou; by the requirement that each shall have the value 
uo. When multiplication is so defined, the symbols uo, 1, ue, 
-+ +, u, Satisfy Postulates I*, IIx, III*, IV* of § 101. 

It remains to be shown that the operations of addition and 
multiplication, as here defined, are connected by the condition 
imposed in Postulate V of § 101. As expressed in terms of the 
u’s, we have to prove the following relation : 


(1) Uj(Up + Ug) = UU + UjUg. 


This is immediately verified if any one of the subscripts 7, p, o 
is zero. Then for the further argument suppose that each of 
them is greater than zero. Since (1) involves two operations, 
it is convenient to reduce the result to be proved to a corre- 
sponding relation among the elements of H and M, since they 
are all subject to the single rule of combination in G. From 
the definitions of addition and multiplication we have the 
following propositions : 


up, +u, =u, if h,h, =h,, UUp = U if Mm; = mM, 
UUs = Uy τί MN;=™M, UU, = Ua lf MM; = Mg, 
U + uy = Us if hyh, = hg. 


In order to establish the required relation (1) it is necessary 
and sufficient to show that a = 8B. Now we have 


hg = hyh, = m)~ hm) . m, thm, 
= (mgm;)~ *h\(m,m;) - (mam;)~ ‘hy (m.m;) 
= m; ‘h,hm; = γι ‘hm; 
= m;—1m,~|hym,m,; = (m,m;)~*h(m,m;) 
= Ma hme = he. 
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Since hg=h,, it follows that a=, and hence that (1) is 
established. | 

From the foregoing analysis it follows that every doubly 
transitive group of prime-power degree p” (n = 1) and order 
p"(p” — 1) may be employed for the definition of an algebra 
A[p”]. In the next section we consider the converse problem. 

103. Linear Transformations on the Marks of an A[s]. Let 
Uo, 141, U2,°+-, Us_, be the elements or marks of any algebra 
A[s] of 5 marks, and let uo be the zero mark of the algebra and 
u, the identity element in the multiplicative group of the 
algebra. Then uz, plays the role of unity in the algebra. 

If 6 is any given mark of the algebra and x is a variable 
running over the marks of the algebra, then x+ 6 is a new 
variable x’ running over the marks of the algebra.. Thus we 
have the transformation x’ = x + 8 corresponding to the ad- 
dition of 6 on the right to all the marks of the algebra. By 
varying 8 we obtain thus a set of 5 transformations. They 
form a group. ; 

More generally the set of all transformations of the form 
(2) x’ = ax + B, 
where a and β run independently over all the marks of the 
algebra except that a is different from uo, constitutes a group 
K, as one may verify by aid of the postulates of the algebra. 
Its order is s(s—1). Each element of Καὶ permutes the marks 
of A[s] among themselves; thus K gives rise to a permutation 
group K, of degree s on the marks um, m,---, us_1. If a and ὃ 
are any two distinct marks of Af[s], then the marks uo, m1, as 
values of x, are replaced by the marks a, ὃ respectively, as 
values of x’, by the transformation 

x’ = (b—a)x+a. 
Therefore K; is a doubly transitive group of degree s and 
order s(s — 1). 

From this it follows that the number s of marks in an algebra 
A[s] 15 of the form s = p”, where p is a prime and n 15 a positive 
integer (Theorem V in § 40). 

Those transformations (2) in which a=; correspond to 
the additive group of the algebra, since they may be written 
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in the form x’=x-+ 8. From the corresponding property of 
doubly transitive groups of degree p” and order p”(p” — 1) it 
follows that the additive group of the algebra is Abelian of 
order p” and type (1, 1,---,1). The transformations (2) in 
which β = uw may be written in the form x’ = ax. They cor- 
respond to the multiplicative group of the algebra, the element 
χ' = ax corresponding to multiplication on the left by a. This 
multiplicative group induces on the nonzero marks of the alge- 
bra a regular permutation group of order p” — 1. 

Let M denote the permutation group on the marks m™, wo, 
“τ, Uy, (w= ρ" -- 1) induced by the multiplicative group of 
the algebra, and denote by m, the element of M induced by the 
transformation x’ = u,x (u;~ uo). Let H denote the permu- 
tation group on the marks um, m1, we, ---, %, induced by the 
additive group of the algebra, and denote by h; the element of 
H induced by the transformation x’=x-+4u;. Let G be the 
group generated by H and M. Then h; replaces x =u by 
x’ =u, and m; replaces x =u, by x’ =u;; whence it follows 
that ἢ; = m:-'hym:. Then u;+u; =u, where k is such that 
hy, = hih;; while uu; = m, where lis such that m~! = γε: ἴηι; 1. 

From these results it follows that the group G to which the 
algebra leads by use of (2) may in turn be employed, as in 
§ 102, to recover the algebra itself. Therefore every possible al- 
gebra A[s] ts an algebra A[p"] defined, as in ὃ 102, by means of a 
doubly transitive group of prime-power degree p” and order 
p"(p" — 1), while, conversely, such a doubly transitive group ts 
induced by the totality of transformations of the form (2) on the 
marks of such an algebra. 

The problem of constructing all algebras A[p”] is therefore 
equivalent to the problem of constructing all doubly transitive 
groups of degree p” and order p"(p"— 1). We have already 
seen (§ 77) that the latter is equivalent to an important prob- 
lem concerning certain regular subgroups J, of the group 1 of 
isomorphisms (with itself) of an Abelian group H of order p” 
and type (1, 1, - - -, 1). 

From Theorem III of § 77 and from results in this section it 
follows that the multiplicative group of an algebra A[p”] is 
simply isomorphic with a regular subgroup /; of degree p” — 1 
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contained in the group 1 of isomorphisms (with itself) of an 
Abelian group H of order p” and type (1, 1, ---, 1) when J is 
represented in the usual way as a permutation group on the 
elements of H exclusive of the identity. 

From the connection established between the algebras 
A[p”] and the doubly transitive groups of degree p” and order 
p"(p" — 1) it follows that many properties of the latter may at 
once be translated into corresponding properties of the former. 

104. Simple Isomorphism of Algebras A[p"]. Two algebras 
A,[p"] and 42[}5] will be called simply isomorphic if each ele- 
ment of A; may be made to correspond uniquely to an element 
of Az in such a way that each element of 42 is the correspondent 
of a single element of A; while, moreover, the sum [product] of 
any two elements in A; corresponds to the sum [product] of the 
corresponding two elements in 42. It will be said that two 
simply isomorphic algebras are identical. Any two algebras 
having p” elements each are such that their additive groups are 
simply isomorphic, since each of these is an Abelian group of 
order p” and type (1, 1, - - -, 1). An obvious necessary condition 
for the algebras to be simply isomorphic is that their multiplica- 
tive groups of order p* —1 shall be simply isomorphic. We 
shall show that this condition is also sufficient. 

If the multiplicative groups of Ai[ p”] and A.[p”] are simply 
isomorphic, then they lead, as in § 108, to doubly transitive 
groups of degree p” and order p"(p” — 1) which have simply 
isomorphic regular subgroups of degree p” — 1, as is seen from 
the named isomorphism of the multiplicative groups of the 
algebras. Hence the two doubly transitive groups of degree p” 
are conjugate (Theorem III in ὃ 77). Now, on recovering the 
algebras from these conjugate groups by the method of § 108, 
we exhibit the algebras themselves as simply isomorphic. 

Therefore we have the following theorem: 


Two algebras A:[p”] and A2[p”] are simply iso- 
morphic when and only when their multiplicative 
groups are simply isomorphic. 
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EXERCISES 


1. Show directly from §§ 100 and 101 (that is, without the use of 
the properties of doubly transitive groups) that the additive group of 
an algebra Als] is Abelian of prime-power order p” and type 
(1, 1,---, 1) and that its multiplicative group has the property stated 
near the end of ὃ 108. (Dickson, G6ttingen Nachrichien, 1905.) 

2. If the multiplicative group of an algebra A[p”] is Abelian, show 
that the algebra is the Galois field GF[p”]. [SUGGESTION. Compare 
the postulates relating to the two cases. ] 

3. Show that the only algebra A[p], where p is a prime, is the 
Galois field GF[p]. 

4, Show that there is just one algebra 4[25] when x = 1, 2, 3, 4, 5, 
or 7, and determine all the algebras 425]. | 

5. Determine all the algebras A[s] each of which has fewer than 
81 marks. 

6. If p is an odd prime the multiplicative group M of an algebra 
A{p”] contains just one element of order 2. 

7. In the multiplicative group M of an algebra A[p”] the Sylow 
subgroups of odd order are cyclic and those of even order are either 
cyclic or of the sole noncyclic type containing a single element of 
order 2. 

8. Give examples of algebras A[p”] to show that both types (Ex. 7) 
of Sylow subgroups of M of even order are actually to be found. 

9. Show that an algebra A[p”] whose multiplicative group M con- 
tains a noncyclic Sylow subgroup of order 2° has in a given Sylow 
subgroup of order 2% at least three subgroups of each of the orders 
22, 23, ... 2-1, 

10. The multiplicative group M of an algebra A[p”] contains an 
element of order p — 1. 

11. Prove Theorem IV of § 79 by aid of the foregoing Ex. 2. 

12. Show that the GF[p”] is the only algebra A[p”] when p* = 27, 
29, 211, 218 217, 219 35. 37, 39, 313, 

18. Show that there are just two distinct algebras A{81]. 

14. For every positive integer L there exist a prime p and a positive 


integer m such that the number of algebras A[p”] is greater than L. 
(See Ex. 14 on page 286.) 
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15. If an algebra A[p”] has, in addition to satisfying the postulates 
of ὃ 101, the property that (ὦ + c)a = ba + ca when a, ὃ, c are marks 
of the algebra, then this algebra is the GF[p”]. (Dickson, Gottingen 
Nachrichten, 1905.) 


105. Integral Elements of an Algebra A[p”]. Let the elements 
of an algebra A[p”] be denoted by the symbols uw, 241, uo, - - -, 
u, (μ = p™ — 1); and let mw and μι denote the zero element and 
the unit element respectively. Then an element of the form 
Uy + uu, +----+ 4, is called an integral element of the algebra, 
while all other elements are said to be nonintegral. Since the 
additive group H of the algebra is Abelian of order p” and type 
(1, 1,---, 1), it follows that there are just p integral elements in 
A[p”]|. When there is no danger of confusion we shall denote 
them by 0, 1, 2, ---, ἢ -- 1, where 0 and 1 denote the elements 
Uo and uw, respectively and where k=u, - u,-+--- to k terms, 
k being a number of the set 2, 3,---,—1. Addition and mul- 
tiplication of these elements in the algebra consist of addition 
and multiplication of these numbers followed by a reduction 
modulo p to a number of the set. For the case of addition this 
result follows at once from the definition of integral elements. 
For the case of multiplication we have 


ab= (μι +u+--- to a terms)(¥+%,-+---to ὃ terms) 
= (μι +u,+--- toa terms) “41 + (41 +%,+--- to aterms)u, 


+---tobterms 
=U,+u,+--- to ab terms. 


Thence it follows that ab = c if c is the number of the set 0, 1, 
- +, )— 1 to which the number αὖ is congruent modulo p. 

From this result it follows that the integral elements of the 
algebra form the GF[p]. In particular, an algebra A[)] consists 
entirely of integral elements and is the GF[p]. 

We have seen (ὃ 65) that a GF[p”] contains a subfield 
GF[p*] when and only when & is a factor of m. We have seen 
that every A[p”] contains an A[p]. If an A[p”] contains an 
A[p*], then the multiplicative group of order p* — 1 of the latter 
must be a subgroup of the multiplicative group of order p” — 1 
of the former. Hence p* — 1 must be a factor of p” — 1, whence 
it follows that Rk must be a factor of x. 
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106. Analytical Representations of Algebras A[p”]. Let us 
write 2 = kv, where & and v are positive integers (either or both 
of which may be unity). We denote the p” elements of an 
algebra A[p"] by (a1, @e, - - -, ἀκ), where the a’s run independently 
over the marks of the GF[p’]. In view of the properties of the 
additive group H of the algebra it is evident that we may take 
for the rule of addition in the algebra that expressed by the 
formula 


(σι, 2, "5", Gx) + (δι, bo, τ δ.) aad (αι + bi, δ X + d,). 


Then (0, 0, ---, 0) is the zero element of the algebra. The 
product of the zero element by any other element (in either 
order) is taken to be the zero element. It remains to define a 
suitable rule of multiplication for the nonzero elements of the 
algebra. 

The multiplication of the nonzero elements of the algebra is 
according to a group M which permutes the nonzero elements 
of the algebra according to a regular group contained in the 
group of isomorphisms of H with itself. Moreover, the group 
of linear transformations in the algebra permutes (§ 108) the 
marks of the algebra according to a doubly transitive group of 
degree p” and order p”(p* — 1). From these facts and ὃ 78 it 
follows that if 


(αι, 2." 5) ax) ᾿ (αι, Χ2, 55) Xk) = (x's, x’, er) x'k)s 


then we have 
y k 


xv; = > > Bint? *, (= 1, 2, ἜΣ k) 
s=1j=1 

where the coefficients a;;, are marks of the GF[p”] which depend 
On (αι, @2,- + -, a) but are independent of (x1, xo, - - -x,). Conse- 
quently the multiplicative group of the algebra may be defined 
by means of a transformation group whose elements have the 
foregoing form. A necessary and sufficient condition on these 
transformations is that they shall permute the nonzero marks 
of the algebra according to a regular group. 

When v = 1 this transformation group is linear. When k = 1 
we have the other extreme case of the foregoing transforma- 
tions. In this case ν = n, and the marks of the algebra are the 
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symbols (2), where @ runs over the marks of the Galois field 
GF[p"]. The rule of addition in the algebra, namely, (a) + (6) 
= (a+ 5), coincides with the rule of addition in the GF[p”]. 
For the product (a)(x) we have (f(a, x)), where f(a, x) has the 
form 


fla, 2) = ae" 


Therefore we may write 
(a2) (x) = (f(a, x)) = ( > ax"), (Ἷ = 0, 1, 2, mn ts p= 2) 
s=1 


where the a’s are the nonzero marks of the GF[p”] and the 

a, are marks of the GF[p”] to be suitably determined. We 

take (1) to be the unit element in the algebra. Then we have 
a - σοί +--+ tan® = αἰ. 

We have also (0) (x) = ({(0, x)) = (0). 

It thus appears that every algebra A[p”] may be represented 
analytically by means of the GF[p"]. The problem of deter- 
mining all algebras A[p”] has not been completely solved. 
(Compare § 77.) In the following section we shall employ the 
method just indicated to set forth the analytical representations 
of each of a large class of algebras A[p”]. 

107. The Algebras 4., ;[p"]. In Theorem XXX of ὃ 69 and its . 
first corollary we have a means of defining an important class 
of algebras A[p”]. We denote their elements by (a), where α 
runs over the marks of the GF[p”] and (0) and (1) are to be 
the zero and unit elements of the algebra respectively. Addi- 
tion is defined by he relation (σα) -" (δ) ξξ (a+). For the 
product (a;)(x) we take the element (a;x”"), where the symbols 
are those of the theorem cited and its first corollary. Such an 
algebra will be called an algebra A.,:[p"], where o and / are de- 
fined in connection with Theorem XXX. They do not include 
all the algebras A[p”], as is shown from an examination of the 
three algebras A[5?]. (Compare δὲ 80 and 102.) 

Now (Theorem XXX of § 69) σ is a factor of 


2 Mara (e—1) ΡΞ 
Lt ptt pps perma δον 
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and hence it is a factor of the following multiple of the fore- 
going number : 


Therefore the order of the group {55} is a multiple of p—1, 
and hence that group contains a cyclic subgroup of order 
p—1 and hence contains all the transformations of the form 
x’ = ax, where ἃ is an integral mark of GF[p”]. Therefore in 
Ac,i[p"] we have (a)(x) = (ax), where (x) is any element of 
the algebra. But (@;)(a) = (a;a) = (aa;), since a? = a. There- 
fore an integral element of A.,;[p”] is permutable under multi- 
plication with every element of the algebra. 

That this property of permutability of integral elements 
with all elements is not common to all algebras A[p”] may be 
seen from the example of the A[5?] defined by means of the 
transformations given near the end of § 80. Transforming the 
element x’ = w!2x5-+ w2lx by the element x’ = w!6x, we have 
the element x’ = w?9x® + w?!x. Since w?? + w?! = w® = 3, we 
have (3)(w) = (w?5 + w??) = (w + w?) = (w*), whereas (w)(3) 
= (3 w) = (w'). 

Let & be any factor of m, and consider the subset (7) of ele- 
ments in an algebra A.,;["], where r runs over the marks of 
the subfield GF[p*] contained in GF[p"]. Under addition these 
elements (r) obviously form a group of order p*. Moreover, 
the product of two of these elements (7) is an element of this 
set. Therefore the p* elements named form a subalgebra A[p*]. 
Therefore an algebra A.,;[p”] contains a subalgebra A[p*] when 
and only when ἢ is a factor of n, as one sees by aid of the result 
at the end of § 105. 

108. Analytic Finite Plane Geometries. The algebras A[p"] 
afford number systems suitable for use in constructing finite 
plane geometries. In fact, this is true of the number systems 
afforded by more general classes of finite algebras, as has been 
shown by Veblen and Wedderburn (Trans. Amer. Math. Soc., 
8 (1907), 379-388). Accordingly we define such a finite algebra 
to be one consisting of a finite number m (n > 1) of elements 
satisfying the following conditions: 
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1. The numbers of the algebra form an Abelian group under addi- 
tion, the identical element of which is denoted by 0. 

2. For any two numbers a and ὁ there is a unique number c such 
that ab =c; and if a+ 0 there are unique numbers d and d’ such that 
da =b and ad’=b; also 0a = a0 = 0 for every a. 

3. If a, ὃ, c are numbers of the algebra, then a(b +c) = ab+ ac. 


Neither the associative nor the commutative law of multipli- 
cation is assumed, nor is there necessarily in the algebra an 
identical element with respect to multiplication. And no use 
is made of the other distributive law (Ὁ + c)a = ba + ca. 

A point is defined as one of any one of the systems of three 
co-ordinates 


(1), y», 6), (2) %, 6,9), (3) (¢, 90,0, 
where ¢ is different from zero and is the same for all points. 
If 15 the number of elements in the algebra, the number of 
points is m?-++m"-+1. A line is defined as the set of all points 
which satisfy an equation of one of the forms 


(1) W+yb+2=0, (2) yb+2c=0, (3) =O, 
where y is different from zero and is the same for all the lines. 
There are then n?-+2-+ 1 lines, and each line contains n+ 1 
points, as may easily be verified. The number of lines through 
a given point 155 -Ὁ 1. 

These points and lines will be said to form a projective finite 
plane geometry, since they will be shown to satisfy the following 
postulates : 


I. If A and B are any two points, there is one and 
only one line containing both A and B. 
II. If @ and ὃ are any two lines, there is one and 
only one point contained in both a and ὃ. 
_ III. Each line contains at least three points. 


The third postulate is satisfied, since m > 1 and each line 
contains ” - 1 points. 

In order to show that Postulate II is satisfied, we have to 
treat several cases, as follows: 
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(a) Two lines of type (1): 
xw+yb+ezc=0, xp+yb'+ 2c’ =0. 


The co-ordinates of a point of intersection must satisfy the 


condition 
y(b — δ΄) + 2(c — ce’) = 0. 


We cannot have both b= b’ and c=c’, for then the two lines 
would be identical. If c=c’ and ὃ δ', we have y=0O and 
z 0, so that the point is (a, 0, ¢), where x = ἃ is the unique 
solution of the equation χύ =— ¢c. Similarly, when b= 0’ 
and cc’, we have the unique point (6, ¢, 0), where x= β 
is the unique solution of the equation x~=— 9). If b¥ 0’ 
and cc’, we have z= 9, and hence the point is uniquely 
determined as (a, 8, φ)ὴ, where 8(b—b’) =— d(c—c’) and 
By =— (ab+ ¢c). 
(b) Lines of types (1) and (2): 


sy+yb+2zc=0, γί -Ὁ Ζο' Ξε  Ο. 


Then z= φ. Then y is uniquely determined from the second 
equation, and then x from the first. 

(c) Lines of types (1) and (3). Then z=0 and y= ¢ and x 
is uniquely determined. 

(4) Two lines of type (2). We have the unique point (φ, 0, 0). 

(e) Lines of types (2) and (3). The only solution 15 (φ, 0, 0). 

From these results it follows that Postulate II is satisfied. 

By a similar separation into cases one may readily show that 
Postulate I is satisfied. 

Since the algebras A[p”] satisfy all the conditions here im- 
posed upon the more general classes of algebras, it follows that 
the former are suitable for use in constructing analytically cer- 
tain projective finite plane geometries. When A[p”] is the 
GF[p”], then the geometry is a PG(2, p*) in accordance with the 
notation of Chapter XI. When A[p”] is some other algebra of 
the type denoted by this symbol in the present chapter, the 
geometry may be different from PG(2, p”). In each of these 
geometries we may take ¢=W=1. These remarks will be 
justified by considering a special case. 
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The case when p” = 3? affords the simplest case of an algebra 
Alp] which is not a GF[p”]— simplest in the sense that the 
number of elements is a minimum. In this case we have 91 
points in the geometry; and they fall into lines in such a way 
that there are just 10 points on each line. We construct the 
named geometry. 

The polynomial x?-+-1 is irreducible modulo 3. We may 
therefore use it to construct the GF[32]. If in this GF[37] we 
denote a solution of the equation x? + 1=0 by 2, then the marks 
of the field may be denoted by x + j, where x and y are integers 
to be reduced modulo 3 to numbers of the set 0, 1, 2. We take 
these same symbols x + 47 to denote the marks of the algebra 
A[3?]. Since it is to be the one which is not identical with 
GF[37], we have for the product (αι + y1j)(x2 + )ὲ7) the mark 
obtained by multiplying the marks of the field in case x; + y1j 
is a square; but when x; + yj is not a square the corresponding 
product mark in the algebra is obtained by multiplying x; + yj 
by the cube of x2 -+ yo7 in the GF[37]. Thus we may construct 
the following multiplication table of the algebra (excluding the 
zero and the unit mark): 


2 j 2) 1-ὸ 142j72+j) 242) 
2 1 27 7 2-2}] 24+7 1427 1-} 
7 Ὁ ὦ 1 247 147 2427 1--:λἐᾧῊὼ} 
2j j 1 2 1:2] 2-.221-}ὁἪ 24+) 
1.17 |2+2j 1427 24+ 7 2 27 7 1 
1+2j7/2+7 2+27 147 j 2 1 27 
2-Ὁ7 11 -|2711:} 24275 42] 1 2 j 
2+-2j1+7 2+73 1423 1 j 27 2 


Now in the PG(2, 32) the Desargues theorem is valid (ὃ 87). 
It may be shown readily (see Ex. 1 on page 412) that in the 
geometry indicated in the foregoing remarks the Desargues 
theorem is not valid. Hence this new geometry is different from 
the PG(2, 32). 

Instead of exhibiting this new geometry explicitly we shall 
employ the same algebra to construct a non-Desarguesian 
geometry in another way, the new geometry so constructed 
being capable of being explicitly exhibited in compact form. 
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Since the number system is associative and verifies the dis- 
tributive law a(b +c) = ab+ ac, the point (x, y, 2) may also be 
represented by (kx, ky, kz), where k# 0. Then a linear trans- 
formation changes points into points; and, if the coefficients 
are integral, two transformations may be combined in the usual 
way. 

The following transformation is of order 13: 


A: 4’ =29; y Ξ2χ- 2) 24, Ζ' Ξε χ- ). 


Let Ao, Bo, ---, Go denote the points (2, 0, 1), (2 - 21,1, 1), 
(2+ 7,21,1), ( -- 2,1-Ὲ],1), Ἁ,2-Ὁ 21,1), +3142), 1), 
(27, 2-Ἐ, 1), respectively ; and let Ax, By, -- +, Ge (k=O, 1, - - -, 12) 
denote the points into which Ao, Bo, - - -, Go are changed by the 
kth power of A. Then seven of the lines of our geometry are: 


x+y+z=0: Ao Ai Az Ag Bo Co Do Eo Fo Go, 
x+tyj+z=0: Ao Bi Bs D3 Du Eo Es Es στ Go, 
x+y(27)+2=0: Ao Ci Cg Ey Eg Fs Fis Go Gs Ge, 
x+yA1+ 7) +2=0: Ao By By ι Ds Fo Fs Foe Gz Gi, 
x+y(2+27)+2=0: Ao Bo Bs Be C3 Ci FE, Eg Fy Fo, 
x+y91+27)+2=0: Ao Cr Co De Ds De Ex En Fi Fs, 
x+ y(2 + 7) +z2=0: Ao B3 Biz Ce Cs Cg Dz Do Gi Gs. 


Transforming these seven sets of 10 each by the powers of A, 
we obtain altogether ninety-one sets of 10 each formed from the 
91 points of the geometry. These ninety-one sets constitute the 
lines of a geometry, as the reader may verify. 

It is not difficult to show that this geometry is non- Desargues- 
ian, the method being to exhibit a pair of triangles which are 
perspective from a point while the intersections of corresponding 
sides do not lie on a line (see Ex. 2 on page 412). 

It is not difficult to construct the largest possible permutation 
group on its points which has the property of transforming this 
geometry into itself (Ex. 3 on page 412). It is a problem of 
interest to determine the collineation group of all geometries 
derived from particular classes of algebras A[p”]. 

The problem seems not to have been solved. 
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EXERCISES 


1. Establish the non-Desarguesian character of the first geometry 
based on the noncommutative A[3?] in ὃ 108. 

2. Establish the non-Desarguesian character of the geometry ex- 
plicitly exhibited in the latter part of § 108. 


3. Determine the collineation group of the geometry explicitly 
exhibited in the latter part of § 108. 

4. If a and ὃ are elements of the algebra whose multiplication 
table is given in § 108, show that ab = + ba. 

5. Prove analytically that the 91 sets of 10 each described in the 
latter part of § 108 form a projective geometry. 

6. Consider all numbers of the form ae; + bez where a and ὃ are 
integers reduced modulo 2 and where e; and 65 are independent units. 
Define addition by the formula 

(ae, + bes) + (ce; + dee) = (2+ c)e1 + (ὃ + der. 
Writing es for e; + 62, define multiplication by means of either of the 
following tables: 
δι @2 63 
(1) 61} 688 62 ey (2) 
609] θΘ0 @1 65 
63} δι @3 €@2 


Show that multiplication 1s commutative in case (1). In both systems 
show that the two-sided distributive law holds. 


7. By the method of § 108 construct plane geometries based on 
the number systems of Ex. 6. Show in each case that the geometry 
is equivalent to PG(2, 27). 

8. Show that there is only one projective plane geometry with 
just 5 points on a line. 

9. Show that there is one and just one projective plane geometry 
with s points on a line when s = 3, 4, 5, 6, namely, the corresponding 
PG(2, p”) in each case (see Ex. 8). 

10. Show that there is no projective plane geometry having just 
seven points on a line. 

11. Determine all the projective plane geometries having just 
8 points on a line. 7 
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12. Form an algebra whose marks are 0, 1, 2, 3, 4, and let addition 
be identical with ordinary addition modulo 5. Let a0 =0a=0 for 
~ every a. Otherwise define multiplication by the table 


[112 3 4 
1/1 2 3 4 
2|4 3 2 1 
3131 4 2 
412 4 1 3 


Use this number system to form a geometry by the method of § 108, 
taking ¢ = y=1. Show that the resulting geometry is PG(2, 5). 


MISCELLANEOUS EXERCISES 


1. Determine all the algebras A[p?] by the method employed by 
Dickson in Gottingen Nachrichien, 1905. 


2. By aid of Ex. 1 determine all the doubly transitive groups of 
degree p? and order p?(p? — 1). 

8. Determine all the algebras A[p”] each of which has the property 
that its multiplicative group contains a cyclic subgroup of index 2. 


4, Determine all the doubly transitive groups of degree p” and 
order p"(p” — 1) in each of which the regular subgroup of order 
pb” — 1 contains a cyclic subgroup of index 2. 


5. Determine all the triply transitive groups of degree p” + 1 and 
order (p” + 1)p"(p* — 1) in each of which the regular subgroup of 
order p* — 1 contains a cyclic subgroup of index 2. 


6. Consider the geometry built by the method of § 108 from the 
A[p?] defined in ὃ 107 by aid of Theorem XXX of ὃ 69 and its first 
corollary. Show how to represent the points of this geometry by triples 
of marks in the GF[p?], with suitable definition of equivalence of sym- 
bols, in such way that the lines of the geometry shall be defined by 
means of suitable nonlinear equations in the GF[p?]. [SUGGESTION. 
For the solution of this problem employ the function f(a, x) of § 106 
associated with the definition of multiplication.] 


7. Extend the results of Ex. 6 to the case of algebras A[p?"]. 


8. For the case p” = 32 compare the geometry defined in Ex. 6 
with those on the same number of points discussed in § 108. 
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9. Let ὦ and 7 be two independent units such that 12 τ 7, 
1) Ξε ji = b+ βὲ, 7? = — B? — ὃ δὲ — 2 Bj, where ὃ and β are given in- 
tegers such that the equation x? — 6x — ὃ = 0 is irreducible for a given 
odd prime modulus p. Define an algebra subject to the postulates of 
δ 108 and having for its marks all numbers of the form a+ di + ὁ], 
where a, d, 6 are marks of the GF[p”]. Extend this to the case when 
ὃ and β are marks of the GF[p”]. 


10. Employ the algebra defined in Ex. 9 in the construction of a 
finite plane projective geometry after the manner of § 108, simplifying 
the theory by aid of the fact that the algebra is commutative. Deter- 
- mine whether a Desargues theorem is valid in this geometry. 


11. Discuss the special case of the geometry in Ex. 10 when p* = 3. 


12. Determine all finite plane projective geometries having not 
more than nine points on a line (see Exs. 9, 10, 11 on page 412), and 
thus determine the smallest possible number of points on a line in a 
finite plane projective geometry in which the Desargues theorem is 
not valid. 


CHAPTER XIV 


Tactical Configurations 


a  “-- --.ς-θ---------- 


109. Immediate Examples. In § 91 we have defined tactical 
configurations A;’* of rank two and have given several classes 
of examples based on the PG(k, p”). In this section we give 
other immediate examples. 

In the configurations which we shall usually consider there 
is a certain symmetry in the role played by the J elements and 
the m sets. We may consider the m sets themselves as ele- 
ments. The p sets which contain a given symbol may be 
thought of as a combination of sets which give rise to that sym- 
bol, provided that there is no additional symbol common to 
these » sets. From this point of view the configuration be- 
comes a new configuration having the symbol A*’. The two 
configurations A** and Δέον are therefore closely related when 
they satisfy the restrictive condition just named. They are 
called associated configurations. 

With each of the m sets of \ elements we may associate the 
complementary set of /—A elements, thus forming m sets 
each of which contains ἰ — ἃ elements; in these sets each ele- 
ment occurs m—jp times. Thus we have a configuration 
A'-“™—" which is said to be complementary to the configura- 
tion ΔΙ᾿": 

From the tactical configurations afforded by the PG(, p”) 
it is apparent that the configurations AY * are of importance in 
the theory of groups. They have also been found useful in con- 
structing poristic forms in connection with the study of geomet- 
rical configurations similar to and including those associated 
with the Poncelet polygons which arise in the theory of conic 
sections. The same tactical problem also appears in the theory 


of certain irrational invariants. Its importance is therefore clear. 
415 
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We now proceed to the examples promised. 

From a cycle ad2---a, of m elements we may select cycli- 
cally the set aia2--- Ay, Q203- ++ p41, ***, κατα " " + κι, thus 
obtaining a configuration with the symbol A**. 

Let us take two sets of m things each, say @, d2,---, @, and 
αι, @2,°--+,Q@,. Each element in one set may be paired with 
each element in the other set, giving rise to n? pairs of the 2 
elements. Thus we have a A,’’”,. Again, each element in one 
of the two sets may be paired with every Other element in the 
same set: thus we have a A,7’"(,",- Again, we may make the 
pairs from each one of the sets run in cyclical order, thus obtain- 
ing a configuration with the symbol nate a 

The three configurations of the foregoing paragraph are 
capable of a ready generalization. Generalizing the first of 
them we have a configuration with the symbol 


Lni-1 
iN nt 
obtained from 7 sets of m elements each by forming all the 
possible combinations of / elements each gotten by taking one 
element from each of the / sets. One may similarly generalize 
the other two configurations in the preceding paragraph. More- 
Over, various other similar configurations are readily formed. 
Now let us take / sets of n things each, / being greater than 
2. Let these / sets be arranged in cyclical order. Form pairs 
by taking each element in one set with each element in the set 
which follows it in cyclical order. Thus we form Jn? pairs from 
the /n elements, using each element 2 » times. This gives rise 
to a configuration with the symbol 
oe. SD) 


ln, ln? 


This configuration is capable of generalization in the following 
manner. Let us consider / sets of m things each, where / > 4, 
these / sets being arranged in cyclical order; and let us form 
combinations of ἃ elements each, such combinations being 
formed from ἃ consecutive sets from the / sets in their fixed 
cyclical order by taking one element from each of the ἃ sets 
in all possible ways. Thus we have Jn elements formed into 
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ey eee nee, A 3. σε εε--.-. 
sets of ἃ elements each, the number of sets being /n* and each 
element appearing in \n*~! sets. This gives rise to a configura- 
tion with the symbol | 


A, anr—1 
iN, In * (1 > ) 


For the case in which / = +1 and \=™”, we have 


n, n™ 


Νὰ 1),2"(n+1)° 


For n= 2 this becomes A?‘,; and this configuration consists 
of all the pairs of the six elements involved except the three 
pairs from which the configuration was formed. 

Other configurations may also be readily formed by various 
modifications of the methods employed in this section. 

110. Configurations Associated with Coble’s Box Porism. In 
the 3-space PG(3, p”) there are p” + 1 points on a line 7 and 
p" +1 planes on the same line. Let us take p” of these planes 
and a point P not on any of these p” planes (and hence on the 
remaining plane through ἢ. Let Q be any point on ἰ. In ad- 
dition to the p” planes already retained, keep also the p?” 
planes which are not on the line PQ. We thus retain p?” + p” 
planes. Retain the p*” points which are not on the plane 
through P and /; these points form an EG (3, p”). The points 
retained on a given one of the p” planes first selected and the 
lines in which that plane is cut by the retained planes through 
P form a configuration 

p”, p” 
pen, pon’ 


Hence the 3” retained points appear in sets of p” each on the 
p2" + p” retained planes ; moreover each of the retained points 
appears on one of the retained planes through / and on just 
p* of the retained planes on ἢ. We are thus led to a configura- 


tion having the symbol 
᾿ A” "ἘΔ 
psn, p2n+ pn 


When »" = 2 we have here a configuration with the symbol 


A*3. It is based on the PG(, 2). It may be shown that this 
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leads to a configuration equivalent to that defined by the 
following scheme : | 


DEFG, LMNO, DELM, FGNO, DGLO, EFMN. 


If these six quadruples in the order written are numbered 1, 2, 
---, 6, then the eight letters contained in them are determined 
by triples of digits according to the following correspondence: 


1385 1386 145 146 235 236 245 246 
DB E G F L M O N 


These eight triples of six elements form the configuration rN 
belonging to the box porism of Coble (Amer. Journ. Math. 
43 (1921),15). The latter is therefore exhibited as belonging to 
an infinite class of configurations; the class was suggested by 
this example. | 
Another infinite class of configurations having the same 
symbols as the foregoing may be constructed in the following 
manner. From PG(8, p”) form the corresponding EG(3, p”) by 
omitting a plane with its points. Let P be a point on this plane; 
then there are p2”-+ p” additional planes on P; these are to be 
retained. The p3” points of the EG(3, p”) fall on these planes, 
p?" points on each plane thus considered. Moreover a given 
one of these points is on each of the planes containing the 
line joining this point to P, and hence it is on p”+1of the 
retained planes. Thus we are led to another configuration with 


the symbol 
A’ 2 prt 
p® n pn + p”, 


111. Certain Additional Configurations. From the PG(k, p”) 
(k > 2) let us omit a line of points and also all the lines on each 
of these points. The number of points remaining is /, where 


1 = p+ par... + ph, 


Now the total number of lines on a point is 1+ p"+---+ p&-»2, 
Hence the number of omitted lines is 


(1+ DP" + D+ +. + pFY*) $1. 
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Hence the number m of retained lines 1s 


m = PE" UPD) _ 1+ pro" + 9 
7 (255 — 1)(p* — 1) +: ὃ ~ + pen) — 1, 
The retained points fall ἃ at a time on the retained lines, where 


λει" 
each point appearing on yu of the lines, where 
jn = p2™ + p3>+---+ pe”. 


This gives rise to a Ar * where ἰ, m, λ, μ have the values given. 


To form another configuration let us omit from PG(8, p”) 
the points on two nonintersecting lines and all the lines through 
these points. This leaves 


pr(p?" — 1)" — 1) 


lines of the PG(3, p"). Each of these contains p” + 1 points of 
the PG(3, p”); and each of these retained points is on p*” — p” 
retained lines. Hence the retained points and lines yield a 
configuration A;’” where 


l= (p" + 1)(p?* — 1), m= p(b* — 1)" — 1), 
A=p"+1, w=pr(b"— 1). 


Again, from the (2 k + 1)-dimensional space PG(2 k + 1, p”) 
let us omit the points of a k-dimensional subspace Sz and also 
all the (2 %)-spaces containing S,. We thus retain / points and 
1 (2 k)-spaces, where 


[= p2ktDn 4 prkn to. . + pt, 
᾿ Fach of the retained (2 k)-spaces has A retained points, where 


A = p2h 4. ρει) + sd 4. pin, 


and each of the retained points lies on ἃ of the retained (2 k)- 
spaces. Thus we are led to a configuration Aj;; where \ and / 
have the values just given. 

112. Subgeometries and the Complementary Sets. Let v be 
any proper factor of m. Then in the PG(k, p”) there is included 
(§ 86) the geometry PG(R, p’), namely, those points of PG (k, p”) 
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whose co-ordinates may be taken as marks of the GF[ p”] included 
in the GF[p"]. We shall denote by C(k, p”, p’) the complemen- 
tary set of points, namely, the points of PG(k, p”) which are not 
contained in the included PG(k, p’). The number / of points in 
C(k, p”, p”) is 


l= (pe — p*) mo (p&-Dn — p&-Dr) + oe + (p” — p’). 


If aline in PG(k, p”) contains two points of PG(k, p’), it con- 
tains all the points of a line in PG(k, p”). Hence the lines of 
PG(k, p”) may be separated into three classes: the first class 
consists of those lines each of which contains a whole line of the 
PG(k, p’); the second class consists of those lines each of which 
contains just one point of the PG(k, p’); the third class consists 
of those lines containing no point of the PG(k, p’). The num- 
bers of lines in these three classes are readily shown to be, 
respectively, 


+1)» 1 ky 1 (ΓΞ Ὁ ky 1 (k+1)y ΤΠ 
ω τυ θυ ea ee 


@r=)@=1)" \pral Pa 
(perve ment 1)(p*" = 1) _ peter Se! (22 aes | _ p’(p® _ 1): 
τ)" -) pl \pt— 1p 


It is not difficult to show that the third class is the null class 
when and only when & = 2 and n = 2 ν. 

With these classes we readily construct tactical configura- 
tions as follows: 

Let us consider the second class of lines in the case when ὦ = 2 
and n= 2y. Each of the p?”+ p’+1 lines of the PG(2, p’), 
when extended to a line of PG(2, p?”), contains just 22: — ῥ᾽ 
points of C(2, p?”, p”); and no point P of C(2, 23», p”) occurs 
on two such extended lines. Hence each of the (p?* — p) 

(b?” + p” + 1) points of C(2, p?”, p”) occurs on one and just one 
line which contains a line of PG(2, p’). Hence each point P of 
C(2, p?’, ῥ᾽) lies on just p?” lines of the second class, this being 
the number of lines joining P to points of PG(2, p”) other than 
the line of PG(2, p”) on the extension of which P lies. Moreover, 
each line of the second class contains just p2” points of 
C(2, p*’, p”). Hence the (p?”— p’)(p?”+ p+ 1) points of 
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: 

C(2, p?’, p’) lie p?” at a time on the (p2” — p’)(p?” +b’ + 1) 
lines of the second class, and each point is on just p?” of these 
lines. This gives rise to a tactical configuration Δι» where 


N= pap, lam= (6p) +P Ἔ1). 


In the case when 2’ = 2 this gives a A? ee 

From the general configuration of the preceding paragraph 
a certain reduced configuration is readily obtained. Let us 
omit from PG(2, p’) one of its lines and at the same time omit 
from PG(2, p2”) the line L, which has p’ + 1 points in common 
with the omitted line of PG(2, p”). This line contains p?” — p’ 
points of C(2, p?’, p”). The remaining points of C(2, p?’, b”) 
are (p?” — p’)(p?” + p”) in number. These points fall p?” at a 
time on the lines of the second class other than the lines con- 
taining each a point of L which is in the set C(2, p?’, p”). These 
latter lines are (p?” — p’)p?” in number, since each of the ex- 
cluded p2”— p” points is on just p?’ lines of the second class 
and no two of them are on the same line of the second class. 
Excluding these lines and retaining the others of the second 
class, we have p’(p?” — 1) retained lines. Each of the retained 
points is on just p” of the retained lines. Hence we have a 
tactical configuration Aj’, where | 


| = p?*(p?” — 1), A= p?’, w=p’, m = p’(p?’ =: 1). 


For p’=2 this is a A, The associated configuration eae 
has an obvious generalization to a configuration 


2,2(n— 1) 
2n,2n(n—1) 
consisting of all the pairs of 2 n-symbols αἱ, a2, ° + +, Q2n except 
the pairs a1, @2; 3, M43 “τ΄; O2n—1, V2ns each ἃ occurring in 


2(n —1) pairs. And this in turn is capable of an immediate 
generalization to the case of kn things taken & at a time except 
for the omission of ” sets of & each, the latter sets involving 
each symbol once and just once. 

Let us consider the second class of lines in the case when 
k=2andn= pyv(p> 2). The number lof points in C(2, p*”, p”) 
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and the number m of lines in the second class and the num- 
ber N of lines in the third class are now, respectively, 


l= »" -- pp + pr Ἐ 1), 
m = (pr — pr)(b?* + p’ +1), 
N = (p" — p’)(prr — p®*), 


Moreover, each line of the second class contains just }»’ points 
of C(2, p*’, p’). We may separate the points of C(2, p*’, p”) into 
two subclasses ΟἹ (2, p*’, p”) and Co(2, p*’, p’), those of the sub- 
class Οἱ being each on a line of PG(2, p*’) which contains 
pb’ +1 points of the PG(2, p’), while the subclass C2 consists 
of the remaining points of C(2, p*’, p”). Now these subclasses 
C, and C2 contain J; and /2 points respectively, where 


h = (pb — p’)(b?? +p" +1), b= (p" — p’)(p” — p”), 


a result which may be proved as follows. The PG(2, p’) con- 
tains p?”+ p’+ 1 lines, and each of these lines has p — p” 
points of Ci, while no point of Οἱ is on two of these lines, since 
two such lines have a point of the PG(2, p’) in common. Hence 
ἰ has the value given; then ἴω is obtained from the formula 
ls = l ee lie 

Each point of Οἱ is on just 25" lines of the second class, since 
it is on just one line of the first class and this line contains just 
pb’ +1 of the p?”+ p’+1 points of the PG(2, p”); and each 
point of ὦ is on just p?”+ p’+-1 lines of the second class. 
But just p+ 1 lines of PG(2, p*”) pass through any given 
point of this geometry. Hence each point of Οἱ is on just 
p*’’ — p*” lines of the third class, and each point of ὦ is on 
just ρ»» — p?” — p” lines of the third class. Every line of the 
second class contains just as many points of Οἱ as there are 
lines in PG(2, p”) not containing the point which this line of 
the second class has in common with the PG(2, p’), and this 
number is p?”; therefore every line of the second class contains 
just 2» — p2” points of Co. 

Now we have seen that the ἢ points of Οἱ fall, in sets of 
p?” each, on the m lines of the second class, each point of Οἱ 
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nn ὃ  -ς-----ΟΘΟἶ-ὀ-----ο.-----ςςς-: 
belonging to just p?” lines of the second class. Thus we have 
a Δ", with 


l,m? 
l=m= (pr -- Ῥη) 03" ἘΡ' Ὁ 1), λξμεξρ"". 
For p =3 and p’ = 2 we have thus ἃ AS “ἢ 

Again, the 2 points of Co fall, in sets of p°’ — p2” each, on 
the m lines of the second class, each point of Ce belonging to 
just p2”+ p’+1 lines of the second class. Thus we have a 
Ay’ where 

h=per—p™, w=p7+prtl, l=h, 
and m and Iz have the values already given. 

Each line of the third class contains just p?” + p’ + 1 points 
of Ci, since it contains no point of PG(2, p”) and has one and 
just one point in common with each of the p2”+ p’+ 1 lines 
each of which contains p’+ 1 points of the PG(2, p”). Hence 
each line of the third class contains also p*” — p?” — p” points 
of Co. 

From the foregoing results we see that the J, points of Ci 
fall, in sets of p?? +p" +1 each, on the N lines of the third 
class. This defines a tactical configuration of rank two. 

Similarly, we see that the J, points of ὦ fall, in sets of 
pe — p?” — p” each, on the N lines of the third class, each | 
point of Cz belonging to just pe» — p — p” lines of the third 
class. Thus we have a tactical configuration A’); where 


= pr — p® —p’, l= (φ"" -- Pp”) (b” — p?’). 
It is evident that other configurations may readily be con- 


structed by means of finite geometries of more than two dimen- 
sions and the subgeometries contained within them. 


EXERCISES 


1. Construct the configuration Δὲ Ξ of the first paragraph οἱ ὃ 110 
and determine the group characterized by it. 

9. Construct the configuration Δὲ of the last paragraph of ὃ 110 
and determine the group characterized by it. 

3. By means of all but one of the planes on a point P of PG(@, p”) 
and the intersecting lines of these planes, the lines being taken as ele- 
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ments and the planes as sets of elements, construct a configuration 
having the symbol A)’ where 
l=p*", m=p*"+p", A=p", w=pr+1. 

4. Construct the configuration aS ae of the first paragraph of 
§ 111 (for k=3 and p"=2) and determine the group characterized 
by it. 

5. Construct the configuration Ae of the second paragraph of 
§ 111 (for p* = 2) and determine the group characterized by it. 

6. Construct the configuration Δ. 12 Of the last paragraph of 
§ 111 (for k=1 and p" = 2) and determine the group characterized 
by it. 

7. Construct from the PG(2, 2?) the configuration A 414 men- 
tioned in § 112 and determine the group characterized by it. 

8. Construct from the PG(2, 2?) the configuration Ae ς of § 112 
and determine the group characterized by it. 

9. Show that the system consisting of the five sets of three pairs 
each, 00, 14,23; 001, 20, 34; 02, 31, 40; 03, 42,01; 4, 03, 12, 
is left invariant by each element of the group 

{(01234), (1243), (000)(14)} 
and by no other permutations on its symbols. 
10. Show that the system consisting of the seven sets of four pairs 
each, 
000), 16, 25, 43; 001, 20, 36, 54; 02, 31, 40, 65; 003, 42, 51, 06; 
00 4, 53, 62, 10; 05, 64, 03, 21; 06, 05, 14, 32, 
is left invariant by each element of a doubly transitive group of de- 
gree 7 and order 7 - 6 and by no other permutation on its symbols. 
11. Show that the system consisting of the seven sets of four pairs 
each, 
000, 13, 45, 26; ΟἹ, 24, 56, 30; 02, 35, 60, 41; 003, 46, 01, 52; 
00 4, 50, 12, 63; 05, 61, 23, 04; 006, 02, 34, 15, 
is invariant under the triply transitive group of degree 8 and order 
8-7-6-4 on its symbols and under no other permutations on these 
symbols. 
12. Solve the like problem for the four sets of three triples each, 
123, 456, 789; 147, 258, 369; 159, 267, 348; 186, 294, 375. 
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a 
Discuss the isomorphism of the resulting group with the symmetric 
group of degree 4. 


13. Noting the way in which Ex. 12 depends on the regular group 
generated by (123) (456) (789) and (147)(258)(369), construct and 
solve a similar problem depending on the regular noncyclic permuta- 
tion group of order 25. 


14. Investigate other groups by methods suggested by the results 
in the foregoing Exs. 9 to 13 inclusive. 


113. Triple Systems and Triple Groups.* If 2 elements %1, ΧΩ» 
».+, X, can be arranged in triples so that each pair χαχρ occurs 
in one and in just one triple, then the arrangement so made is 
called a triple system. The largest permutation group on %, %2, 
++, %, each element of which transforms the triple system into 
itself is said to be a triple group and to belong to the triple system. 

It is easy to determine a necessary condition on the form 
of n in order that a triple system of » elements may exist. 
Since there are 4 n(n — 1) pairs of πὶ things and since a given 
triple contains three of these pairs, it follows that the number 
of triples in a triple system on m elements is ¢n(n— 1), so 
that this last number must be an integer. Moreover, a given 
letter must occur with each of the others taken in pairs; 
whence n must be odd. These two conditions require that 
n shall have one of the forms 6m-+1 and 6m +3. It has 
been shown (see Netto’s Lehrbuch, loc. cit.) that a triple system 
exists for each n of either one of the given forms, and indeed 
that at least two inequivalent triple systems exist for each 
such n greater than 9, while there is just one when 2 =3 or 
7 or 9. [Two triple systems are said to be equivalent if there 
exists a permutation which transforms one of them into the 
other.] The number of distinct triple systems on a given 
number of elements has not yet been determined in general. 

The finite geometry PG(k, 2) affords an example of a triple 
system on 2: — 1 elements, the lines of the geometry con- 


τὴς fe a a a ρβββρεξξεεξ 


* See Netto, Math. Annalen 42 (1893), 143-152. See also Netto, Lehrbuch 
der Combinaiorik, second edition, pp. 902-227, 321-334, for a much fuller 
account of this subject, with numerous references to the literature. 
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stituting the triples of the system. The corresponding triple 
group is then the collineation group in the finite geometry. 
When k& > 1 the group is doubly transitive and contains cyclic 
permutations of all its elements. [It is obvious that a triple 
group of degree greater than 3 cannot be triply transitive.] 

The finite geometry EG(k, 3) affords an example of a triple 
system on 3° elements, the lines of the geometry constituting 
the triples of the system. The group belonging to the system 
is the collineation group in the geometry. | 

A triple system on 7 elements leads to one on 2, -Ἐ 1 ele- 
ments, in the following manner. To the m elements x1, xo, 

+, Xn Of the given system adjoin the n + 1 additional elements 
x'o, *'1,° °°, Χᾳ. From each triple χαχρχγ of the first system 
form the four triples 


Kat BXy- Bax bhas. Χ akpX sy: Kak ax os 
Then add the remaining triples 
χοχιΧ'ι, ΧΌΧΩΧ' 2, +++, X/oXnX'n. 


No pair of the 2. - 1 elements occurs twice. The number of 


triples is 4 n(n — 1) Ἔν Ge (2n+1)(2n) 
6 6 , 


whence it follows that the named set of ae forms a triple 
system on 2” -+- 1 elements. 

Applying this process to the triple system on three elements, 
one has a system on 7 elements; from the latter a system on 
15 elements is obtained in the same way; and then one on 
31 elements; and so on. The systems thus determined con- 
stitute the geometries PG(k, 2), as one may readily show, the 
triples being the lines of the geometry. 

Let 7, and Τὸ be triple systems on ™ and on me elements 
respectively ; and denote them by the symbols 


(T1) abc, ade, bdg, oes (T2) apy, ade, acy, oe 


Employ the mime elements Xaa, Xag, " " "», Xbay Xbs,° °°. Then form 
triples as follows, of the numbers indicated : 
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ni(m; --- 1) ,.- : 
Ne min) triples: XaaXabXacy Χααχαάχαο, ***s XBaXpbXpes °° *> 

n2(N2 — 1) ἸΏ 169: : 
nN 6 trip QS: XaaXapXay, XaaXasXaey ° °°» SbaXbpXby, °° * > 


n(n; — 1) Ne(n2 — 1) 4: 
6— ; ) te Ἔ triples: Χααχοϊζοην XaaXonXet, Χαϊ Χραζοην 
Χαϊχνηζεα» Χαηχοαζοῖ» Χαηχοζζοα» 


and so on for the various pairs of triples from 7, and 
ΤΩ respectively. 
No pair of elements occurs in two triples, while the total 
number of triples has the appropriate value 


m(m—1) N2(n2-—1) n(Mm—1) n2(ne—1) _ nyn2(NiNo—1) 
cr a ee πε: eo 6 


Hence the triples formed from the χὰ constitute a triple system 
on 2122. elements. 

We shall now form a triple system on p elements, where p 
is a prime of the form 6m-+1. Let g be a primitive root mod- 
ulo p, and denote the residues modulo p by 0, g, 82,--° +, 7's 
Form the triples 


k,k+g%,k+ 977%; (a=0,1,---,m—1; k=0,1,---, 6m) 


the numbers in the triple in each case being reduced modulo p. 
The number of triples so formed is m(6m-+ 1) = 4 p(p— 1). 
Hence, to show that they form a triple system it is sufficient 
to prove that no pair occurs in two triples. Since the set of 
triples is transformed into itself by the transformation i’ =t-+1 
mod ρ, it follows that if any pair occurs in two triples, then 
there exists a number p such that the pair (0, p) occurs in 
two triples, while the zero element is either that for which 


k=-— g« or that for which k=— g™+2, Hence we have to 
examine only the following sets: 

0, gut* — gt, — ρα; (a=0,1,---,m—1) 

0, σοὶ a, g* τ - gers. (a = 0, 1, oe *y 0 1) 
Now g6" = 1 mod p, while g3" = 1 mod ῥ, whence g2" = — 1 


mod p. But g"4+- 1 = (g™ + L(g?" — 6 + 1) =0 mod 2», while 
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g”™ £1 mod p. Hence g”— 1 = g?” mod p. Therefore the last- 
named triples may be written 


0, gente gimte, (a =0,1,---,;m— 1) 
0, gree. pomre, (a = 0, 1, "1.5, 7 -- 1) 


No pair (0, ρ) occurs in two of these. Therefore the original set 
of triples constitutes a triple system. 

We shall next construct a triple system on 3 uw elements, 
where μ is an odd number which is not divisible by 3. We de- 
note the 3 μ elements by the numbers 1, 2, ---, 3y. Then 
form the pairs (5, ἢ), where 


s+t=Omod yu, s#0mody, t#0Omody, s=t=1mod3. 


The numbers which are congruent to 1 modulo 3 and are not 
congruent to Ὁ modulo wu fall into μ -- 1 classes of residues 
modulo 3 uw. If s is such a number, then there is another such 
number ἐ, uniquely determined modulo 3 yu, such that s+/=0 
mod uw. Thus one has 3(u — 1) pairs (5, t) meeting the condi- 
tions named for such pairs. Then form the ὁ μῷ u — 1) triples 


7, 7΄-Ἐ 5, TEI; (r=0,1,---,3u—1) [1] 
γ,7΄-᾿Ἐμ,7-ἘΠ2 μ. (r=0,1,---,u—])D [2] 


It may be shown that these form a triple system. For this pur- 
pose it is sufficient to show that no pair occurs in two triples. 
Since the addition of unity to each element in each triple trans- 
forms the set of triples into itself, it is sufficient to show that no 
element p exists such that the pair (0, p) occurs in two triples; 
moreover, there is no loss of generality in supposing that the 
element Ὁ occurs in either the second or the third place in the 
triple as written in [1] or in the last place as written in [2]. 
Then we have to examine only the triples 


(— 5, 0, ἐ - 5), (--ἰ δ...“ 0), (—2 yu, — μ, 9), 


and to show that no pair (0, p) occurs in two of them. It is 
obvious that the last does not have a nonzero element in com- 
mon with either the first or the second. The reader may show 
that no nonzero element occurs in two triples of the first two 
sets. Thus the proof of the proposition is completed. 
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114. Quadruple Systems. If elements %1, %2, "".., %n Can be 
arranged in quadruples so that each triple χαχρχγ of distinct 
elements occurs in one and just one quadruple, then the arrange- 
ment so made is called a quadruple system. The number 7 of 
elements in a quadruple system must be of one of the forms 
6m-+2 and 6m + 4, as one may easily prove by showing that 
each of the numbers 


n(n —1)(n — 2) (n—1)(n—2) ῃ -- 2 
4-3-2 3.2 2 


must be an integer: the first of these numbers is the number 
of quadruples in the system ; the second is the number of quad- 
ruples containing a given element ; while the third is the number 
of quadruples containing a given pair of elements. The quad- 
ruples containing a given element evidently lead to a triple 
system on the remaining elements. 

From a given quadruple system on the m elements 11, %2, " °°, 
x, one may form a quadruple system on the 2 m elements %, ΧΩ, 
685) Xny X11, X'2, 5.» Xn in the following manner. For each 
quadruple x.%s%,%s of the given set form also the quadruple 
XX! gx!y x's and retain %aXp%y%s. For each quadruple containing 
a given pair %.%,, aS for instance χὰ Χρζχλᾷζμ, form also the quad- 
ruple x’.%'s%,X,. Form also the quadruples χ'«Χίρχαχρ for every 
pair (a, 8) of the set 1, 2,---, 7. The total number of quad- 
ruples thus formed is | 


2(n)(n — 1)(n — 2) 4 nn 1) n—2 n(n — 1), 
24 2 2 2 


2 η(2 ἢ -- 1)(2 " -- 2). 
or FA 


This is just the required number of quadruples for a quadruple 
system on 2” elements. Therefore the named quadruples form 
a quadruple system provided that no triple occurs in two quad- 
ruples. That this condition is met is readily shown by consider- 
ing the triples of each of the forms *x,%.%,, RK Kas Baked ss 
x',x',X%;. Hence, from a given quadruple system on 7” elements 
one may construct (in the manner indicated) a quadruple 
system on 2 elements. 
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Now 4%1%2x3x4 forms a (trivial) quadruple system. Applying 
to it the method of the previous paragraph one obtains a 
quadruple system on 8 elements (see Ex. 4 on page 353). It is 
easy to show that this is the only quadruple system on 8 ele- 
ments. From the quadruple system on 8 elements one may 
form one on 16 elements; from this, one on 32 elements; and 
so on. Thus one has quadruple systems on 2* elements for 
k= 3, 4,5,---+. In ὃ 91 the same quadruple systems were con- 
structed by means of the finite geometries (see Ex. 6 on page 436). 

Now consider the collineation group C(1, 3*) of the PG(1, 3*). 
It has a subgroup consisting of those transformations 


x! = ok +B 
yx +6 


for which a, β, y, 6 belong to the GF[3]; this subgroup is of 
order 4-3-2; it permutes among themselves the elements oo, 
0, 1, 2; these elements are left individually fixed by the trans- 
formation x’ = x8; this transformation and the group of order 
24 just mentioned generate a group of order 24 k, each element 
of which leaves fixed the set οο, 0, 1,2. Hence the group C(1, 3*) 
transforms this quadruple into (3* + 1)3*(3* — 1) /24 quadruples 
(as does also the projective group P(1, 3*)). Since the group is 
triply transitive, it follows that every triple of the 3} +- 1 points 
of PG(1, 3*) occurs among these quadruples. The quadruples 
therefore constitute a quadruple system. When k = 1 we have 
a trivial case. When k = 2 we have a quadruple system on 10 
elements. 

From the three preceding paragraphs it follows that quad- 
ruple systems of m elements certainly exist for every number ἡ 
of the form 


n= (3'+1)2. (k= 1, 2,3,---; 1=0,1,2,---) 


The general problem of the existence of quadruple systems of 
n elements when x is of the form 6 m + 2 or 6 m + 4 appears not 
to have been solved. 

Let us return to the quadruple system on 3*-+. 1 elements 
already constructed. Those quadruples which contain the ele- 
ment oo lead to a triple system on the 3* elements exclusive of 00. 
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It may be shown that this is the same as the triple system 
afforded by the lines of the EG(k, 3) (see Ex. 8 on page 436). Its 
group is therefore the projective group EP(R, 3), a doubly transi- 
tive group of degree 3" and order 


3*(3* — 1)(3* — 3)(3* — 37) - -. (3 — 3:-1). 


This triple system may also be constructed (in a manner now 
obvious) by means ef the transformation group x’ = ax + β in 
the GF[3*]; and when so constructed it leads at once to the 
larger doubly transitive group just named — a good example 
of the way in which configurations may lead from a given 
multiply transitive group to a larger one containing it. 

115. Configurations Associated with the Mathieu Groups. The 
Mathieu groups of degrees 11, 12, 22, 23, 24 (one of each 
degree) are remarkable for two things: (a) they seem to be 
the only known simple groups which do not appear among 
the known infinite classes of simple groups; (0) among them 
are found the only known fourfold and fivefold transitive 
groups other than the alternating and symmetric groups. 
Examples which stand apart in such a way possess a pecuilar 
interest on account of their isolation. It therefore seems worth 
while to present (without any details) a very direct method 
for constructing these groups by means of configurations and 
to indicate some of their properties which are made manifest 
by means of these configurations. | 

The linear fractional group modulo 11 of order 12-11-5 15 
often represented as a doubly transitive group of degree 12 on 
the symbols oo, 0, 1, 2,- - -, 10. From the 12 symbols which this 
transitive group permutes one may select a set of six, namely 
oo, 1, 3, 4, 5, 9, such that the set is transformed into itself by 
just five elements of this group. The whole group therefore 
permutes this set of six symbols into 132 such sets. If any five 
symbols are selected from the twelve they appear in one and 
just one of these sextuples. The 132 sextuples therefore afford 
an interesting configuration on 12 symbols which may well be 
called a sextuple system, in analogy with the terminology em- 
ployed in the previous section. The symbol co appears in just 
66 of these sextuples, whence it follows readily that these 66 
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sextuples afford a configuration of 66 quintuples on the set 
0, 1, 2,---, 10. These may be said to form a quintuple system, 
since each set of four of the symbols appears in one and in just 
one of the quintuples. Any one of the eleven elements occurs 
in 30 quintuples from which a quadruple system on ten elements 
may be formed by omitting that element. From this in turn 
the triple system on nine elements may be constructed. 

If one seeks the largest permutation group G on the twelve 
symbols, each element of which leaves invariant the named 
sextuple system, it is found that G 1s a fivefold transitive group 
of degree 12 and order 12-11-10-9-8. This is the Mathieu | 
group of degree 12. Its largest subgroup each element of 
which leaves one given symbol fixed is the Mathieu group of 
degree 11; it is fourfold transitive of order 11-10-9-8. 
Moreover, it is the group belonging to the quintuple system 
already named. 

From the foregoing considerations it follows also that the 
Mathieu group of degree 12 contains a subgroup of order 
10 - 9-8 each element of which leaves fixed a given one of the 
132 sextuples. This subgroup is intransitive, having two transi- 
tive constituents each of degree 6. It thus sets up a simple iso- 
morphism of the symmetric group of degree 6 with itself; and 
the isomorphism so established is an outer isomorphism. This 
outer isomorphism is therefore an essential element in the 
structure of the Mathieu group of degree 12 

The linear fractional group modulo 23 of order. 24. 23-11 
is often represented as a doubly transitive group of degree 24 
on the symbols οὐ, 0, 1, 2, ---, 22. This transitive group con- 
tains a subgroup of order 8 each element of which transforms 
into itself the set oo, O, 1, 3, 12, 15, 21, 22 of eight elements, 
while the whole group transforms this set into 3 - 23-11 sets 
of eight each. This configuration of octuples has the remark- 
able property that any given set of five of the 24 symbols 
occurs in one and just one of these octuples. The largest permu- 
tation group I‘ on the 24 symbols, each element of which leaves 
this configuration invariant, is a fivefold transitive group of 
degree 24 and order 24. 23. 22. 21. 20. 48. This is the 
Mathieu group of degree 24. Its fourfold and threefold transi- 
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tive subgroups of degrees 23 and 22 are the Mathieu groups of 
these degrees. With these two subgroups we may associate (in 
a manner now obvious) configurations on 23 and 22 letters re- 
spectively. The former consists of septuples such that any set 
of four of the 23 elements occurs in one and in just one septuple ; 
the latter consists of sextuples such that any set of three of the 
22 elements in it occurs in one and in just one sextuple. 

The latter set of sextuples on 22 symbols leads readily to 21 
quintuples on 21 symbols; it may be shown that these quin- 
tuples constitute the lines of the geometry PG(2, 2) of 21 points. 

The Mathieu group of degree 24 contains a subgroup of 
index 3 - 23 - 11 each element of which leaves invariant a given 
octuple of the previously named configuration of octuples. 
This subgroup permutes the eight symbols in this octuple 
according to the alternating group of degree 8; it permutes the 
remaining 16 symbols according to a triply transitive group of 
degree 16 and order 16-15-14-12-8; the latter of these two 
groups is (16, 1) isomorphic with the former. This isomorphism 
is essential in the structure of the Mathieu group of degree 24. 
By means of this isomorphism and the known lists of groups of 
degree not exceeding 8 it is easy to find all the primitive groups 
of degree 16 contained in the named triply transitive group of 
degree 16; it turns out that they are twenty in number: these 
are all the primitive groups of degree 16 except the alternating 
and symmetric groups of this degree (see Miller, Amer. Journ. 
Math. 20 (1899), 229-241). By means of the named (16, 1) 
isomorphism it may also be shown without much difficulty that 
for every transitive group of degree 5 there exists a doubly 
transitive group of degree 16 which is (48, 1) isomorphic with 
the group of degree 5. (See Theorem XIII of § 97.) 

116. Some Generalizations. By a complete \-y-v-configuration 
of m elements we shall mean a configuration of ” elements 
taken ν at a time so that each set of μ elements shall occur 
together in just ἃ of the sets. (Compare Netto’s Lehrbuch der 
Combinatorik, second edition, p. 325.) Then a triple system 
is a complete 1-2-3-configuration; a quadruple system is 
a complete 1-3-4-configuration; and so on. A finite two- 
dimensional geometry PG(2, p") is a complete 1-2-(p" + 1)- 
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configuration. In the previous section we have shown the 
existence of a complete 1-4-5-configuration on 11 elements, a 
complete 1-5-6-configuration on 12 elements, a complete 1-5-8- 
configuration on 24 elements, a complete 1-4-7-configuration 
on 23 elements, and a complete 1-3-6-configuration on 22 ele- 
ments. These examples are sufficient to show the importance 
of complete \-y-v-configurations for \ = 1. 

But little has been done towards a general theory of complete 
A-u-v-configurations. In the next section we shall treat certain 
complete. 2-2-k-configurations. 

An infinite class of complete 2-3-4-configurations may be 
constructed in the following manner: Let p be any prime of the 
form 679 - 1 and let p be a solution of the congruence /? — ὦ 
+1=0mod p. The set οὐ, 0, 1, p is transformed into itself by 
the group generated by the transformations 


x! =4—+ mod p and x' = mod p, 


a group whose order is 12. Thence it follows readily that the 
set 00, 0, 1, p is transformed into (b+ 1)p(p—1)/12 quad- 
ruples by the linear fractional group modulo p, the order of 
which is (p+ 1)p(p— 1). Since this linear fractional group is 
triply transitive, it follows that each triple of the p+.1 ele- 
ments o, 0, 1, 2,---,-1 occurs among the quadruples in 
the named set of quadruples, and indeed that each triple oc- 
curs the same number of times as any other, whence it follows 
that each of them occurs twice. Thence it follows that these 
quadruples constitute a complete 2-3-4-configuration. In case 
m is odd (but not when m is even) this configuration breaks 
up into two equivalent configurations each of which consti- 
tutes a complete 1-3-4-configuration, a fact which one may 
verify readily by showing that the transformations of square 
determinants in the named linear fractional group then trans- 
form oo, 0, 1 into every triple of the p + 1 elements. 

117. Certain Complete 2-2-k-Configurations. We shall now 
treat those complete 2-2-k-configurations of m elements which 
are formed by x sets of & things each such that each two sets 
have just two elements in common. Since each of the 4 n(n — 1) 
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pairs of elements occurs just twice and each of the 7 sets of 
k elements contains just 4 &(k—1) pairs, it follows that we 
must have 4 k(k — 1)n= 2-4 n(n — 1), whence it is necessary 


— ἜΒΗ 


The case k=2 is entirely trivial When k=3 we have 
n= 4 and the configuration consists of the four triples which 
may be formed from four things. When k = 4 we have n=7; 
then it may be shown that the configuration is equivalent to 
that given in Ex. 15 on page 25; the group characterized by 
the configuration is (Ex. 16 on page 25) the doubly transitive 
group of degree 7 and order 168; the complementary configu- 
ration 15 the PG(2, 2). 

When k=5 we have n=11. The configuration 1s unique 
(Ex. 17 on page 25) and is equivalent to that given in Ex. 13 
on page 24. The group characterized by the configuration is the 
doubly transitive group of degree 11 and order 660. 

When k=6 we have n=16. In Ex. 30 on page 42 (see 
also Ex. 17 on page 437) we have given an example of a corre- 
sponding complete 2-2-6-configuration; the group character- 
ized by this configuration is the doubly transitive group of 
degree 16 and order 16-15-12-4. In this case the configura- 
tion is not unique; but the total set of inequivalent configura- 
tions of this class seems never to have been determined. (See 
Exs. 14 and 15 on page 437.) There exists (see Ex. 18 on 
page 437) a complete 2-2-9-configuration of the class here 
considered ; it involves 37 symbols. 

The configurations which we have named are apparently 
all the known configurations of the class here in consideration ; 
but there seems to be nothing known to show their nonexistence 
for any value whatever of k greater than unity. In particular, 
it seems not to be known whether such configurations exist 
for k = 7 or 8. 

With every configuration of the class here in consideration 
one may associate an adjoint configuration, in the following 
manner. Number the sets in the configuration from 1 to 5 
inclusive; let (1, 2, --:, @, be the symbols appearing in the 
configuration. Now form a configuration of the numbers 1, 2, 
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---, m by taking for the ith set the & numbers which designate 
the k& sets in which @; appears, doing this for 7=1, 2, - - -, ἢ. 
Then the z numbers appear in m sets of k numbers each. That 
they form a complete 2-2-k-configuration of the class in con- 
sideration is readily shown, as one sees by observing that if 
a; and a; appear together in the Ath and uth sets of the original 
configuration, then \ and wu appear together in just two sets 
of the new configuration, namely, in those determined by means 
of a; and a;. If the adjoint configuration is equivalent to the 
original configuration, then that configuration may be called 
self-adjoint. If the second of two configurations is adjoint to 
the first, then the firet 15 also adjoint to the second. 


EXERCISES 


1. Show that there is just one triple system of m elements when 
n==3 or 7 or 9; determine the group belonging to each of these 
systems. 

2. Determine all the triple systems on 13 elements and the group 
belonging to each of them. 

3. If p is a prime of the form 12 k+ 7 and if g is a primitive root 
modulo p, show that the triple 1, g4**?, g**+4 is transformed into a 
set of triples forming a triple system by means of the elements of 
the group generated by the transformations ¢’=t+1modp and 
t' = g*t mod p. 

4. Construct in two ways triple systems (1) on 15 elements, 
(2).on 21 elements, (3) on 105 elements. 

5. Show that there is just one quadruple system on 4 or on 
8 elements. 7 

6. Show that the quadruple systems on 2* elements (k = 3, 4, 5,---) 
constructed in §§ 114 and 91 are equivalent. 

7. Construct quadruple systems on 10 and on 20 elements and 
determine the largest groups leaving them invariant. 

8. Show that the triple system on 3} elements determined in ὃ 114 
is the same as the triple system afforded by the lines of the EG(R, 3). 

9. Construct a triple system on 3* elements by the method of 
§ 114 associated with the transformations x’ = ax + β. 
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10. Construct a complete 1-3-5-configuration on 17 elements. 


11. By means of the adjacent scheme form ninesetsof A B C 
four each by taking for each of the nine letters the set con- Ὁ E F 
sisting of the two letters in line with it and the two in col-. G H I 
umn with it. Construct the group determined by this configuration, 
showing that it is the singly transitive primitive group of degree 9 
and order 9 - 8. 

12. Solve the similar problem constructed by means of a square 
array of 25 letters. 

13. Show that there is just one complete 2-(m — 2)-(m — 1)-con- 
figuration of n things. Construct it and show that it is left invariant 
by the symmetric group on these 7 things. 

14. Show that the columns of the following array constitute a com- 
plete 2-2-6-configuration of 16 symbols of the class treated in § 117: 


A A A B B C BBCC DODA AA F 
B BCCODODE ST EHF GEE TI G 
C D D F EL F K GI MI és*F G J 4H 
H G F G H ENMO KOL KHL J 
L KJ It t MONJ NHNI MM Κα 
P ON M J K L.P POP PPNO L 


By determining the group characterized by this configuration, show 
that it is not equivalent to the configuration appearing in Ex. 30 
on page 42. 

15. Construct all the inequivalent complete 2-2-6-configurations 
on 16 symbols and belonging to the class defined in § 117. 

16. Construct the adjoint of the configuration appearing in Ex. 14 
and determine whether that configuration is self-adjoint. 


17. Show that 
{(ab) (cd) (ef) (gh) (ij) (RL) (mn) (op), (boejc) (ἀρ κρῖ) (fhgim)} 


is a primitive group of degree 16 and order 80, that it permutes the 
set abc eof into 16 sextuples, and that these sextuples constitute the 
complete 2-2-6-configuration appearing in Ex. 30 on page 42. 


18. Show that the transformations #’ =i +1 mod 37and t’=16/mod37 
induce on the residues modulo 37 a transitive group of degree 37 and 
order 37-9 and that this permutation group transforms the set 
1, 7, 9, 10, 12, 16, 26, 33, 34 into 37 sets which constitute a complete 
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2-2-9-configuration of the type treated in § 117. Determine the group 
characterized by this configuration. 


19. Determine certain necessary conditions on k and 5 for the exist- 
ence of configurations A ® such that every two elements occur to- 
gether in just three sets. "Discuss the cases k= 3 and k=4. Show 
that the PG(3, 2) affords such a configuration for the case k = 7. 


20. Construct a A, " belonging to the class defined in Ex. 19 and 
having for its group the doubly transitive group of degree 11 and 
order 11-10-6. Discuss the properties of this configuration. 


MISCELLANEOUS EXERCISES 


1. Determine the largest permutation group on its letters each 
element of which permutes among themselves the rows and the col- 
umns of the following array : 

A BC DE 
F GHI J 
K LM N O 

2. Determine the largest permutation group on its letters each 
element of which permutes among themselves the rows and the col- 
umns of a square array of 25 letters or interchanges the rows and the 
columns. 

3. Generalize Exs. 1 and 2 to the case of general rectangular and 
square arrays. 


4. Let w be a primitive mark of the GF[p”] and let μ be any 
(positive) factor of p" — 1, the complementary factor being k. Form 
the rectangular array whose element in ith row and jth column is 
qi-Dk 4. wil where i and 7 run over the sets 1, 2,---, uw and 1, 2, 

- +, pb" respectively, thus forming a configuration consisting of p” sets 
of μ elements each (one set for each column of the array). Discuss 
the groups characterized by such configurations both in the general 
case and for particular values of p” and uw. 


5. Let 2 be the set of elements consisting of oo and the (nonzero) 
square marks of the GF[p], and form a configuration by transforming 
this set into all the sets into which it is taken by linear fractional 
transformations of square determinant in the GF[p]. Discuss the 
groups characterized by these configurations both in the general case 
and for special values of p. 
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6. Show that the triply transitive group C(1, 25) of degree 33 and 
order 33 - 32 -31-5 (defined in ὃ 94) transforms any set of four of 
its symbols in some order into any other set of four of its symbols. 


7. By means of the group C(1, 25) construct a configuration A con- 
sisting of 31 - 3-16 distinct sets of eleven each formed from 33 ele- 
ments and having the property that each set of four of these elements 
occurs in just twelve sets of A while each triple occurs in just 45 sets. 


8. By means of the group C(1, 25) construct a configuration B 
consisting of 33 -8-31-5 sets of five elements each such that each 
four of the 33 elements occurs in just five sets. How often does 
(1) each triple, (2) each pair, (3) each element occur? 


9. From configuration B in Ex.8 form a configuration of 
33 -8- 31-5 sets of five, each set of five being formed by taking the 
five elements occurring with a given quadruple of the elements in B, 
and show that the configuration so formed is the same as B. 


10. By means of the group C(l1, 2°) form a configuration of 
33 -8-31-4 sets of five such that each quadruple occurs in just 
four sets. 


11. Show that the group of order 16 - 15 generated by the elements 
(ab) (cd) (ef) (gh) (17) (RD) (mn) (op) and (bfdjinohpcmlegk) 


permutes the set a, b, m, n into 20 sets of four letters each and that 
the largest group leaving the resulting configuration invariant is a 
doubly transitive group of degree 16 and order 16-15-12-2. Discuss 
the properties of this configuration. 


12. From the configuration of Ex. 17 on page 437 construct a con- 
figuration of 120 sets of six elements each by taking for each pair of 
sets in the given configuration the six elements which are absent from 
both of these pairs. Discuss the properties of this new configuration 
and show that the largest group leaving it invariant is a doubly 
transitive group of degree 16 and order 16. 15. 12. 4. 


18. Construct a configuration by determining all the triples into 
which 0, 1, 18 is transformed by the group {P, Q}, where 


P= (0, 1, 2, τ» 30), 
Q = (3, 4)(6, 30) (7, 20) (8, 22) (10, 29) (12, 28) (17, 27) (23, 26). 


Discuss its properties and determine the group characterized by it. 
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14. Construct a configuration of 32 things in sets of four each such 
that each triple appears in one and just one of the quadruples, and de- 
termine the group characterized by it. 


15. Construct the configuration formed by all the triples into which 
the triple 0, 1, 6 is taken by the transformations t’ = a?t + ὃ mod 31, 
where a and ὃ are integers; discuss its properties and determine the 
group characterized by it. 


16. Generalize Ex. 15 to all primes of the form 12 k+ 7, these 
primes replacing the case 31 in Ex. 15. 


17. The PG(2,5) consists of 31 sextuples. From each of these 
sextuples form twenty distinct triples, thus constructing a configura- 
tion of 31-20 triples. Discuss the properties of this configuration 
and determine the group characterized by it. 


18. Discuss configurations of m things taken in triples so that each 
pair occurs in just two triples. In particular, discuss in detail the cases 
for which n = 7, 9, 6, 10, determining in each case the group character- 
ized by the configuration. (Emch, Trans. Amer. Math. Soc., 1929.) 


19. In a quadruple system formed from eight elements interpret 
the elements as eight points in a space S, of four dimensions; then 
every quadruple will be represented by a tetrahedron. Two quadruple 
systems without a common quadruple can be joined so that each face 
(triple) of the fourteen tetrahedrons in one system will coincide with 
the same triple-face of the tetrahedron in the second system in which 
it occurs. In this manner we obtain a closed hypersurface Pes in 54 
bounded by 28 tetrahedral cells. Discuss the properties of Pos. 
(Emch, loc. cit.) 

20. Discuss the properties of, and determine the group character- 
ized by, the configuration (Emch, loc. cit.) formed by the columns in 
the following array: 


15 9131312 71159 591063314112 2 4 
2610142443 812 610 81211 77442 5 3 6 8 
37111557561115 913 913141011151313 9141012 
4812166887 12 16 10 14 12 16 15 11 15 16 16 14 13 15 14 16 


21. The Abelian group of order ὃ and type (1, 1, 1) may be represented 
as a regular group with the following elements besides the identity : 


(12) (34) (56) (78), (13) (24) (57) (68), (14) (23) (98) (67), (15) (26) (37) (48), 
(16) (25) (38) (47), (17) (28) (85) (46), (18) (27) (36) (45). 


Tactical Configurations 441 


Consider as a single entity o the seven sets of four pairs each afforded 
by the cycles in these permutations. Find all the conjugates of this 
entity under the alternating group on 1, 2, - - -, 8; determine the per- 
mutation group according to which these conjugates are permuted 
by the named alternating group; and discuss the relation between 
the two groups. 


22. Show that the triple system formed by the columns in the array 


147123 i123 12 83 
258 45 65 6 46 4 5 
369789978 89 7 


is transformed into seven conjugate systems by the powers of the per- 
mutation (2345678) and that all the 84 triples of the nine elements 
appear in these seven systems each just once. 


23. Let G be a multiply transitive group of degree m whose degree 
of transitivity is k; and let G have the property that a set S of m ele- 
ments exists in G such that when k of the elements S are changed by a 
permutation of G into k of these elements, then all these m elements 
are permuted among themselves; moreover, let G have the property P, 
namely, that the identity is the only element in G which leaves fixed 
the n — m elements not in 5. Then show that G permutes the m ele- 


ments S into 
n(n—1)---(n—k+1) 
m(m—1)--+(m—k+1) 


sets of m elements each, these sets forming a configuration having the 
property that any (whatever) set of & elements appears in one and 
just one of these sets of m elements each. Discuss necessary conditions 
on m, n, k in order that the foregoing conditions may be realized. 
Exhibit groups illustrating the theorem. 


24. Generalize the investigation demanded in Ex. 23 by giving up 
the hypothesis that G shall have the named property P. 
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ORDINARY DIFFERENTIAL EQUATIONS, Edward L. Ince. Explains and analyzes 
theory of ordinary differential equations in real and complex domains: elementary 
methods of integration, existence and nature of solutions, continuous transforma- 
tion groups, linear differential equations, equations of first order, non-linear equa- 
tions of higher order, oscillation theorems, etc. “Highly recommended,” Electronics 
Industries. 18 figures. viii ++ 558pp. 60349-0 Paperbound $3.50 


DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Laplace’s equation 
in two dimensions for many boundary conditions; scores of geometric forms and 
transformations for electrical engineers, Joukowski aerofoil for aerodynamists, 
Schwarz-Christoffel transformations, transcendental functions, etc. Twin diagrams 
for most transformations. 447 diagrams. xvi + 208pp. 64 x 914. 

60160-9 Paperbound $2.50 


CATALOGUE OF DOVER BOOKS 


THE PsyCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, Jacques Hada- 
mard. Important French mathematician examines psychological origin of ideas, 
role of the unconscious, importance of visualization, etc. Based on own experi- 
ences and reports by Dalton, Pascal, Descartes, Einstein, Poincaré, Helmholtz, etc. 
xiii ++ 145pp. 20107-4 Paperbound $1.50 


INTRODUCTION TO CHEMICAL Puysics, John C. Slater. A work intended to bridge 
the gap between chemistry and physics. Text divided into three parts: Thermo- 
dynamics, Statistical Mechanics, and Kinetic Theory; Gases, Liquids and Solids; 
and Atoms, Molecules and the Structure of Matter, which form the basis of the 
approach. Level is advanced undergraduate to graduate, but theoretical physics 
held to minimum. 40 tables, 118 figures. xiv + 522pp. 

62562-1 Paperbound $4.00 


POLAR MOLECULES, Pieter Debye. Explains some of the Nobel Laureate’s most 
important theories on dielectrics, including fundamental electrostatic field relations, 
polarization and molecular structure, measurements of polarity, constitution of 
simple polar molecules, anomalous dispersion for radio frequencies, electrical 
saturation effects, connections with quantum theory, energy levels and wave me- 
chanics, rotating molecules. 33 figures. 172pp. 60064-5 Paperbound $2.00 


THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, Edward V. Huntington. 
Highly respected systematic account of modern theory of the continuum as a type 
of serial order. Based on the Dedekind-Cantor ordinal theory. Mathematics held 
to an elementary level. vii - 82pp. 60130-7 Paperbound $1.00 


CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, 
Georg Cantor. The famous articles of 1895-1897 which founded a new branch of 
mathematics, translated with 82-page introduction by P. Jourdain. Not only a 
great classic but still one of the best introductions for the student. ix + 211pp. 
60045-9 Paperbound $2.00 


EssAYS ON THE THEORY OF NUMBERS, Richard Dedekind. Two classic essays, 
on the theory of irrationals, giving an arithmetic and rigorous foundation; and on 
transfinite numbers and properties of natural numbers. Translated by W. W. 
Beman. iii + 115pp. 21010-3 Paperbound $1.50 


GEOMETRY OF Four DIMENSIONS, H. P. Manning. Part verbal, part mathematical 
development of fourth dimensional geometry. Historical introduction. Detailed 
treatment is by synthetic method, approaching subject through Euclidean geometry. 
No knowledge of higher mathematics necessary. 76 figures. ix + 348pp. 

60182-X Paperbound $3.00 


AN INTRODUCTION TO THE GEOMETRY OF N DIMENSIONS, Duncan M. Y. Som- 
merville. The only work in English devoted to higher-dimensional geometry. Both 
metric and projective properties of n-dimensional geometry are covered. Covers 
fundamental ideas of incidence, parallelism, perpendicularity, angles between linear 
space, enumerative geometry, analytical geometry, polytopes, analysis situs, hyper- 
spacial figures. 60 diagrams. xvii + 196pp. 60494-2 Paperbound $1.50 


CATALOGUE OF DOVER BOOKS 


THE THEORY OF SOUND, J. W. 8. Rayleigh. Still valuable classic by the great 
Nobel Laureate. Standard compendium summing up previous research and Ray- 
leigh’s original contributions. Covers harmonic vibrations, vibrating systems, vibra- 
tions of strings, membranes, plates, curved shells, tubes, solid bodies, refraction of 
plane waves, general equations. New historical introduction and bibliography by 
R. B. Lindsay, Brown University. 97 figures. !viii +- 984pp. 

60292-3, 60293-1 Two volumes, Paperbound $6.00 


ELECTROMAGNETIC THEORY: A CRITICAL EXAMINATION OF FUNDAMENTALS, 
Alfred O’Rahilly. Critical analysis and restructuring of the basic theories and 
ideas of classical electromagnetics. Analysis is carried out through study of the 
primary treatises of Maxwell, Lorentz, Einstein, Weyl, etc., which established the 
theory. Expansive reference to and direct quotation from these treatises. Formerly 
Electromagnetics. Total of xvii + 884pp. 

60126-9, 60127-7 Two volumes, Paperbound $4.50 


ELEMENTARY CONCEPTS OF TOPOLOGy, Paul Alexandroff. Elegent, intuitive ap- 
proach to topology, from the basic concepts of set-theoretic topology to the concept 
of Betti groups. Stresses concepts of complex, cycle and homology. Shows how 
concepts of topology are useful in math and physics. Introduction by David Hilbert. 
Translated by Alan E. Farley. 25 figures. iv + 57pp. 

60747-X Paperbound $1.25 


THE ELEMENTS OF NON-EUCLIDEAN GEOMETRY, Duncan M. Y. Sommerville. 
Presentation of the development of non-Euclidean geometry in logical order, from 
a fundamental analysis of the concept of parallelism to such advanced topics as 
inversion, transformations, pseudosphere, geodesic representation, relation between 
parataxy and parallelism, etc. Knowledge of only high-school algebra and geometry 
is presupposed. 126 problems, 129 figures. xvi - 274pp. 

60460-8 Paperbound $2.00 


Non-EUCLIDEAN GEOMETRY: A CRITICAL AND HISTORICAL STUDY OF ITs DEVEL- 
OPMENT, Roberto Bonola. Standard survey, clear, penetrating, discussing many 
systems not usually represented in general studies. Easily followed by non- 
specialist. Translated by H. Carslaw. Bound in are two most important texts: 
Bolyai’s ‘““The Science of Absolute Space’’ and Lobachevski’s “The Theory of 
Parallels,” translated by G. B. Halsted. Introduction by F. Enriques. 181 dia- 
grams. Total of 431pp. 60027-0 Paperbound $2.75 


ELEMENTS OF NUMBER THEORY, Ivan M. Vinogradov. By stressing demonstra- 
tions and problems, this modern text can be understood by students without ad- 
vanced math backgrounds. ‘‘A very welcome addition,’ Bulletin, American Mathe- 
matical Society. Translated by Saul Kravetz. Over 200 fully-worked problems. 
100 numerical exercises. viii ++ 227pp. 60259-1 Paperbound $2.50 


THEORY OF Sets, E. Kamke. Lucid introduction to theory of sets, surveying dis- 
coveties of Cantor, Russell, Weierstrass, Zermelo, Bernstein, Dedekind, etc. Knowl- 
edge of college algebra is sufficient background. ‘Exceptionally well written,” 
School Science and Mathematics. Translated by Frederick Bagemihl. vii + 144pp. 

60141-2 Paperbound $1.75 


CATALOGUE OF DOVER BOOKS 


INTRODUCTION TO SYMBOLIC LoGIC AND ITs APPLICATION, Rudolf Carnap. Clear, 
comprehensive, rigorous introduction. Analysis of several logical languages. In- 
vestigation of applications to physics, mathematics, similar areas. Translated by 
Wiliam H. Meyer and John Wilkinson. xiv + 214pp. 

60453-5 Paperbound $2.25 


SYMBOLIC Logic, Clarence I. Lewis and Cooper H. Langford. Probably the most 
cited book in the literature, with much material not otherwise obtainable. Para- 
doxes, logic of extensions and intensions, converse substitution, matrix system, 
strict limitations, existence of terms, truth value systems, similar material. vii + 
518pp. 60170-6 Paperbound $2.75 


VECTOR AND TENSOR ANALYsiIs, George E. Hay. Clear introduction; starts with 
simple definitions, finishes with mastery of oriented Cartesian vectors, Christoffel 
symbols, solenoidal tensors, and applications. Many worked problems show appli- 
cations. 66 figures. viii + 193pp. 60109-9 Paperbound $2.00 


GUIDE TO THE LITERATURE OF MATHEMATICS AND PuHysIcs, INCLUDING RELATED 
Works ON ENGINEERING SCIENCE, Nathan Grier Parke III. This up-to-date 
guide puts a library catalog at your fingertips. Over 5000 entries in many languages 
under 120 subject headings, including many recently available Russian works. 
Citations are as full as possible, and cross-references and suggestions for further 
investigation are provided. Extensive listing of bibliographical aids. 2nd revised 
edition. Complete indices. xviii + 436pp. 

60447-0 Paperbound $2.75 


INTRODUCTION ΤῸ ELLIPTIC FUNCTIONS WITH APPLICATIONS, Frank Bowman. 
Concise, practical introduction, from familiar trigonometric function to Jacobian 
elliptic functions to applications in electricity and hydrodynamics. Legendre’s 
standard forms for elliptic integrals, conformal representation, etc., fully covered. 
Requires knowledge of basic principles of differentiation and integration only. 
157 problems and examples, 56 figures. 115pp. 60922-7 Paperbound $1.50 


THEORY OF FUNCTIONS OF A COMPLEX VARIABLE, A. R. Forsyth. Standard, 
classic presentation of theory of functions, stressing multiple-valued functions and 
related topics: theory of multiform and uniform periodic functions, Weierstrass’s 
results with additiontheorem functions. Riemann ‘functions and surfaces, algebraic 
functions, Schwarz’s proof of the existence-theorem, theory of conformal mapping, 
etc. 125 figures, 1 plate. Total of xxviii + 855pp. 64% x 914. 

61378-X, 61379-8 Two volumes, Paperbound $5.00 


THEORY OF THE INTEGRAL, Stanislaw Saks. Excellent introduction, covering all 
standard topics: set theory, theory of measure, functions with general properties, 
and theory of integration emphasizing the Lebesgue integral. Only a minimal back- 
ground in elementary analysis needed. Translated by L. C. Young. 2nd revised 
edition. xv + 343pp. 61151-5 Paperbound $3.00 


THE THEORY OF FUNCTIONS, Konrad Knopp. Characterized as “an excellent 
introduction .. . remarkably readable, concise, clear, rigorous” by the Journal of the 
American Statistical Association college text. 


CATALOGUE OF DOVER BOOKS 


A TREATISE ON THE DIFFERENTIAL GEOMETRY OF CURVES AND SURFACES, Luther 
P. Eisenhart. Detailed, concrete introductory treatise on differential geometry, de- 
veloped from author's graduate courses at Princeton University. Thorough explana- 
tion of the geometry of curves and surfaces, concentrating on problems most helpful 
to students. 683 problems, 30 diagrams. xiv + 474pp. 

60667-8 Paperbound $2.75 


AN Essay ON THE FOUNDATIONS OF GEOMETRY, Bertrand Russell. A mathe- 
matical and physical analysis of the place of the a priori in geometric knowledge. 
Includes critical review of 19th-century work in non-Euclidean geometry as well 
as illuminating insights of one of the great minds of our time. New foreword by 
Morris Kline. xx -+ 201pp. 60233-8 Paperbound $2.00 


INTRODUCTION TO THE THEORY OF NUMBERS, Leonard E. Dickson. Thorough, 
comprehensive approach with adequate coverage of classical literature, yet simple 
enough for beginners. Divisibility, congruences, quadratic residues, binary quad- 
ratic forms, primes, least residues, Fermat’s theorem, Gauss’s lemma, and other 
important topics. 249 problems, 1 figure. viii + 183pp. 

60342-3 Paperbound $2.00 


AN ELEMENTARY INTRODUCTION TO THE THEORY OF PROBABILITY, B. V. 
Gnedenko and A. Ya. Khinchin. Introduction to facts and principles of probability 
theory. Extremely thorough within its range. Mathematics employed held to 
elementary level. Excellent, highly accurate layman’s introduction. Translated from 
the fifth Russian edition by Leo Y. Boron. xii -+- 130pp. 

60155-2 Paperbound $1.75 


SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESSES, edited by Nelson Wax. 
Six papers which serve as an introduction to advanced noise theory and fluctua- 
tion phenomena, or as a reference tool for electrical engineers whose work involves 
noise characteristics, Brownian motion, statistical mechanics. Papers are by Chan- 
drasekhar, Doob, Kac, Ming, Ornstein, Rice, and Uhlenbeck. Exact facsimile of 
the papers as they appeared in scientific journals. 19 figures. v + 337pp. 64g x 94. 

60262-1 Paperbound $3.00 


STATISTICS MANUAL, Edwin L. Crow, Frances A. Davis and Margaret W. Maxfield. 
Comprehensive, practical collection of classical and modern methods of making 
statistical inferences, prepared by U. S. Naval Ordnance Test Station. Formulae, 
explanations, methods of application are given, with stress on use. Basic knowledge 
of statistics is assumed. 21 tables, 11 charts, 95 illustrations. xvii ++ 288pp. 
60599-X Paperbound $2.00 


MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A. I. Khinchin. Com- 
prehensive introduction to work of Shannon, McMillan, Feinstein and Khinchin, 
placing these investigations on a rigorous mathematical basis. Covers entropy 
concept in probability theory, uniqueness theorem, Shannon’s inequality, ergodic 
sources, the E property, martingale concept, noise, Feinstein’s fundamental lemma, 
Shanon’s first and second theorems. Translated by R. A. Silverman and M. D. 
Friedman. iti + 120pp. 60434-9 Paperbound $1.75 


CATALOGUE OF DOVER BOOKS 


A COURSE IN MATHEMATICAL ANALYSIS, Edouard Goursat. The entire ‘Cours 
d’analyse’”’ for students with one year of calculus, offering an exceptionally wide 
range of subject matter on analysis and applied mathematics. Available for the first 
time in English. Definitive treatment. 


VOLUME I: Applications to geometry, expansion in series, definite integrals, de- 
rivatives and differentials. Translated by Earle R. Hedrick. 52 figures. viii +- 
548pp. 60554-X Paperbound $3.00 


VoLuME II, Part I: Functions of a complex variable, conformal representations, 
doubly periodic functions, natural boundaries, etc. Translated by Earle R. Hedrick 
and Otto Dunkel. 38 figures. x + 259pp. 60555-8 Paperbound $2.25 


VOLUME IJ, Part II: Differential equations, Cauchy-Lipschitz method, non-linear 
differential equations, simultaneous equations, etc. Translated by Earle R. Hedrick 
and Otto Dunkel. 1 figure. viii ++ 300pp. 60556-6 Paperbound $2.50 


VOLUME III, Parr I: Variation of solutions, partial differential equations of the 
second order. Poincaré’s theorem, periodic solutions, asymptotic series, wave 
propagation, Dirichlet’s problem in space, Newtonian potential, etc. Translated by 
Howard G. Bergmann. 15 figures. x + 329pp. 61176-0 Paperbound $3.00 


VOLUME III, Part II: Integral equations and calculus of variations: Fredholm’s 
equation, Hilbert-Schmidt theorem, symmetric kernels, Euler’s equation, transver- 
sals, extreme fields, Weierstrass’s theory, etc. Translated by Howard G. Bergmann. 
Note on Conformal Representation by Paul Montel. 13 figures. xi - 389pp. 
61177-9 Paperbound $3.00 


ELEMENTARY STATISTICS: WITH APPLICATIONS IN MEDICINE AND THE BIOLOGI- 
CAL SCIENCES, Frederick E. Croxton. Presentation of all fundamental techniques 
and methods of elementary statistics assuming average knowledge of mathematics 
only. Useful to readers in all fields, but many examples drawn from characteristic 
data in medicine and biological sciences. vii + 376pp. 

60506-X Paperbound $2.25 


ELEMENTS OF THE THEORY OF FUNCTIONS. A general background text that 
explores complex numbers, linear functions, sets and sequences, conformal mapping. 
Detailed proofs. Translated by Frederick Bagemihl. 140pp. 

| 60154-4 Paperbound $1.50 


THEORY OF FUNCTIONS, ParT J. Provides full demonstrations, rigorously set 
forth, of the general foundations of the theory: integral theorems, series, the 
expansion of analytic functions. Translated by Federick Bagemihl. vii + 146pp. 

60156-0 Paperbound $1.50 


INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, Horatio 
S. Carslaw. A basic introduction to the theory of infinite series and integrals, with 
special reference to Fouriet’s series and integrals. Based on the classic Riemann 
integral and dealing with only ordinary functions, this is an important class text. 
84 examples. xiii + 368pp. 60048-3 Paperbound $3.00 


CATALOGUE OF DOVER BOOKS 


ALMOST PERIODIC FUNCTIONS, A. S. Besicovitch. Thorough summary of Bohr’s 
theory of almost periodic functions citing new shorter proofs, extending the theory, 
and describing contributions of Wiener, Weyl, de la Vallée, Poussin, Stepanoff, 
Bochner and the author. xiii + 180pp. 60018-1 Paperbound $1.75 


AN INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, S. Chandrasekhar. 
A rigorous examination, using both classical and modern mathematical methods, of 
the relationship between loss of energy, the mass, and the radius of stars in a steady 
state. 38 figures. 509pp. 60413-6 Paperbound $3.25 


INTRODUCTION TO THE THEORY OF GROUP’S OF FINITE ORDER, Robert D. Car- 
michael. Progresses in easy steps from sets, groups, permutations, isomorphism 
through the important types of groups. No higher mathematics is necessary. 783 
exercises and problems. xiv + 447pp. 60300-8 Paperbound $3.50 


THE SOLUBILITY OF NONELECTROLYTES, Joel H. Hildebrand and Robert L. Scott. 
Classic, pioneering work discusses in detail ideal and nonideal solutions, inter- 
molecular forces, structure of liquids, athermal mixing, hydrogen bonding, equa- 
tions describing mixtures of gases, high polymer solutions, surface phenomena, etc. 
Originally published in the American Chemical Society Monograph series. New 
authors’ preface and new paper (1964). 148 figures, 88 tables. xiv + 488pp. 
61125-6 Paperbound $3.00 


INTRODUCTION TO APPLIED MATHEMATICS, Francis D. Murnaghan. Introduction 
to advanced mathematical techniques—vector and matrix analysis, partial differen- 
tial equations, integral equations, Laplace transform theory, Fourier series, 
boundary-value problems, etc.—particularly useful to physicists and engineers. 41 
figures. ix + 389pp. 61042-X Paperbound $2.25 


ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT: VOLUME I— 
ARITHMETIC, ALGEBRA, ANALYSIS, Felix Klein. Second-level approach, illumi- 
nated by graphical and geometrical interpretation. Covers natural and complex 
numbers, real equations with real unknowns, equations in the field of complex 
quantities, logarithmic and exponential functions, goniometric functions, infini- 
tesimal calculus, transcendence of e and π. Concept of function introduced im- 
mediately. Translated by E. R. Hedrick and C. A. Noble. 125 figures. ix + 274pp. 

(USO) 60150-1 Paperbound $2.25 


ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT: VOLUME II— 
GEoMETRY, Feliex Klein. Using analytical formulas, Klein clarifies the precise 
formulation of geometric facts in chapters on manifolds, geometric and higher 
point transformations, foundations. ‘Nothing comparable,” Mathematics Teacher. 
Translated by E. R. Hedrick and C. A. Noble. 141 figures. ix -- 214pp. 

(USO) 60151-X Paperbound $2.25 


ENGINEERING MATHEMATICS, Kenneth S. Miller. Most useful mathematical tech- 
niques for graduate students in engineering, physics, covering linear differential 
equations, series, random functions, integrals, Fourier series, Laplace transform, 
network theory, etc. “Sound and teachable,’ Science. 89 figures. xii + 417pp. 
6x 8125. 61121-3 Paperbound $3.00 


CATALOGUE OF DOVER BOOKS 


MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHANICS, A. I. Khinchin. 
Introduction to modern statistical mechanics: phase space, ergodic problems, theory 
of probability, central limit theorem, ideal monatomic gas, foundation of thermo- 
dynamics, dispersion and distribution of sum functions. Provides mathematically 
rigorous treatment and excellent analytical tools. Translated by George Gamow. 
viii + 179pp. 60147-1 Paperbound $2.00 


INTRODUCTION TO PHYSICAL STATISTICS, Robert B. Lindsay. Elementary prob- 
ability theory, laws of thermodynamics, classical Maxwell-Boltzmann statistics, 
classical statistical mechanics, quantum mechanics, other areas of physics that can 
be studied statistically. Full coverage of methods; basic background theory. ix 
-Ἔ 306pp. 61882-X Paperbound $2.75 


DIALOGUES CONCERNING Two NEW SCIENCES, Galileo Galilei. Written near the 
end of Galileo’s life and encompassing 30 years of experiment and thought, these 
dialogues deal with geometric demonstrations of fracture of solid bodies, cohesion, 
leverage, speed of light and sound, pendulums, falling bodies, accelerated motion, 
etc. Translated by Henry Crew and Alfonso de Salvio. Introduction by Antonio 
Favaro. xxiii + 300pp. 60099-8 Paperbound $2.25 


FOUNDATIONS OF SCIENCE: THE PHILOSOPHY OF THEORY AND EXPERIMENT, 
Norman R. Campbell. Fundamental concepts of science examined on middle level: 
acceptance of propositions and axioms, presuppositions of scientific thought, scien- 
tific law, multiplication of probabilities, nature of experiment, application of math- 
ematics, measurement, numerical laws and theories, error, etc. Stress on physics, 
but holds for other sciences. ‘“‘Unreservedly recommended,” Nature (England). 
Formerly Physics: The Elements. ix + 565pp. 60372-5 Paperbound $4.00 


THE PHASE RULE AND Its APPLICATIONS, Alexander Findlay, A. N. Campbell 
and N. O. Smith. Findlay’s well-known classic, updated (1951). Full standard 
text and thorough reference, particularly useful for graduate students. Covers 
chemical phenomena of one, two, three, four and multiple component systems. 
“Should rank as the standard work in English on the subject,’ Nature. 236 figures. 
xii + 494pp. 60091-2 Paperbound $3.50 


THERMODYNAMICS, Enrico Fermi. A classic of modern science. Clear, organized 
treatment of systems, first and second laws, entropy, thermodynamic potentials, 
gaseous reactions, dilute solutions, entropy constant. No math beyond calculus is 
needed, but readers are assumed to be familiar with fundamentals of thermometry, 
calorimetry. 22 illustrations. 25 problems. x + 160pp. 

60361-X Paperbound $2.00 


TREATISE ON THERMODYNAMICS, Max Planck. Classic, still recognized as one of 
the best introductions to thermodynamics. Based on Planck’s original papers, it 
presents a concise and logical view of the entire field, building physical and 
chemical laws from basic empirical facts. Planck considers fundamental definitions, 
first and second principles of thermodynamics, and applications to special states 
of equilibrium. Numerous worked examples. Translated by Alexander Ogg. 5 
figures. xiv + 297pp. 60219-2 Paperbound $2.50 


CATALOGUE OF DOVER BOOKS 


INTRODUCTION TO ASTROPHYSICS: THE Stars, Jean Dufay. Best guide to ob- 
servational astrophysics in English. Bridges the gap between elementary populariza- 
tions and advanced technical monographs. Covers stellar photometry, stellar spectra 
and classification, Hertzsprung-Russell diagrams, Yerkes 2-dimensional classifica- 
tion, temperatures, diameters, masses and densities, evolution of the stars. Trans- 
lated by Owen Gingerich. 51 figures, 11 tables. xii + 164pp. 

(USCO) 60771-2 Paperbound $2.00 


INTRODUCTION ΤΟ BESSEL FUNCTIONS, Frank Bowman. Full, clear introduction to 
properties and applications of Bessel functions. Covers Bessel functions of zero 
order, of any order; definite integrals; asymptotic expansions; Bessel’s solution to 
Kepler's problem; circular membranes; etc. Math above calculus and fundamentals 
of differential equations developed within text. 636 problems. 28 figures. x + 
135pp. 60462-4 Paperbound $1.75 


DIFFERENTIAL AND INTEGRAL CALCULUS, Philip Franklin. A full and basic intro- 
duction, textbook for a two- or three-semester course, or self-study. Covers para- 
metric functions, force components in polar coordinates, Duhamel’s theorem, 
methods and applications of integration, infinite series, Taylor’s series, vectors and 
surfaces in space, etc. Exercises follow each chapter with full solutions at back 
of the book. Index. xi + 679pp. 62520-6 Paperbound $4.00 


THE Exact SCIENCES IN ANTIQUITY, O. Neugebauer. Modern overview chiefly 
of mathematics and astronomy as developed by the Egyptians and Babylonians. 
Reveals startling advancement of Babylonian mathematics (tables for numerical 
computations, quadratic equations with two unknowns, implications that Pytha- 
gorean theorem was known 1000 years before Pythagoras), and sophisticated 
astronomy based on competent mathematics. Also covers transmission of this 
knowledge to Hellenistic world. 14 plates, 52 figures. xvii + 240pp. 

22332-9 Paperbound $2.50 


THE THIRTEEN BOOKS OF EUCLIpD’s ELEMENTS, translated with introduction and 
commentary by Sir Thomas Heath. Unabridged republication of definitive edition 
based on the text of Heiberg. Translator’s notes discuss textual and linguistic 
matters, mathematical analysis, 2500 years of critical commentary on the Elements. 
Do not confuse with abridged school editions. Total of xvii + 1414pp. 
60088-2, 60089-0, 60090-4 Three volumes, Paperbound $8.50 


AN INTRODUCTION TO SYMBOLIC LoGiIc, Susanne K. Langer. Well-known intro- 
duction, popular among readers with elementary mathematical background. Starts 
with simple symbols and conventions and teaches Boole-Schroeder and Russell- 
Whitehead systems. 367pp. 60164-1 Paperbound $2.25 


Prices subject to change without notice. 


Available at your book dealer or write for free catalogue to Dept. Sci, Dover 
Publications, Inc., 180 Varick St., N.Y., N.Y. 10014. Dover publishes more 
than 150 books each year on science, elementary and advanced mathematics, biology, 
music, art, literary history, social sciences and other areas. 
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Tue ADVANCED GEOMETRY OF PLANE CURVES AND THEIR APPLICA- 
" tions, C. Zwikker. (61078-0) $2.50 

TRIGONOMETRICAL Series, Antoni Zygmund. (60290-7) $2.50 

PROBABILITY THEORY, A. R. Arthurs. (61724-6) $1.25 

SOLUTIONS OF LAPLACE’S EQUATIONS, D. R. Bland. (61452-2) $1.25 

VIBRATING STRINGS, D. R. Bland. (61451-4) $1.25 

VIBRATING SYSTEMS, R. F. Chisnell. (61453-0) $1.25 

LINEAR Equations, P. M. Cohn. (61455-7) $1.25 

SoLiIp GEOMETRY, P. M. Cohn. (61454-9) $1.25 

PRINCIPLES OF Dynamics, M. B. Glauert. (61456-5) $1.25 

SEQUENCES AND SERIES, J. A. Green. (61457-3) $1.25 

SETS AND Groups, J. A. Green. (61458-1) $1.25 

DIFFERENTIAL CALCULUS, P. J. Hilton. (61459-X) $1.25 

PARTIAL DERIVATIVES, P. J. Hilton. (61460-3) $1.25 

ELECTRICAL AND MECHANICAL OscILLATions, D. 5. Jones. (61461-1) 
$1.25 

CoMPLEX NumBers, W. Ledermann. (61462-X) $1.25 

INTEGRAL CALCULUS, W. Ledermann. (61463-8) $1.25 

MULTIPLE INTEGRALS, W. Ledermann. (61723-8) $1.25 

NUMERICAL APPROXIMATION, B. R. Morton. (61464-6) $1.25 

ELEMENTARY DIFFERENTIAL EQUATIONS AND OPERATORS, G. E. H. 
Reuter. (61465-4) $1.25 

FOURIER AND LAPLACE TRANSFORMS, Peter D. Robinson. (62083-2) 
$1.25 

FourIER SERIES, I. N. Sneddon. (61466-2) $1.25 

DIFFERENTIAL GEOMETRY, K. L. Wardle. (61467-0) $1.25 


Paperbound unless otherwise indicated. Prices subject to change 
without notice. Available at your book dealer or write for free 
catalogues to Dept. TF 2, Dover Publications, Inc., 180 Varick 
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Introduction to the theory of 


GROUPS OF FINITE ORDER 
Robert D. Carmichael 


This handy book explains for you the theory of groups and examines 
fundamental theorems and their application. Beginning with dis- 
cussions of sets, systems, groups, permutations, isomorphism, and 
similar topics, the author progresses in easy stages through the im- 
portant types of groups. Except for a single chapter when an under- 
standing of theory of matrices is helpful, no knowledge of higher 
mathematics is necessary for the reader to follow the author's pre- 
sentation. Connections are established by Professor Carmichael be- 
tween the theory of finite groups and other domains of classical 
and modern mathematics. 


Partial contents: Five fundamental theorems, additional properties 
of groups in general, abelian groups, prime power groups, permuta- 
tion groups, defining relations for abstract groups, groups of linear 
transformations, Galois fields, groups of isomorphisms of abelian 
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